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The static properties of a dissipative two-state system are studied by perturbation, mapping to
the quantum sine-Gordon model, and a variational approach. We find that its properties at zero
temperature depend not only on the spectral density J(w) ~ E, g26(w —w;), but also on the explicit
form of the coupling strength g; ~ w* (w; is the phonon frequency). For weak coupling A>1),
the effect of displacement of the phonon state is dominant; while for strong coupling (A < 1), one
must take account of both displacement and deformation. Displaced squeezed states are proposed
as ground states of the bath under strong coupling, and we show that the localization transition of
the Ohmic dissipation occurs at a. = 3 — 2 instead of a. = 1 as for the weak-coupling case.

Recently, there has been much interest in the dis-
sipative effect of a bath in the quantum tunneling or
two-state system (TSS),! e.g., in dissipative macroscopic
tunneling phenomena®? and atomic tunneling states in
solids.®* This system can be described by a spin-boson
Hamiltonian?

H=-MA¢o: + szb}bl +o, Zgl(b,T +b) , (1)
1 1

where o, o, are Pauli matrices, A the bare tunneling
parameter, while the bath is described by a set of har-
monic oscillators with frequencies w; and coupling con-
stants

91 = go(wi/wo)* (2)

and wy is the upper cutoff.

It has been argued, by using path-integral techniques,’
that complete information about the effect of the bath is
contained in the spectral density

J@)~ Y gtbw —w) ~ et ®)
!

independent of the explicit form of the coupling strength
¢1- This concept of universality seems to be well accepted
by many researchers in the field.> The basic assumption
of this argument is that the bath degrees of freedom can
be integrated out as Gaussian integrals with displaced
centers.% It is implicitly assumed that the only effect of
the tunneling particle on the bath is to displace the cen-
ters of harmonic oscillators.

We would like to point out in this paper that this as-
sumption is not always true. In fact, the coupling of
the bath to TSS may give rise to two effects: displace-
ment and deformation of the phonon states. In the weak-
coupling case when g;/w; < 1, the displacement is the
dominating effect. However, in the strong-coupling case
when g;/w; > 1, both effects should be considered.” We
show in this paper that the physical behavior of TSS de-
pends not only on J(w), but also on g; explicitly if the
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deformation is taken into account. This means the uni-
versality fails in this case. We will focus on the case of
Ohmic dissipation s = 1, when there exists a sharp local-
ization transition due to the infrared divergences induced
by low-frequency bath phonons.®

In Hamiltonian (1) we can complete the square to ob-
tain

H = —Agoz + E:Lul[b,T + (g1/wi)a: )b + (g91/wi)o:]
[
= (gt /w) - )
1

If we neglect the first term in (4) temporarily, the phonon
state is described by a displaced oscillator characterized
by A(wi) = gi/wi = (go/wo)(wi/wo) ~!. At this stage, we
may subdivide the coupling into two different regimes de-
pending on the index A. For weak couplings A > 1, A(w;)
will increase from zero to go/wp as w; goes from zero to
wo; while for the strong-coupling regime A < 1, A(w;) will
decrease from infinity to go/wo and hence the correspond-
ing displaced state is not a well-defined function for low-
frequency phonons. Different physical pictures emerge
when we consider the first term in (4). In the weak-
coupling regime, the low-frequency phonons (w; < Ap)
nearly decouple from TSS and one can safely integrate
out the displaced phonons in the adiabatic approxima-
tion. However, the adiabatic approximation does not
work in the regime A < 1 because of strong coupling
of the low-frequency phonons to TSS and so one cannot
simply integrate out the bath. To get a full description
for the bath, we apply, as usual, the unitary transforma-
tion

Sy = exp <0z > (gi/w)(b] - b,)) ®)
l

to (4). One can see that there are two kinds of influence
on the phonon subsystem due to coupling with TSS.® The
first is the diagonal term containing o, providing static
influence of TSS in its ground state (o, = +1) or in its
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excited state (6, = —1). The second is the nondiagonal
term containing oy, representing dynamic influence of the
transition of TSS between its ground and excited states.
This case is analogous to the small-polaron problem.!°
Thus, the nondiagonal term will be important only for
temperatures T > A/kp (where A = Agk is the renor-
malized tunneling parameter with x as the phonon over-
lapping integral). At low temperatures, the nondiagonal
term may be treated as perturbation and then project-
ing the transformed Hamiltonian on to the subspace of
o, = +1 gives an effective Hamiltonian for the bath. The
unperturbed Hamiltonian (neglecing the dynamic effect)
is

