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Spin waves are studied in the #-J model for low dopant concentrations on the basis of a Green’s-
function formalism in a slave-fermion Schwinger boson representation. The self-consistent Born approx-
imation is used to calculate the Green’s function for holes. Both the coupling of spin waves to electron-
hole pair excitations and the scattering of spin waves by holes are taken into account in calculating the
Green’s function for spin waves. The spin-wave velocity is evaluated for various values of J/t. For
small values of J /1, it is found to be strongly renormalized due to the creation of electron-hole pairs.

L. INTRODUCTION

There has been growing interest in systems with strong
electron correlations and nearly half-filled bands after the
discovery of the high-temperature superconductors. Un-
doped materials like La,CuO, are Mott-Hubbard insula-
tors, and they are well described by an isotropic spin-1
Heisenberg model on a square lattice. It is now believed
that the spin-; Heisenberg antiferromagnet in two di-
mensions exhibits long-range Néel order at zero tempera-
ture, although the order parameter is considerably re-
duced by quantum spin fluctuation. The linear spin-wave
(LSW) theory' is known to give fairly good results for
quantum corrections to various physical quantities.? >

A small amount of hole doping destroys the antifer-
romagnet state (x ~0.03 in La,_ Sr,CuO,), and eventu-
ally gives rise to a superconducting state (x 2 0.06). Ac-
cordingly, it is very important to study the interplay be-
tween doping and antiferromagnetism for understanding
these materials. The essential aspects of the electronic
structure of the CuO, plane may be described by a two-

dimensional 7-J model with the Hamiltonian given by
t il

H=—t 3 (cj,cj,+H.c)+J 3 —

(io G 4

Si'sj—

(1.1

Here S; is the electronic spin operator, n;=3 c,-t,cw,
and (i,j ) refers to pairs of nearest neighbors. This mod-
el, which is derived from the large-U limit of a single-
band Hubbard model,®~° acts on the Hilbert space with
no doubly occupied sites.

The motion of a single hole in an antiferromagnetic
spin background has already been studied by several au-
thors on the basis of this model:'°~!° the motion of hole
generates spin disorder, but quantum spin fluctuations
repair a pair of disordered spins generated by the hole
motion, leading to a coherent motion of the hole on a
given sublattice. Among various approximations, the
self-consistent Born approximation'*'%17 is found to give
good results for a wide range of parameter values of J /¢

45

by comparison with the results of the exact diagonaliza-
tion of H for small clusters.'®!°

For finite, nonzero dopant concentrations 8, spin waves
are in return affected by the hole motion. A study of
these changes is a main purpose of this paper. The local
distortion of the spin configuration around static vacan-
cies has been considered by Nagaosa, Hatsugai, and Ima-
da?® and Bulunt et al.,?! but the effects caused by the
hole motion have not been considered so far. We calcu-
late the Green’s function for holes accurate to first order
in 8 by extending the self-consistent Born approximation.
The result is used to calculate the Green’s function for
spin waves by considering the creation of electron-hole
pairs as well as scattering processes of spin waves by
holes. Not only the coherent part but also the incoherent
part of the Green’s function for holes gives rise to impor-
tant contributions. We find that the spin-wave velocity is
strongly reduced by the presence of holes, and the reduc-
tion increases with decreasing ratios J /¢. Recently Ko?
has obtained a strong renormalization of the spin-wave
velocity by considering only the scattering process of spin
waves by holes, i.e., by disregarding the hopping term in
Eq. (1.1). We will show that a proper account of the
motion of holes decreases the contribution of the above
process, thus making the process of creating electron-
hole pairs more important. A strong renormalization of
the spin-wave velocity has been reported in a neutron
scattering experiment on YBa,Cu;O,,, by J. Rossat-
Mignod et al.,”® and it is probably connected with a
sharp drop of the Néel temperature as a function of the
dopant concentration.?*

In Sec. II, we describe the Hamiltonian in a slave-
fermion Schwinger boson representation. In Sec. III, we
calculate the Green’s functions for holes and spin waves,
and show some numerical results. Section IV contains
the concluding remarks.

