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Quantum-transport equations and relaxation frequencies are derived for a superlattice array of
quantum wires, taking into account dynamical screening and the tunneling between the wires in

the tight-binding approximation.

The momentum relaxation frequency for scattering by volume

and sheet impurities is evaluated and shown to depend on the superlattice period ! in a nontrivial
manner. Competition between tunneling and screening effects results in a particular value of ¢ for
which the relaxation frequency is minimum corresponding to a maximum conduction.

I. INTRODUCTION

Recently arrays of quantum wires have been the sub-
ject of several experimental! and theoretical? studies. In
a previous paper® we considered transport properties of
arrays of quantum wires assuming that the interwire sep-
aration was such that tunneling between the wires was
negligible. We treated in detail the influence of the in-
terwire Coulomb interaction, which affects the screening,
on the transport properties and showed that it can affect,
e.g., the mobility drastically. In this paper we generalize
the previous theory by including in the calculations tun-
neling between the wires. The formation of minibands
can change the elastic scattering rate significantly. For
discrete levels the phase space for scattering of electrons
that move along the wire is strongly limited.> When mini-
bands appear, scattering within the same band is possi-
ble; as a result the scattering rate increases.

The paper is organized as follows. In the next section
we present the results without electron screening of the
potentials. We follow an approach different from that of
Ref. 3. At the end of the section we show how screen-
ing can be taken into account. The actual superlattice
aspects are presented in Sec. III. Analytical and numer-
ical results for impurity scattering are given in Sec. IV.
A summary follows in the last section and the Appendix
details the evaluation of some results pertinent to Sec. IV.

II. QUANTUM TRANSPORT EQUATIONS

A. Quantum kinetic equation

We consider an array of identical quantum wires, of
length L, = L, arranged periodically along the y axis,
with period ¢, and directed along the z axis as shown
in Fig. 1. The confinement along the z direction gives
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a discrete spectrum while tunneling between the wires
gives a set of minibands. The state of a particle in this
superlattice is labeled by A = (kq,ay,a;) = (kq,a). ko
is the continuous wave vector index along the wires, a,
labels the discrete levels along the z direction, and a, de-
notes the band index and the continuous wave vector k,
associated with motion, in the band, along the y direc-
tion. The corresponding one-particle eigenfunction (nor-
malized) and eigenvalue of the unperturbed Hamiltonian
are given, respectively, by

U(r) = e*=T¢, (y)¢a,(2)/VL (1)
and
E4 = hwg = h2k2/2m* + hw,, (2)

where wg = wga, + w,,. We assume that an electric field
E = EZ is applied along the wires. Then the diagonal
component of the density matrix f4, which is the only
one necessary for calculating the current along the wire,
satisfies? the quantum kinetic equation

0fa , eE0fa
at h Oky
the collision integral Stfs is determined by the correla-

tors of the fluctuating parts of the density matrix ép and
of the potential §p and is given®* by

= Stfa; (3)
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A superlattice array, with period £, of quantum
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Stfa = —gepIm 3 [ dw [ /e HN < [5pan(), Spmale i > (4)
B

Here [, ]+ denotes half the anticommutator and the fluc-
tuating parts satisfy the equations

6pap(w) = 5/’?43(‘*’) + eMap(w)bp(w), (5)

1
bpap(w) = 5055 + e E Vapp' a'(W)bpar g (w). (6)
A'B’
Here the superscript 0 indicates the so-called “sources”
and

MAB(W) - - fB - fA (7)

(w—wap +10)’
with wsp = w4 —wp. For an external system with a uni-
form polarizability, characterized by the dielectric func-
tion €,(w, q), we have

v -2 44, 4o 8

app @) =55 | o Yae byl (®)
where

bSp = /dsr ¥’ (r) €97 ¥p(r). 9)

In previous papers®* we have developed a self-

consistent procedure for solving Egs. (5) and (6) which
takes into account the screening of the scattering poten-
tials by electrons. However, the presence of tunneling
prevents this simple procedure of obtaining the screen-
ing function. We, therefore, follow a different method
neglecting, to begin with, the electron screening. We re-
turn to this point later. For the moment we use ordinary
perturbation theory to second order.