H;‘;) = Zw,b}b, — Agcosh <Z(2g,/w,)(b} - b,)) ,
l {
(6)

where we have discarded an unimportant constant. Hég)
represents a phonon system with nonlinear interaction.
Normal ordering of phonon operators, needed for calcu-
lating the ground-state energy, shows the nonlinear inter-
action is proportional to the phonon overlapping integral
k. As we will see later, the leading term of the dynamic
effect is proportional to k2 [Eq. (22)]. Therefore Hf)oh) is
ezact at the limit T — 0, k — 0, but kgT/A¢r < 1.
Because of the nonlinear interaction, it is difficult to find

(0)

an exact solution of th ,

imations.
For weak couplings (A > 1), the hyperbolic function in
(6) may be expanded with respect to (gi/wi). To zeroth

and one must look for approx-

order, the ground states of H S)I) are vacuum states ®Pyac,

|

— 0 -
Hy = S2HG) 57

l
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or displaced states in the original basis

(1) = exp <:F > (g1/w)(b] - bl)) Pvac (7)
1

where + corrrespond to o, = +1. It is easy to calculate
the renormalized tunneling parameter

Ay = Agexp (—a/%‘:}—)dw> (8)

with
a = 2(go/wo)” 9)

Jw) =w'fwy™t (10)

s=22+n-1 (11)

Here n is the exponent of the phonon density of states
D(w) = w™ jwh.

For strong couplings (A < 1), however, the expansion
with respect to (g;/w;) fails because it tends to infinity
as w; — 0. Therefore, the displaced-state approximation
is no longer valid. In order to make the expansion of the
hyperbolic function in (6) available, we apply the second
unitary transformation

Sa = exp (Z‘n(’nbz - b:tblt)) :
1

where the parameter 4; will be determined later. S,
represents the simplest kind of deformation of the bath,
namely, the rescaling of phonon coordinates.® Using the
properties of Sy, we obtain

(12)

= wi[b]b; cosh 4y, + §(b]b] + biby) sinh 47;] — Ag cosh (2(23, Jwr)(b] — b,)) + ) wisinh2y)® ,  (13)
! 1

with §, = gje~2". Then we may expand the hyperbolic function with respect to §;/w;. By normal ordering phonon

operators and expanding up to (g;/wi)?, we have

Hy = S lwr cosh dy; + (477 Ag/w}) o] b
i

+3 " Lwisinh 4y — (457 Az /w])](6] 6] + bibi) + > " wi(sinh 271)* — Ay (14)
i 1

with

Ag = Agexp (—2 Z(‘g’,/wz)2>
]

In deriving (14), we have omitted the coupling between
different modes. The parameter v; is now chosen to di-

agonalize H}()(:l) in (14) to yield

(15)

-f—IS:,) = Z[w,e‘“' b}bz + w(sinh 21)?%] - As (16)

l}

71 = gIn[1+ (8¢ Az/w?)] (17)

The ground states of (16) are vacuum states [which are
different from @y, in (7)], or displaced squeezed states
in the original basis



45 UNIVERSALITY OF DISSIPATIVE TWO-STATE SYSTEMS

Py(1) = exp (? > (gi/wr)(b] — br))
]

X exp (- > nilbibi — b}b})) Brae . (18)
1

It is easy to prove that the corresponding renormalized
tunneling parameter is Ay, which can be rewritten as

Ay = Agexp (—a/ (‘:)dw) , (19)
w
T(w) = w® Jwi™ (1 + 8g2 AP =312 (20)

Before proceeding further, we would like to analyze the
range of validity for expansion in (g;/w;). Equation (17)
gives §;/wi ~ w(PA~D/4 at low-frequency limit. There-
fore, the expansion is self-consistent as longas 1 > A > %

As an application of the present theory, we investi-
gate the influence of the deformation on the localization
transition for Ohmic dissipation (s = 1). Following the
iterative treatment of Ref. 1, from (8) we can find the
localizaion transition takes place at o, = 1 for the limit
Ag/wo K 1 if we introduce an infrared cutoff w, ~ A;.
Let Ay = Agk, then (19) becomes

K(a’_l)/Qa' _ Bl/2+(B+K)1/2 , (21)

with B = w/8g2A¢,a’ = /(3 — 2X). For Ag/wo < 1,
we find kK # 0 for o’ < 1, Kk = 0 for &' > 1, i.e., the
localization transition occurs at o, = 1 or @, = 3—2A > 1
for the strong-coupling regime, instead of a. = 1 for the
weak-coupling regime.

To include the dynamic effect of TSS on phonons, we
use second-order perturbation with oy, term, which gives

2
2)  —) Ap|.
ﬁéh) = Hl(i'h) _ 7':- [s1nh (2:(2_(]1/w1)(b11 - bl))]

1
(22)

Following a similar treatment as above, we get the same
equation as (21) except B is replaced by B = B(1 +
k2)~!. Therefore, including the dynamic effect does not
change the result . = 3 — 2\ for Ag/wo < 1. Hence
we have shown that the localization transition for the
Ohmic dissipative system depends explicitly on A in the
strong-coupling regime.

