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Fractional Shapiro steps in ladder Josephson arrays
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We study the response of Josephson ladder arrays (1xN plaquettes) to a combined ac and dc
current. For N&1, the arrays are predicted to exhibit Shapiro steps at voltages & V &=nNhid/(2e)
for n=l/2, 1, 3/2, . . . , over a broad range of fields f=4/40 (@=flux per plaquette, @p=hc/2e).
The calculated half-steps persist even in single-plaquette "arrays" at all fields f/0, and, when the
critical currents parallel to the applied current are su%ciently unequal, even at f=0 Me.asurements
of the step widths DIigq(f) and 6 Ii(f) for 1x600 ladder arrays of Nb-Au-Nb junctions are in good
agreement with the calculations.

When an array of resistively shunted Josephson junc-
tions is subjected to a current of the form I(t) = Id, +I, sin(2xvt), the time-averaged voltage & V & across the
array exhibits a series of quantized plateaus known as
Shapiro steps. i ~ In an N x N square array subjected
to a transverse dc magnetic field of magnitude p/q = f
flux quanta per plaquette, the plateaus usually satisfy
the rule2

& U &= nNhv/(2eq),

n = 0, +1,+2, . . . . The basic features of the experiment,
notably the rule (1), have been reproduced by calcula-
tions in which the array is treated as a collection of re-
sistively shunted Josephson junctions (the "RSJ model" )
subjected to a combined dc and ac current and dc mag-
netic field.

Besides these steps, various "anomalous" steps have
also been reported by several groups. Most conspicu-
ously, a half-integer step at Nhv/(4e) has been found
even at f=0, and other subharmonic steps have also
been detected at zero field. ~o While several explana-
tions have been proposed for these anomalies, all re-
main unproven at present. The RSJ model also exhibits
unexplained anomalies of its own. For example, extra
("anomalous" ) half-integer steps at & V &= Nhv/(4e)
have been found at f=1/3, 2/5, and I/O, bust only with
free transverse boundary conditions, not with periodic
boundary conditions. These steps have not been defini-
tively confirmed in experiment.

In this Rapid Communication we consider Shapiro
steps in ladder arrays of Josephson junctions consisting of
1xN square plaquettes. Our goal is to shed some light
on the origin of Shapiro steps in wider arrays, and on
the anomalies mentioned earlier. We also consider the
special case N = 1 ("single-plaquette" arrays). Besides
carrying out calculations we present experimental results
for ladders of resistively shunted junctions, and find good
agreement between theory and experiment.

Our calculations are carried out as described
previously. 4' We consider a 2x (N + 1) lattice of
grains coupled by resistively shunted junctions (1xN
plaquettes, or 3N + 1 junctions in all). A current

I = Id, + I«si n(2 irtv) is injected into each grain at
one end of the array, and extracted from each grain at
the other end, with free transverse boundary conditions.
The equations of motions" is involve 2(N + 1) unknown
phases P;, of which one may be arbitrarily fixed. A field
of f flux quanta per plaquette is applied perpendicular
to the array. This corresponds to a transverse magnetic
field B = f@o/a2, where Cia ——hc/2e is the flux quantum
and a is the lattice constant of a square plaquette.

The results of our calculations for the ladder arrays
are shown in Fig. 1. They reveal integer and half-integer
steps [& V &= nNhv/(2e) with n integer and half-

integer] over a broad range f Figure . 1(a) shows the
time-averaged voltage & V ) /(NRI, ) as a function of
dc current Iq, for several values of f and N = 20. & V )
is obtained by integrating in time steps of width 0.0270

[ro——h/(2eRI, ), where I, is the critical current and R the
shunt resistance of each junction], then time averaging
over an interval 700ro. Figure 1(b) shows the widths

bIi(f) and AIi/2(f) for the n = 1 and n = 1/2 steps,
plotted as a function of f Also sho. wn is the critical cur-
rent as a function of f, indicated as EIo(f) The curv. es
correspond to I,=I, and v/vii —0.6 where vo 2eRI,/h-—
is the characteristic frequency. All junctions are assumed
identical.

