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Superfluid fraction of He very close to Tx
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Measurements of the superfluid fraction p, /p of He are presented for the reduced-temperature
range 3x lO (t= 1

—T—/Tz 10 . The data were obtained from the second-sound velocity u20,

which in turn was determined from nonlinear-pulse transit-time measurements. The exponent (, which

describes the leading singularity of p, /p, is found to be 0.6705 0.0006. This result is in good agree-
ment with existing theories and previous data much further away from T&.

Measurements of the superfluid fraction p, /p in He
near the superfluid-transition temperature T& by a variety
of techniques have a long history, ' and since about two
decades ago p, /p has been perhaps the most accurately
and extensively known parameter with a singularity near a
critical point. The most precise of these early measure-
ments demonstrated the need for the inclusion of con-
fluent singular terms in the dependence upon the reduced
temperature t = (Tt, —T)/Tx in experimentally accessible
ranges of t, and suggested the functional form

g =0.6717 ~ 0.0004, (3)

ko =2.403 ~ 0.008, k
~

= —1.46 ~ 0.05, and D =0.33
+ 0.02.

At this time it is widely believed that there exists an ex-
act theory of critical phenomena, namely, the renor-
malization-group theory. Implied in this belief is the ex-
pectation that a knowledge of the behavior of a singular
property over one range of reasonably small values of t,
say 10 & t & 10, enables us to extrapolate vf a a
power-law like equation (1) to any other range of even
smaller values of t that previously had not been accessible
to measurement. Developments in thermometry,
which have extended the range of t accessible to measure-
ment by about two decades, have provided us with the op-
portunity to put this belief to a crucial test.

In one very recent test, Marek, Lipa, and Philips'
(MLP) determined second-sound resonant frequencies,
and thereby the exponent g, over the range 4x10
&t (10 . Their data yielded an exponent /=0. 6740
~0.0005, in disagreement with previous measurements.
Perhaps of greater concern was that these data also gave
significant deviations from the functional form Eq. (1) for
t & 5 x 10 which increased dramatically with decreasing
t and became as large as 8% (Ref. 16) of p, /p for
t =4 x 10 . A more recent analysis of this data ' seems
to suggest that these diSculties can be resolved if T~ is al-

p, /p k(1+D~t )t~.

A recent analysis3 of the data at saturated vapor pressure
over the wide range 3&10 &t &0.05 and with the
temperature-dependent leading amplitude

k =ko(i+kit)

yielded the results

lowed to shift by 149 nK (Ref. 17) relative to its original
experimentally determined value. '

In this paper we present experimental results for p, /p,
obtained using a substantially different method than has
been used previously, which also extend very close to T~.
The superfluid fraction was obtained by a time-of-flight
method for nonlinearly evolving second-sound pulses, '

and cover the range 3x10 &t &0.01. The nonlineari-
ties in the equations of hydrodynamics of the superfluid
become progressively more important as Tx is approached
very closely. Therefore the shapes of the arriving pulses
had to be analyzed in terms of a model which properly
took the nonlinearities into account' in order to obtain
the linear transit time and the corresponding second-
sound velocity u2o. Thermodynamic data and ufo were
then used in the usual manner to give p, /p. We made an
independent determination of Tx with systematic errors no
larger than 20 nK which was based on the determination
of the onset of thermal resistance in the fluid. '3 Our re-
sults yielded /=0. 6705~0.0006, in satisfactory agree-
ment' with the result Eq. (3).