We substitute Eq. (5) into Eq. (6) and vice versa keep-
ing only terms to second order in the interaction con-
stant. We assume that the sources are uncorrelated, i.e.,
< 6p%6p° >=< 6p° >< 6¢° >= 0. For the evaluation
of the average values after the substitution of the solu-
tions of Egs. (5) and (6) in Eq. (4) we use Eq. (30) of
Ref. 4, a similar equation for p replaced by ¢, and the
identities InM4p(w) = (7/h)(fa — fB)6(w — wap) and

1

e? hw
Stes fa = _ZW—Z?;FXB: [fA — fB +nap tanh (W;ﬂ%

So far we have not considered the screening of the scat-
tering potentials by electrons. We do it now adapting the
formalism of Ref. 3 which was applied when tunneling
was absent. In the presence of the latter we assume that
the minibands are narrow and that the screening factor
can be treated in the tight-binding approximation. Tech-
nically it means that the above procedure is repeated us-
ing the approximate form (28), see below, for the y part
of Eq. (9). The result for Stes fa is given by Eq. (14) with

>] / dge / day b33 12163317 < 6020 >80z o,

I
[V,:BA’B’ W)]" = VI;AB'A’(—“’)’ where

e [d®q .4

1
ImVigpa(w) = 72 e bAB|21m

fs(va)' (10)

We then obtain, as usual, Stfq =St.s fa+St.efa. The
first term represents electron collisions with the exter-
nal system while the second term describes interelectron
collisions. They are given, respectively, by

o2
Stesfa = —37 ((fA — fB) < 6p? S4B
B
h s

—374B ImVippa(was) |, (11)

and
2 s 2

Steefa = 13 Y. Vipp aWan)8(wap —wyp)

B,A' B’
(12)

Here nap = fa(l — fB) + fB(1 — fa) and Fapcp =
fa(l—=fB)fc(1—fp). The correlator < - - - > is evaluated
in the Appendix for some particular cases of impurity
scattering. A frequently encountered case is that when
the external system, e.g., impurities, phonons, etc., is in
equilibrium at temperature Ty. If in this case fj? is the
Fermi-Dirac function the condition St.,f3* = 0 leads to
the fluctuation-dissipation relation

X(FBAAIBI - FABBIAI).

h hw

< 6603’0 >£B= —e—ZCOth (m) ImngBA (LU), (13)
where the index 0 denotes equilibrium quantities. With
this relation Eq. (11) can be simplified considerably.
Stesfa can be expressed in terms either of the poten-
tial correlator < 8¢p? ; > or of the dielectric function if
Eq. (13) is used. The first form is suitable for calcula-
tions involving scattering by impurities while the second
is more suitable for optical-phonon scattering and some-
times for interparticle interactions. Using Egs. (11), (13),
and (A7) we can write Ste, f4 in the form

(14)

[
a factor |S(waB, ¢z, £9y)| =% appearing under the integra-

tion signs where
4e? / dq,
L, Ly qus (“): Q)
x> Map(w)|bdg*
A,B

(15)

S(w:qz;EQy) ~ 1 -
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Here we have assumed that the width of the wires is much
smaller than the period £ of the array. In most cases we
can safely ignore the tunneling effect in the screening
factor. For instance, when only the lowest miniband is
occupied we can use for S(---) the form3

Aego(w, gz)

S(w,qz,4qy) =1+ .
( q qy) fs(‘*’s‘lxa&Iy)

(16)

In this case the function 1/¢,(w, ¢;) is given by

2 / _dg.
es(w 9z, 0qy) £ Z 2+ +42,

p=—o00
biz 'Iw 2
100 6 . (17)
cs(w, ‘hyQyp,‘IZ)

Here qyp = qy — 27p/¢ and the matrix elements involve
the wave functions of separate wells when only the lowest
subband is occupied (indicated by 00).
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B. Balance equations and relaxation frequencies