Figure 1(b) shows that the n = 1 step persists over the
entire range of f, but is widest at f=0 By contra. st, the
n = 1/2 step has its greatest width at f=l/2; AIi/q is
substantial even at rather small f, but always vanishes
at f=0 or 1. There seems to be a fairly abrupt cutoff

f below which AIi/z vanishes. In all cases, the widths
are obtained numerically, by visual inspection of plots of
& V& (Id, )

In Figs. 2(a) and 2(b) we show the I &U & character--
istics and step widths for a "ladder" consisting of a single
plaquette (N = 1), again with I,=I, and v/vo ——0.6. As
in Fig. 1, there are only integer and half-integer steps.
The step widths AI& and AI&~2 behave similarly to Fig.
1; AI~g~ is more sinusoidal than in Fig. 2, and has no
clear cut-off at small f, but vanishes at f=0 There are.
no other clear steps other than integer and half-integer
steps for the single plaquette at any f, although there
are faint hints of an n = 1/3 step near f=l/3 The in-.
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Fi . 2~~a& shows the time-dependent voltage acrossset to ig. ~a& s o
e a lied current. Justthe two junctions parallel to the app ie

ch voltage has twice the period ofas in larger arrays, eac vo
~ 0

lt. The two wave forms are identicathe applied ac curren . e w

sum has thebut phase shifted by vr radians, so that the sum as e

Wh the I 's in a single plaquette are sufficient y un-
Fi ure 3 showsn = 1/2 steps appear even at f=0 i.guequal, n =,I s eps

the time-averaged voltages ( V ~ &~ d„~
allel to the current, for a single plaquette injunctions para e o

w ic reech h three critical currents equa, an a our
ls uI . To make the11 1 to the applied current) equals n, . oae o ea
how the extreme caseh lf- t clear as possible we showa -s eps as

wever we have foundn= &~s un r=0 (shunt resistance only). However, we a
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12 FIG. 2. (a) and (b) Same as Figs. 1(a)1 a and 1 b but for
an "array" consisting of a sing e p qla uette. Frequency and

in i . 1. Inset: time-dependent voltages
Vg(t an 2 ond V tt~ the n = 1/2 step across the two junc ions
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FIG. 3. Same as Fig. 1(a) for a single plaquette with un-
' ~

equ cri ical 't al currents. All critical curren s q
exce tion of one critical current parallel to the app

'
lied cur-

ual olI . Shown is the extreme caserent, which is taken to equ o
=0 (shunt resistance only) whic p roduces the wi est

inte er steps. The voltages denoted Vz an 2 repV re resent the
i - ss the two unctions parallel to the

ha lied current. Inset: time-dependent vo gta es across t ese
I2 ste . Vz is the voltage across thetwo junctions on n = 1 2 step. y is

jununction with critical current o/I .

FIG. l. (a) Time-averaged voltage ( V )V ) vs dc current
I for a ladder array of length 20 plaquettes, for variousdc

Bux. Flux is shown invalues of the perpendicular magnetic „ux.
of f=@/4o, where 4o ——hc/(2e) is the flux quantum,units of ~~—— I~ 0, w ere 0—

and 4 is the Bux through a single plaquette. e
ntall . The amplitude of the ac current is

where vo ——2eAI. . . is eI„=I,; the frequency v/vo=0. 6, wher o — Mc
d I is the critical current of each junction.shunt resistance, an~ is e cri '

The n = 1 step corresponds to ( V ) /(NRI, j 0——

the ladder array shown in (a). EIo(f) represents the critic
current. Calculated data points are shown as open symbols;
the straight line segments connecting pthe oints are merely to
guide the eye.
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parallel to the current. The inset to Fig. 3 shows the
time-dependent voltage across these two junctions. As
with the half-steps shown in Fig. 2, the period of these
voltages is twice that of the applied ac current. We have
confirmed that similar zero-field half-steps also occur in
an N-plaquette ladder array, for various special patterns
of unequal critical currents. In one such pattern, the crit-
ical current equals I, for all the junctions perpendicular
to the applied current, and for all the junctions paral-
lel to the current on one edge of the ladder, but equals
aI, for all the other parallel junctions, with n ( l. In
this case the "anomalous" half-steps appear at a volt-
age of (1/2)Nhv/(2e). We have found other patterns of
unequal I, 's which lead to anomalous half-steps even in
larger arrays.

To test our calculations we have carried out experi-
ments on 600-plaquette ladder arrays of lattice constant
5 pm. The plaquettes consist of proximity coupled Nb-
Au-Nb junctions of thickness 2000 A, approximately 1
pm width and 0.5+0.1 pm gap. The experiments were
carried out at T 2 K, far below both the Nb transi-
tion temperature of 8 K and the 5—6-K phase-locking
transition typically found in larger arrays of Nb-Au-Nb
junctions. We estimate the average critical currents and
shunt resistances of the junctions as I, 20 pA at T 2 K,
29 pA at T 1.75 K, and R 15 mQ at both temperatures,
based on I-V measurements of the entire ladder.