The second-sound cell was located in the vacuum can of
a cryostat described previously. The cell was the same as
the one used further away from T~. ' The working volume
was 0.1203 cm high by 3.18x 3.18 cm . Its top and bot-
tom were bounded by Pyrex plates, 3.81 cm on a side and
0.318 cm thick. The side walls were formed by a copper
spacer. The inner surface of the bottom plate contained
a square chromium thin-film heater that completely
spanned the lateral dimensions of the cell. A small (0.254
cm on a side) thin-film (PbAu) superconducting bolome-
ter' was deposited on the inside surface of the top Pyrex
plate. Without signal averaging the device could typically
resolve 0.1-pK changes in temperature in a 300-kHz
bandwidth. With signal averaging, and in a smaller band-
width, the rms noise in the second-sound signal was as
small as 2 nK in some of the measurements. The cell tem-
perature could be controlled with a stability of 1 nK
through the use of a He melting-pressure thermome-
ter, ' ' and Tq could be determined with a precision of 5
nK with a fixed-point device. ' ' ' The accuracy of T& was
+ 20 nK. For t ) 5.5x10, germanium thermometry
was used and the error in the temperature measurement
was +'

1 pK. Systematic errors in p, /p due to uncertain-
ties in the cell length are 0.2%.

A voltage pulse consisting of a single cycle of a haver-
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u20 cr ps T/pnCp,2 = 2 (4)

where cr and C„are the entropy and heat capacity per unit
mass. The entropy is taken from Ref. 24 and C~ from
Ref. 25.

Equations (I) and (2) were fit to the results for p, /p.
We fixed h, at 0.5. A fit was first performed to the data
with t & 10 in order to determine the parameters k~

and Dq. The corresponding terms in Eq. (1) contribute
about 0.1% or less for t & 10 and it was desirable to
determine them further away from T& because small but
systematic deviations of the data at smaller t influence
them unduly. The remaining parameters, g and ko, were
then determined by a fit over the entire data set, with D~

sine was applied at the heater to launch a second-sound
pulse into the helium. This pulse propagated across the
cell and was detected each time it reflected off' the surface
containing the bolometer. The geometry of the cell was
such that the pulse remained planar for the first six
echoes. ' Due to the reflection at the surface of the
bolometer, the temperature amplitudes recorded at the
bolometer were roughly a factor of 2 larger than the am-
plitude of the second sound as it propagated across the
cell. Signal averaging of up to 2&10 pulse sequences
were used to increase the signal-to-noise ratio. The model
used to extract u2o from the data was the same as that de-
scribed in Ref. 18. The first arrival of the pulse at the
detector was used as an initial condition for the numerical
integration of Burgers' equation with damping in one di-
mension. These numerical solutions were fit to a later
arrival of the pulse at the detector. The only two adjust-
able parameters were the second-sound velocity u2o and
damping D2. They are not strongly correlated, and both
could be determined with meaningful accuracy.

The use of Burgers' equation to describe the nonlinear

propagation of second sound had been examined in de-
tail'" for t &10 . Its validity closer to T& was tested in

this work by data taken for a great variety of initial pulse
widths and amplitudes. For initial pulses significantly
shorter than the width of the cell (not larger than 0.34
mm), and for amplitudes bt/t between 8&&10 and 0.07,
no systematic trends of the fitting parameters with pulse
amplitude were noted. Changing the bolometer power
from 0.043 to 0.52 pW did not affect the results for u2o

noticeably. The effect of the interaction of the pulse with

itself as it reflected off the bolometer and heater sub-
strates was tested for with the use of double-pulse se-

quences as described in Ref. 18, also with a null result.
The second arrival of a pulse obtained very close to Tz, for
t =3.07&10, is shown in Fig. 1 as open circles, along
with the fit (solid line) and the residuals (solid circles). In

this case the rms deviation is only about 2 nK.
Due to the effect of gravity, Ti is shifted vertically by