From the QKE we derive the momentum and en-
ergy balance equations by applying to it the opera-
tors (2¢/L) Y , hko/m* and (2/L)Y, h*k2/2m*, re-
spectively. Denoting the total carrier number, current,
and energy (linear) densities, respectively, by n',j, and €
we have

dj en’
and
0
b—i = jE - P, (19)

where —R = —R.,— R, and P+ P,,+ P,. are the friction
force in the z direction against the external system and
the power transferred, per particle, respectively. Now
using Eq. (12) it is easy to see that the terms R.. and
P, vanish identically. Hence, using Eq. (11) we obtain,
in matrix form,

R e?
(P> = Wg/dq,/dka/dkp/ dwd(w —wap)b(ke — kg — qz)

9z hw
( ) <6§0,0> w,qx [fA"fB'I‘ﬂABt&Hh (m)] (20)

For simplicity we model the distribution function f4 by a displaced Fermi-Dirac function at temperature T'. That
is, we replace its argument k, by ko — m*u/h, where u is the drift velocity. Then the previous expression takes the

simpler form

hw h(w — ugz)
eq _ 1
( ) s Z/d(h/ dw ( > ImA€ ] (w — ugs, ¢z) < 6% 0 > [tanh (2k3T,> coth ( SEpT ) ] ,

(21)

where the electron dielectric function Aegs(- - ) is given by Eq. (23) of Ref. 4. Another form of this expression involving

the dielectric function can be written using Eq. (13).

If the electric field E is weak we may linearize R over u and P over T — T, and define the momentum v™ and

energy v7,

relaxation frequencies through R = —m*v™u and P = vT(T — T;)p. Using Eq. (21) we obtain

ImA€i(w, gz)

v h kpT,q;/m* 2 jab  AMAEGHW,00)
= 4 “ :
<1/T> 4m2n'kL T2 ;/dqr/dw ( w? < 0¥50 Puge sinh(hw/kpTy) (22)

These expressions neglect the screening of the scattering
potentials by electrons. Again this can be incorporated
by inserting the screening factor S(---) given by Eq. (15)
under the integral signs.

III. THE SUPERLATTICE MODEL

We consider a superlattice potential along the y direc-
tion added to a confining potential along the z direction.
The total potential is written as

> Viy-pb)+ V(). (23)

p=-—00

V(y,z) =

For definiteness we choose for both terms the parabolic
forms V(y) = h%¢}y?/2m* and V(z) = h%¢}z2/2m*.
Moreover, we assume that only the lowest miniband is
occupied, along y; the same holds for the lowest level in
the z direction (a, = 0). First we write the wave func-
tion for an electron in this superlattice potential in the
tight-binding approximation as (ay, — ky)

oo

S ekt go(y — pb), (24)

p=—00

ok, (y) =

where ¢o(y) is the wave function of the isolated well and
—m/¢ < ky < w/¢. Now the tight-binding model is valid
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when only the wave functions of neighboring wells have
a (small) overlap, i.e., for £g; > 1. We then have the
superlattice dispersion relation Ex, = —Agcoskyf, the
width of the miniband being 2A, and given by the overlap

integral. All energies are measured from the center of
the miniband. With ¢o(y) = (q1/v/7) %exp(—¢iy?/2)
we obtain

hz‘l% 202\ ,—43€%/4

Ay = S (14 0.5¢3£%)e=2t/4, (25)

For a strongly degenerate electron gas we approximate

fa by a step function. When the Fermi level Ep lies

in the miniband, i.e., when Fr < A4, the normalization
condition gives the density of one wire, n = n’€/L,, as

4kp

n= (B2 K(By) +E(5,)) (26)
where Eyx = +/(Er £A4)/2A¢ and Er = —-A, +

h?k%/2m* = h2k%/2m*. Further, K(z) and &£(z) are
the complete elliptic integrals, and Ly is the dimension
of the array in the y direction. For Ep — —A, we have
n ~ hk%/7/2m*A,. If, on the other hand, the Fermi
level lies above the miniband, i.e., for Fp > A4, we have

4kp

n==F £(1/E,). (27)
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For EF > A, we obtain the standard relation n =
2kp/7r ~ 2lcp/1r.