The measured widths AIq~q(f) and b, Iq(f) are shown
in Figs. 4(a) and 4(b) for T=1.75 and 2.0 K as a func-
tion of the applied transverse field B—:f@ /oa . The ac
amplitudes were I, 79 pA at 1.75 K, 60 pA at 2 K. In
both cases we use v=402 MHz. The observed n = 1/2
and n = 1 Shapiro steps are quite rounded compared
to those observed in larger square arrays. s 1 Because of
this rounding we have inferred the experimental widths
by finding the points of inflection in each I-V character-
istic, constructing parallel straight lines tangent to the
curve on either side of the inflection point, and extract-
ing the horizontal (current) distance between these lines.

There is generally good qualitative agreement between
experiment and the calculations of Fig. 1, including, in
particular (i) the persistence of the half-integer step over
a substantial width in f around f=l/2 and (ii) the exis-
tence of a minimum in b, Iq(f) near f=1/2 At the low. er
temperature, b.It~z(f) shows sharp cutoff' near f=0.2
and 0.8, in agreement with the calculations (which are
symmetric about f=l/2). At the higher temperature,
the measured b, I&/2(f) seems to be nonzero even at f=0
and f=l EIq~2(0) is, .however, much smaller than that
observed in wider arrays. In the present case of a
very narrow array, the anomalous half-step could hardly
be due to a screening magnetic field produced by the
current, as has been proposed by several groups in the
case of wider arrays. Conceivably, it results from un-
equal critical currents in the 3osephson junctions, as in
our calculations presented above.

The present numerical results suggest several conclu-
sions. First, in the ordered ladders, it is notable that
the n = 1/2 step extends over a broad range of f (to
at least f=0.15). This suggests a simple way to under-
stand the previously mysterious appearance of n = 1/2

20

15

10

CI

0
0

I

0.2
I

0.4 0.6 0.8

0.2 0.4 0.6
f = @/4p

0.8 1.0

FIG. 4. (a) Measured step width DIq for a 1 x 600
plaquette ladder array, plotted as a function of frustration
f=@/Oa where Co=he/2e is the flux quantum, at tempera-
tures 1.75 K (triangles) and 2.0 K (circles), at a frequency
of 402 MHz. (b) Same as (a), but for the half-integer step
DI&gq(f) The junct. ion critical currents and shunt resistances
I, and R are estimated as 30 pA and 15 mA at T=1.75 K; 20

ISA and 15 mA at T=2 0 K. I, 79 pA at 1 75 K, 60 pA at
2 K. Step widths are believed accurate to within +0.5 JM, A.

steps at f=l/3, 1/5, and 2/5 in the calculations of Lee
et al.3 These calculations are carried out in square arrays
toith free transverse boundary conditions. Hence, just as
in our lx20 calculations, we might expect the n = 1/2
steps to occur over a fairly wide range of f, and not just
at f=l/2 (We have c. alculated a half-step over a simi-
larly wide range of f in Sx 10 arrays with free transverse
boundary conditions. ) The "anomalous" n = 1/2 steps
previously reported in 10x10 plaquette arrays, do not
occur solely at f=l/2 in this interpretation, but instead
simply correspond to a AIq/2(f) which has a maximum
at f=1/2 but which is still nonzero for f as small as 1/5.

It is somewhat surprising to find half-integer steps in
an "array" consisting of a single plaquette. The occur-
rence of fractional steps in square arrays has often been
interpreted in terms of a phenomenological picture of a
vortex lattice which moves through an egg-carton poten-
tial formed by the lattice of grains. ' While our single-
plaquette time-dependent voltage patterns are similar to
those found in large arrays, it is not obvious how to tran-
scribe the vortex lattice picture to a single plaquette.
Conceivably a more general picture, perhaps involving
topological invariants, may provide an alternative cri-
terion for the occurrence of steps in various geometries.
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To conclude, we have numerically studied Shapiro
steps in Josephson ladders with free transverse boundary
conditions and have obtained step widths as a function
of magnetic field. We also present measurements of in-

teger and half-integer Shapiro steps in ladder arrays in
good agreement with the RSJ calculations. We find half-
steps numerically even in single plaquettes at finite f,
and, for unequal critical currents in the junctions of the
plaquette, even at f=0 Th. ese half-steps persist at f=0
for larger lattices, provided that the critical currents are
chosen to be unequal in a special way. It remains to be

confirmed that this model accounts for the f=0 half-steps
seen experimentally in larger arrays.
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