1.273 pK/cm. For this reason, our cell was quite short
(0.1203 cm). With the reduced temperature measured
with respect to Ti at the middle of the cell, it can be
shown that the effect of gravity on the data is negligible
even at our smallest reduced temperatures. Thus no grav-

ity corrections were required.
The results for u2o were converted to p, /p using the re-

lation
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FIG. 1. Second arrival of a pulse at the bolometer, and the
corresponding fit, for t =3.07X10 . The pulse width at the
heater was 0.32 mm and the amplitude of the first echo, used as
an initial condition, was bt/t =0.057. This fit gave u2O=0. 1553
m/s and D2 =0.0031 cm /s. A pulse was launched at the heater
every 1.3 s and pulse sequences at the bolometer were averaged
for about 10 h in order to achieve the 2-n K rms deviations
shown.
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and k~ held constant. The values obtained for the param-
eters in Eq. (I) were

(=0.6705 ~ 0.0006,

kp 2.380 ~ 0.015,

k i
= —1.74+ 0.20,

Dp =0.396+ 0.035,

(5a)

(Sb)

(Sc)

(sd)

in good agreement with the results based on the older
data which we quoted above.

The u2o data were also analyzed using the heat-capacity
measurements of Lipa and Chui (LC). The formula
for C„provided in Ref. 25 [given in Eq. (4.3)], although it

fits the data well for t & 10, has a logarithmic form
which is not correct closer to the transition. The data of
LC extend to the smallest values of t used in this work;
however, they do not go to larger values than t =10 and
had to be normalized to the results of Ref. 25. When our
u2p data are analyzed using the LC results inside of 10
and the results of Ref. 25 outside, the exponent and lead-

ing amplitude are substantially unchanged from those
given in Eqs. (5).

The percent deviations of the data from the function are
shown in Fig. 2. Note that this differs from the procedure
of MLP (Ref. 15) and Swanson, Chui, and Lipa, ' who

show the deviations of the resonant frequency of a
second-sound cavity. ' It is clear from Fig. 2 that there is

a region r ~ IO where Eq. (1) does not fit the data
within their random errors. The reasons for this dis-

crepancy are not known. As discussed above, a thorough
search for systematic effects was carried out. In addition,
the fit shown in Fig. 2 was repeated for only the smallest-
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FIG. 2. Percent deviation of the p, /p data from Eq. (I) with

the parameters of Eqs. (5).

amplitude pulses and again for only the shortest-length
pulses. In either case, the results were unchanged.
Nonetheless, we expect that the deviations are associated
with undetermined experimental problems which arise
when working at these extremely small reduced tempera-
tures.

Although the data closest to Tq had a reduced tempera-
ture determined to a precision of ~ 5 nK, the accuracy
was ~ 20 nK. The effect of shifting T~ by this amount is

shown in Fig. 3. The fitting parameters are not
significantly changed. However, the apparent decrease in

the residuals for t &10 is influenced strongly.
The result equation (Sa) is in good agreement with the

result equation (3) which was based on data further away
from Tz. It also agrees with the most recent analysis' of
the data' of Marek, Lipa, and Philips; but as mentioned
above, this analysis involved a shift in Tq which is in ap-
parent disagreement with the measured value. The value
for ( also agrees well with renormalization-group calcula-
tions. From theory it is expected that g is equal to the
correlation-length exponent v. Values of v have been ob-
tained by several approximations, and range from
0.669+ 0.002 to 0.672+ 0.002.

In summary, we have presented results for precise and
complete measurements of p, /p, over a large range of the
reduced temperature t. We have used a technique that ac-
counts for the nonlinearities in the propagation of second
sound near T~. Agreement with previous data further
away from T~ is excellent where there is overlap, and the
exponent values derived from the data agree well with
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FIG. 3. Percent deviation
(a) 8T~ —20 n K. Th is

k~ —1.77, and D~ 0.403.
0.6706, ko 2.382, k i

as in Fig. 2, but with T~ shifted.
fit gave g 0.6704, kp 2.378,
(h) bTi +20 nK. This fit gave
1.71, and D~ 0.388.
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those obtained much further away from the transition.
This agreement supports the validity of the renormaliza-
tion-group theory of critical phenomena, and lends
credence to the belief that the theory gives the behavior of
the system arbitrarily close to the transition when mea-
surements are available further away.
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