The superlattice aspects enter the results of the pre-
vious section through the energy spectrum and through
the screening function S(- - -), cf. Eq. (17), and in partic-
ular through the factor bZ”’c,. In the tight-binding limit
(g1£ > 1) with the help of Eq. (24) we can approximately
write

2T _ — !
Ibqyk |2 ~ L_ e qﬂlzq? Z 6(qy —_— ky + ky + qp)y
y

p=—o0

(28)

where g, = 27p/L.

IV. SCATTERING BY CHARGED IMPURITIES

A. Analytical results

As an application of the formalism we will now evaluate
the momentum relaxation frequency for scattering by a
random distribution of volume or sheet impurities. We
assume that only the lowest level in the z direction is
occupied. Then Eq. (22), taking into account the electron
screening, becomes

Im Ae;!, )/ (w, ¢z)

vy h W |2 2 00 kpT.q2/m* vky
(uT) T BmnkLT? ka: / da / day / dwlbyrys I <8¢50 >wia, w? sinh(hw/kpT,)|S(@, 4z, £g5) 2’
yry

and S(---) is given by Eq. (16).

1. Volume impurities

For simplicity we assume that the dielectric function
of the system, e(w, q) can be approximated by the con-
stant € and denote the impurity concentration by n( )
Further, we use Eq. (A9) with bf; = exp(— q3/4q§) and

the expression for the correlator < §p? >3,’,3le We then
obtain®

2etm*n (3)£

'n'/l o 2 2
ym == T A dky/; dg, e~ /20 e(Qz,) e(sz“?v)

3
7rneLh

QS

Here Qx = Qx(ky,¢y) = |Qk, + Qk,—q, |, Qk,
we have used the property Qi ,_q,—¢, =
using Eqs. (16), (17), and (28) we obtain

[Q+ G (Q+) S0, Qs ) + 55 G (Q ) 0.0 )]

= ,/2m“iE'p —Ek )/h and Q-:!: =

= Q%,—q, Which results from the periodicity. As for the screening factor S(: - -)

(29)
-
<bp? > = 8”; 1”’ G(as/V3a2) 6(w),  (30)
where
G(z) = 2z//7 + (1 — 22%)e® erfe(z); (31)

here erfe(z) = (2/v/7) [ exp(—t2)dt, G(z < 1) = 1—?
and G(z > 1) = 2/z/7.

To proceed further we consider a strongly degenerate
electron gas, i.e., we replace f3! by a step function. Us-
ing the standard expression for Ae®? together with the
miniband spectrum we obtain from Egs. (29) and (30)
the result

1
Qk, Qk —

(32)

\/q;lTQZ To arrive at Eq. (32)
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* 2 2 oo
S(0,q5,€gy) = 1+ _m_eq,/2q3+(q§/2)(1/q§—1/q?)1n|K+/K_| Z erfc ( Qp ) /Qp,

Uzszqx

where K3 = (kp % ¢:/2)? — (m*kpT,/h%q;)? and Q, =
VT (g =07

In the limit of isolated wires £ — oo we have Ay, —
0,Qk, — kr,Q+ — 2kp, and Q- — 0. Then Eq. (32)
goes over to Eq. (69) of Ref. 5. If we neglect the elctron
screening and assume ¢; 3> n,¢2 > n we obtain

4e4m*n(3)
u"‘(Z — 00) ~ '2—312€Q1"{1<1(Q1n) - I{O(an)}
egnh g3
. (3
_ 16e*m n§ )’ (34)
m2e2 h®n3

where Q1 = (7n/2¢1)? and K, (z) is the modified Bessel
function.