A typical strong-coupling case is materialized for
the model of a two-state system interacting with one-
dimensional acoustic phonons where A = % The present
theory gives o, = a./2 = (go/wo)? = 1. This result can
also be obtained ezactly in another way. Introducing the
following operators

¢(:c)=iZ(w0/27rw1)1/2(ble“’—b;'e“““”) . (23)
{

n(z) =Y (wowr/2m) /2 (bie™® + ble™") (24)
i

RAPID COMMUNICATIONS

13 755

which obey the canonical commutation relation
[¢(2), 7(z")] = i8(z — ") , (25)

we can rewrite Hp, as
Hpp = ]d:c( %{7!‘2(.1‘) + [Vé(2)]?}

—6(:c)% cos[B¢(:z:)]> , (26)

where A/B? = Ao, B = 23/%7!/2(gg/wo). Then Hpp
maps on to the quantum sine-Gordon model which has
a well-known phase transition at B2 = 87,!1713 and it
gives (go/wo)? = 1, thus confirming our result in the
special case A = .

The above results can also be derived from a varia-
tional treatment for Ag/wo < 1. It has been proved!®
that the variational displaced state

<I>1 = exp (—0’; Z /\\](blT - bl)) (bvac (27)
1§

gives localization transition at a, = 1. In (27), ®yac
denotes both the vacuum state for phonons and the sym-
metric state for the two-state system (0;®vac = Pyac).
The energy of state @, is

E1 = —Aolﬁ?l(l - CY) s (28)

with k; = (Qer/wg)o‘/(lh")‘ The variational displaced
squeezed state has the form!®

P, = exp ("‘az > (gi/w)(b] - bz)>
1

X exp (— > v(biby — bfb] )) Prac ., (29)
]

where v, is determined by minimising the energy E5 of
®,. We get the same condition for ; as in (17). Then &,
gives the same localization transition condition as that by
perturbation. Inserting v; into E5 leads to

E2 = —Aoﬁz(] - (!') , (30)

with k3 = (24092 /wd)*'/(1=2") E| and E, depend on A
via the relation o/ = a/(3 —2)). It can be proved!® that
Ei < FEsforA>1and0< a <1, while F; > E; for A <
1 and 0 < & < 3 — 2\, Therefore, the displaced squeezed
state is preferable for the strong-coupling regime at least
in view of the ground-state energy.

Before making conclusions, we would like to discuss
the possible origin of the discrepancy between the present
theory and the previous studies. We want to point out,
on the one hand, the present results are valid in the limit
T — 0 and A — 0, but kgT/A < 1. On the other
hand, we emphasize that the correct order of taking the
limit is important and one should be very careful. There
may be, for example, two different ways of taking the
limit T — 0 in the path-integral approach: before or
after the Gaussian integrals about displaced coordinates
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z] = z;(1 + 6) with the relative displacement
6~ Wt (Wi +wh) (31)

where w,, ~ T is the Matsubara frequency.® If the
T — 0 limit is taken after integration, wy, acts as a low-
frequency cutoff and there is no infrared divergence. If,
however, the limit w,, — 0 is taken first, the behav-
ior of § as w; — 0 depends on the index A: § — 0 for
A>1;6 — oo for A < 1 and the corresponding Gaussian
integrals are not well defined. Therefore, these two dif-
ferent limits are not interchangeable for strong couplings
A < 1. We believe the discrepancy may stem from differ-
ent treatments of the low-frequency modes of the bath:
we have considered the infrared divergence properly while
previous studies have not. In fact, previous results are
recovered if we assume that the low-frequency modes are
not important. In this case, the dissipative effect of the
bath mainly comes from the high-frequency modes and
the parameter v; may be written as

y = %m (1 + 4aéﬁ) (32)

wo

in the high-frequency approximation. Then the critical
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value a. is determined by
ac[l +da(Dofwo)) V2 =1 . (33)

In the limit Ag/wo < 1, it gives a, = 14+2(Ag/wg) which
is precisely the same as that of previous studies.®17:18

In conclusion, by considering carefully the effects due
to coupling with a two-state system on the phonon states
of a bath, we have shown the static properties of a dis-
sipative two-state system at zero temperature depend,
not only on the spectral density, but also on the explicit
form of the coupling strength. Our results, contrary to
the previous studies, indicate there is no universality in
dissipative two-state systems at zero temperature. The
effects of strong coupling on dynamical properties are
under consideration now.
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