II. HAMILTONIAN IN A SLAVE-FERMION
SCHWINGER BOSON REPRESENTATION

We make use of a slave-fermion Schwinger boson rep-
resentation c,-t, = f,-b,-t,, where the boson operator b,
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keeps track of the spins, and the slave-fermion operator
fi generates a hole at site i. Although the total number
of fermions and bosons on each site should be 2§, i.e.,
ff fi +20 + =28, we relax this constraint by using a
1/S expans1on 13 b;1 as well as b;, are replaced by Vs
in Eq. (1.1), where the indices i and j refer to sites on the
a (up) and b (down) sublattice, respectively.”> Then the
Hamiltonian is expressed as

H=—1V25 3 [f.f]bf, +

(i, j)

+J 3 fif! S —S2+S(b] b, +b]1b;;
ij)

+b;b 016107,
2.1)

where f;f} ¥ fifj T in the second term accounts for a loss of
magnetic energy due to dopmg In low concentratlons
we may replace fffjfj l—ff l—ffj by
1—f; f —f; f We introduce the Fourier transforms of
operators in the reduced Brillouin zone (half of the first
Brillouin zone),
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5 172
b, = N %akexp(ik-ri) )
s (2.3)
2 .
b= lTV_ l % byexplik-r;),

and furthermore the Bogoliubov transformation of boson
operators,

a£=lkal+mkﬁ,k, b*k=mkai+lkﬁ,k , (2.4)
where

,_ 1+g, 172 . 1—¢, 172

X [281( ] , my 26, , (2.5)

g =1—y2)'"?, y,=1(cosk, tcosk,) , (2.6)

and N is the number of lattice sites. In the following, we
consider a square lattice, and measure momenta in units
of a~! with a being the lattice constant. In terms of

2 172 these variables we rewrite the Hamiltonian as
fi= N > frexplik-r;),
k
12 (2.2) H=H,+H,+H,+ -, 2.7
2 .
fi= N Efﬁexp(zlrrj) ) where
K
Ho=3 o aje,+BLB,), wo=JSze, , (2.8)
k
172
H,=tV2Sz|= Zf Lfsen(y_)Ugyi— q+mq‘yk)a +(mgye_qTlgr)B_g]+H.c., (2.9)
H :—JSZl E {fa'!'fa [C 1) Ta +C(2 BT +C(3)(a* T +a )]
2 N k J k+p—ql®pq Fp%q Pt Cpq (apB—gTa_pf5,
p.q
+fx 1Lfk+p alCrq apaq-f-C“ Bqu_'_Cili’)(a;Biq_Fa—qu)” ) (2.10)
with III. GREEN’S FUNCTIONS
W] ; / 2.112) FOR HOLES AND SPIN WAVES
C. = +lomyy,tml vy, tmom iy, o, 2.11a
pa.pepand prave pateTe Let us introduce the Green’s function for holes,
>_
llaVp—qTlpmarptmplaygtmemg, (2110 G  n=—i(T(sE0f(0)), pyv=aorb, G
C;,f]) =l lgyqtipmgtmylyyp, qtmomyy, . (2.11¢)  and the Green’s function for spin waves,
— 3.2
We have neglected unimportant terms.?® The momentum aalko )=~ { Tlay{t ak(O))) ’ (3-22)
sum is taken over the reduced Brillouin zone, and z(=4) k1) =—i ( ‘T(ak t)B_ k(0 ), (3.2b)
is the number of nearest neighbors. The part H,
represents the spin-wave energy in LSW approximation, D (k,1)=—i{ T(B" al(0)) , (3.2¢)
and H, represents the interaction between holes and spin Dok, t)= —i (T (1)B_.(0) (3.2d)
waves. This expression for H,+H, has been used for sk HTBELDB-(0N) '
studying the motion of a single hole in an antiferromag- where T is the time-ordering operator, and ()
netic spin background.'>'*!%17 The H, represents the  represents an average over the ground state. Their

scattering of spin waves by holes. Note that C}) =0.