2. Sheet impurities

We assume that the impurities are distributed in the

(z,y) plane with surface concentration ngz). For the po-
tential correlator we have

gr3e2n(?
< §p? >quJ_: ——6—%(11—1[erfc(q_L/?qz)]2 et+/2925(w).
(35)
In this case »™ takes the form (33) with

"(IB)G(Qi/QID)/Qi replaced by n(Iz)[erfc(Qi/qu)]z
xexp(Q%/2¢3)/Q%. For £ — oo and ¢1 > n,q2 > n
we obtain upon neglecting the electron screening

. (2
8etm n(I )

—_— 36
c%h3n2 (36)

V(€ — 00) &

As for the screening S(---) an approximate result S
simpler than that given by Eq. (33) can be obtained as
follows. We evaluate the expression (33) for those values
of the arguments that give the largest contribution to
v™ as given by Eq. (32). For ¢1£ > 1 and ¢2£ > 1 we
can evaluate the sum over p in Eq. (33) in the opposite
limits nf > 1 and nf < 1. We can then construct the
interpolation formula

2m*e? w2h2n? \/gql 1
=1 1 1 )
S +,1.2€Lh2n n(mkaT,) [n( ™ + Vont

(37)

which covers all values of n¢ and is nearly exact in the
opposite limits n€ > 1 and nf K 1.

B. Numerical results

In Figs. 2 and 3 we plot the momentum relaxation
frequency v™, as evaluated numerically from Eq. (32), as
function of the period ¢, using the dimensionless quantity
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V2g, (33)

p=—00

r

L = q1¢, for ¢1 = g2 and Er > A,. In these figures g =
m/q, v; = (e4m*/h36%)(n(l')/q§), m* = 0.067mg, € =
13, T, = 42 K, and ¢ = 3 or 2. Further, the solid,
dashed, and dotted curves correspond to ¢ = 0.2,0.4,
and 1.0, respectively.

The decrease of ¥™ with increasing g can be seen from
the limiting expressions (34) and (36): for the degenerate
electron gas we have approximately v™ ~ n~*. This is
better illustrated in Figs. 4 and 5 on which we comment
further below.

The decrease of v™ for small £ can be explained in the
following manner. For small £ the miniband width be-
comes large. If the Fermi energy is fixed this broadening
of the miniband leads to the appearance of electrons with
energy less than Er (up to Er — Ay). For electrons with
energy about E} the corresponding relaxation frequency
behaves as ~ (EF—E'ky)‘i/z; as a result the frequency in-
creases when the period decreases. Notice that the curves
do not start at £ = 0 since the tight-binding model that
we are using is not valid in this case.

The increase of v™ with £ for £ > 10 is connected with
electron screening: for large £ screening becomes weak
and the scattering rate increases. The same behavior of
v™ with increasing £ was reported earlier when tunneling
was not considered,? i.e., for relatively large periods. As
¢ — oo the curves saturate as expected for isolated wires.

The importance of screening is most clearly seen in
Figs. 4 and 5 where we plot the relaxation frequency as
function of the electron density (¢ = 7n/¢q1). In both
figures the solid and dashed curves correspond to scatter-
ing by volume and sheet impurities, respectively. Notice,

16
12 —
Momentum
relaxation
frequency T
v™ vy
4
. I
L -
0 T T T T
0 10 20 30 0 50
Period of the superlattice £
FIG. 2. Momentum relaxation frequency for scattering by

volume impurities as function of the period £(£ = ¢1¢) for
different values of the electron density n (¢ = 7n/q1). The
solid, dashed, and dotted curves correspond to g = 0.2,0.4,
and 1.0, respectively.
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6
5 —
4 —
Momentum
relaxation
frequency 3 ]
v
2 —
1 —
0 T T T T
0 10 20 30 40 50
Period of the superlattice £
FIG. 3. Asin Fig. 2 for scattering by sheet impurities.

however, the vertical scales: in Fig. 4 the screening factor
S(---), which enters Eq. (32), or its version for scattering
by sheet impurities, is evaluated using Eq. (33) whereas
in Fig. 5 we have put S(---) = 1, i.e., we have neglected
screening. The results in the latter case are about five
hundred times larger than those of Fig. 4, i.e., they are
severely overestimated. This is due to the large values of
S for very low temperatures since the second term in K4
varies approximately as ~ kgT/Er and diverges when
T — 0 for g — kr as Eq. (33) shows. We conclude that
it is essential to treat screening as accurately as possible.

At first sight, the large difference in the results with

8
6 —
Momentum
relaxation
frequency =
v™ v
2 p—
0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Electron density g
FIG. 4. Momentum relaxation frequency as function of

the the electron density. Screening has been taken into ac-
count. Curves 1 and 2 are for scattering by volume and sheet
impurities, respectively.
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4000

3000 —

Momentum
relaxation
frequency

™ fu;

2000 —

1000 —

Electron density g

FIG. 5. As in Fig. 4 with neglect of screening.

and without screening appears surprising and needs to
be understood. Let us recall that for a three-dimensional
electron gas the Coulomb interaction with charged impu-
rities leads, in the absence of electron screening, to a di-
verging momentum relaxation frequency, i.e., v™ — oo,
whereas if electron screening is taken into account we
have v™ ~ In(kp/k,), where k, is the screening wave vec-
tor. Formally, the ratio of the two results tends to infin-
ity. Moreover, this finite result for the three-dimensional
case is obtained by the summation of only the ring dia-
grams to all orders” which means that it is essentially a
nonperturbative result. Something similar holds in the
present case. We consider the scattering to second order
and improved by including screening. The latter has been
taken into account in the self-consistent manner of Ref. 4
upon solving the equations for the fluctuating parts of
the density matrix and of the potentials, cf. Egs. (5)
and (6). That is, our results concerning screening have
been obtained in essentially a nonperturbative manner.
Consequently, they are not so surprising and one could
trust them. Notice, however, that our finite result for
S diverges when T' — 0 for ¢, — kp, cf. Eq. (33). It
goes without saying that for the moment we consider
this problem as not being completely solved.

V. SUMMARY

In this paper we have derived quantum transport equa-
tions and relaxation frequencies for an array of quantum
wires taking into account screening (dynamically) and
tunneling. For impurity scattering the results for the mo-
mentum relaxation frequency, and correspondingly those
for the conductivity, depend on the period £ in a non-
trivial manner: at some particular value £, for £ we have
maximum conduction reflecting the opposing effects of
tunneling and screening. This ¢, depends on the ma-
terial parameters. This is a very interesting result. Its
validity, of course, is related to that of the tight-binding
approximation. We estimate that the corresponding peak
behavior of the conductivity will be more pronounced in
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wide miniband samples. Further, our calculations show
that it is very important for the conductivity to take into
account screening since the results can be about five hun-
dred times larger if one does not. We are not aware of any
pertinent experimental data; we hope that our findings
will stimulate the relevant experiments.
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APPENDIX

The correlator which enters Eq. (11) is related to
the correlator C(w), resulting from the substitution of
Egs. (5) and (6) in Eq. (4), by the expression

C(w) =< [6¢ap(w), 6B (W )]+ >
= 2m6(w + ') < bp? SAB . (A1)

Now denoting by 6¢°(w,q) the Fourier transform of
8¢%(r,t) we can write

1
5(@) = 53 [ 0835 66, q). (A2
If the scattering system is uniform we have
C(w,a) =< [6¢°(w,q),6¢°(', )]+ >
=1676(w + ' )6(a+q') <6¢F >uq-  (A3)
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Combining the last two equations with Eq. (A1) we ob-
tain

1
< 62 >AB= 8—;§/|b33|2 <62 >uq.  (Ad)

If the scattering system is uniform in the (z,y) palne
and nonuniform in the z direction Eq. (A3) becomes

C(w,q) = 87%(w + w')6(qy +qu) < 6l >&d: .
(A5)

If the system is uniform only in the z direction we can
write

< 8p% S0P = (1/L) < 6¢% >Px. _x, - (A6)
The first two cases can be combined in the form
1
< bpi >5P= m/d%/ dgy[b%3[° Ibit,bvlz
2 azbs
x < bpy >3 gt - (A7)

For the system that is uniform in all directions we have
1

<ot >ub= o [dulbl, P <66 >ua (A9

whereas for that which is uniform only in the (z, y) plane

1 ' .
< 8p? >3,f31= o) d‘h/ dq,zbg',b,bg:a,

x < 82 >&d (A9)
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