Fourier transforms are defined by
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G(k,0)= [ "dr G, (k,Nexplion) . (3.3)

The Green’s functions satisfy matrix Dyson’s equations:

G, k,0)= G (ko)
+3 Gy, (k,0)2,5(k,0)G;, (k,0) , (3.4a)
1z
D, (k,0)= D, (k,0)
(3.4b)

+2§ D}, (k,0)I1 5(k,0)Ds,(k,0) ,
Y

where G, (k,0) and D}, (k,0) are unperturbed Green’s
functions. For the antiferromagnetic ground state, the
following relations hold:

Zaa(k,w)zzbb(k,w) ’
5., (ko)=3,,(kw)=0.

(3.5)

In addition, since the Hamiltonian is invariant with
respect to the interchanging of (a, f¢) and (B, fL), the
following relations hold:

Mgk, 0) =M —k, —o)
Mg (k,0)=T4 —k, —0) .

(3.6)

Note that a spiral modulation in the spin order gives rise
to a nonzero off-diagonal self-energy in the Green’s func-
tion for holes, i.e., 2, (k,®)70. This leads to a splitting
of the quasihole band and eventually to a stable spiral
phase. For a detailed discussion on the possible spiral
phase see Ref. 27. In this paper, we confine ourselves to a
discussion of the Green’s function for the antiferromag-
netic phase. Numerical calculations are done for § =1.

A. The Green’s function for holes

We first discuss the motion of a single hole in an anti-
ferromagnetic background within the self-consistent Born
approximation, and extend the calculation to the case of
finite dopant concentrations 8 by including all corrections
to first order in 6.

When the problem of a single hole is considered, the
unperturbed Green’s functions corresponding to H, may
be used. They are given by

G2 (k,0)=GY,(k,0)= w-iin : (3.7a)
Go(k,0)=GP,(k,w)=0, (3.7b)
with =07 for the hole and by
D04(a,90)=(go—wq+in) ™", (3.82)
D{5(4,90)=D3,(q,90)=0, (3.8b)
Dp(q,99)=(—go—wg+in) ™! (3.8¢)

for the spin waves. We consider the diagram for the self-
energy 2,,(k,0) shown in Fig. 1, where the solid line
represents a dressed Green’s function G,,(k—q,0—qg)
=[w—qgo—3(k—q,0—qy)+in] " ! and the broken line
represents an unperturbed Green’s function D°,(q,q,).
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Toalk,w) = \

bik"q,w_(IO

FIG. 1. Diagram for the self-energy X,,(k,») in the self-
consistent Born approximation. The solid line represents the
dressed Green’s function for holes Gy, (k—q,0—¢q(). The bro-
ken line represents the unperturbed Green’s function for spin
waves. In finite concentrations, not only D%,(q,q,) but also
DYs(q,9,) contribute to 2,,(k, ).

This is called the self-consistent Born approximation.
Explicitly the self-energy satisfies an integral equation

2
3 ko)= tzz2(2S)N

M*k,q)
—2,k—qo—wy)t+in

X% o—ao, , (3.9
where M (k,q)=Il vy _qt+mqvy. Recently Marsiglio
et al.'® and Martinez and Horsch!” have solved numeri-
cally the integral equation for a 16X 16 cluster with

=1, We expect that vertex corrections neglected in the
equation are not important, since the energy dispersion
E, of the hole which follows from the numerical solution
for the self-consistent equation agrees well with the re-
sults of exact diagonalizations for small clusters in a wide
range of values of J/£.'®!° The solution has a well-
defined quasihole pole due to the coherent motion and in
addition a continuous incoherent spectrum, i.e.,

Goolky0)= [ " “dor LI (3.10a)
—® o—o' +in

with
pk,0)=a(K)8(w—Eg )+ - . (3.10b)

The quasihole energy E, and the residue a (k) are given
by

_ _ 1
E,=3,(kE,), a(k) SN AR 3.11)

Note that E, has minima at k; =(x#7/2,+7/2). In the
vicinity of these minima it can be expanded as
1 1

E =E, +——k2+
TR T om 1 2my

K+, 3.12)
where k; and k, are the components of k—k; in (1,—1)
and (1,1) directions when k; = (7 /2,7 /2).

For finite hole concentrations, we assume that there ex-
ists a Fermi surface, inside of which the number of states
equals the number of holes. In the low concentration
limit, changes in the quasihole band are negligible, and
therefore we define the Fermi sphere F and the chemical
potential u by
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F: a7k +a'%k}i<k}, (3.13)
1
=E, +—k}, 3.14
H=Ex, T 5, F (3.14)
where k}=r8, a=m /m,;>1, and m =(m;m,)'"? (see

Fig. 2). On the other hand, the Green’s function changes
through the coupling to spin waves in a complicated way
to first order in §. In order to calculate such change, we
consider the self-energy given by the diagram in Fig. 1,
which now turns out to consist of two terms:

3. ko)=Z0(k,0)+ 322 (ko) , (3.15)

where the retarded part 37

«a arises from processes of
creating an “a” spin wave in the intermediate state
[D°.(q,9,)], and the advanced part 3\% arises from pro-
cesses of absorbing a “3”” spin wave [D?;B(q,qo )]. Explic-

itly these two functions are given by

Ei,fl)(k,a))=t222(2S)% S M*k,q)
q

f et
0 w—wg—e—ptin ’
(3.16a)

zg':;(k,w)=z2z2(25)72v— S M*(k,q)
q

where M(k,q)=mqyk_q+lqyk. We have introduced the
spectral representation

(+)
_ (= p (k)
(k,w) fo dew_s__#_Hn
(—)
+ [0 qe—£ kel (3.17)
—x  @—E—U—IN
Our aim is to calculate the Green’s function for spin

waves to first order in 8, and, for this purpose, we need to
know p(_ )(k,€) to first order in 8, but we may simply use

FIG. 2. Schematic plot for the Fermi surface in the reduced
Brillouin zone. Regions with slanting lines represent the inside
of the Fermi sphere.

JUN-ICHI IGARASHI AND PETER FULDE 45

the solution p(k,w) of the single-hole problem for
p't)(k,e) by introducing the chemical potential.
Neglecting irrelevant energy shifts of order §, we evaluate
p Tk, e)[=py (k,e)+pi T )(k,e)+ - -+ ] in an iterative
way as follows. First we set

a(k;)8(e+u—E, ) for ke€F, (3.18a)
Pg)_)(k’s): '

0 for k&F, (3.18b)
where k;’s are the four wave vectors at which E, has its
minima. Next inserting Egs. (3.18) into Eq. (3.16b), and
using the relation p' ~)(k,e)=(1/7)ImG,, (k,u+e), we

(a) k=0 P (k, €)/6
+ 2.0
J/t=0.3
0.64
0.50 + 1.0
—-2.0 - 1.0 0.0
€/t
(b) kg =k, = 37/8 p ) (k,€)/6
T 2.0
J/t =0.3
0.78
r 1.0
0.21 0-14
' J—J_‘—_’_L\lﬂ |
—-2.0 - 1.0 0.0
€/t

FIG. 3. p{7'(k,e)/8 and p’ '(k,e)/8 for a 16X 16 cluster
with J/t =0.3: (a) k=0, (b) k, =k, =37/8. The vertical bars
represent 8 function of p{~'(k,&), and the histograms represent
pS7)(k,e). The numbers attached to the § functions and histo-
grams represent intensities integrated with respect to €.
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obtain p{~)(k,¢) to first order in &:
8t222(28)a(k; )yE 1

[pte—SD(kute)] 4

X1} Sletoy ),

Pl (k,e)=

(3.19)

where the sum over i indicates an average over four hole
pockets. Next inserting p}~(k,€) into Eq. (3.16b), we ob-
tain

2
- (25) 2
(k,e)= ~
P2 TRET L +e—z"’(k,u+e)]2N
X3 Mk [°_depl k=g
q 0
Xé(etwg—¢') . (3.20)

We obtain p§ '(k,e) by replacing p{”(k—q,¢') in Eq.
(3.20) by p(_’(k—q, €’'). Note that p<_)(k,s) determined
this way satisfies the sum rule
_2 GRS -
I=3 3 J_ Pk ede=5 (3.21)
We refer to Appendix A for the Proof of Eq. (3.21). Also
note that the coherent peak py '(k,e) alone does not

satisfy the sum rule, since a (k;) <1.
We solve numerically the integral equation (3.9) for a
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small imaginary part to frequency. Once we obtain

‘“(k ) [or 2(’)(1( )], we can obtain p{ (k,e),
p5 (k,e), and p Nk, s) by evaluatmg Egs. (3.19) and
(3.20). Figure 3 shows p{~(k,e) and p}~'(k,€) thus eval-
uated for J/t =0.3. The iteration is rapidly convergent
for J/t 20.3: I/8 evaluated up to p§ '(k,e) is equal to
0.94 for J/t=0.3. [The contribution from p{~(k,e),
p(z_ Y(k,e), and p$ '(k,e) is, respectively, 0.41, 0.20, and
0.05.] The values for I/8 evaluated up to p§ '(k,e) are
shown for various values of J /¢ in Table I. (Several other
quantities are also listed for later use.) The convergence
is not rapid for J /t =0.1.

B. The Green’s function for spin waves

We consider the diagrams shown in Fig. 4 for the self-
energy of the spin-wave Green’s function. Thereby the
Green’s functions for holes are the dressed ones evaluated
in the preceding subsection. The diagrams shown in Fig.
4(a) represent the second-order processes with respect to
H . They give rise to the self-energy

M (q,q0)=1 22(23)% S M2k, qPy(q,q,),  (3.222)
k

(”(q,qo)—tzzz(ZS)— zM(k qQ)M(k,q)P,(q,q,) ,

16X 16 cluster, by dividing the frequency space into (3.22b)
meshes with their size 0.01¢ and by averaging the Green’s
function over each mesh size without introducing the  where
J
Pk(q"Io)zfd—wG (k,0)Gp(k—q,0—q,)
27 ™
(k,e')p' Tlk—q,e)  p'Tk,e)p' T k—q,¢)
= d de’ - . .
f ef & qote—¢€'+in qote' —e—in (3.23)

The contribution from the coherent part in Eq. (3.23) is
singular and anisotropic with respect to direction of q, as
discussed before in a different context.”’” We evaluate the
contribution by taking |q|—0 with ¢,/|q| fixed in Eq.
(3.23) with the help of the effective-mass approximation
for E, [Eq. (3.12)]. For q=(q/V'2,q/V2), we obtain

TABLE 1. Quasihole residue a(k;),* effective mass m (4¢),*
anisotropy a=m, /m,* and spectral intensity / evaluated up to
(=)
3 ( k, € )

J/t a(m/2,m/2) m (4t) a 1/6
0.10 0.13 36.0 53 0.85
0.30 0.28 15.3 59 0.94
0.50 0.39 11.6 6.1 0.98
0.80 0.50 9.9 5.5 0.98

*These values are equivalent to those calculated by Martinez
and Horsch (Ref. 17).

n(q,q,)=—1%2%2S)[a(k, )22—5/2(1% for x <1,

=—t2%28)a (k)27
T
X [1——2—— | 1 1, (324
1) orx>1, (3.24a)
M(q,90)=—1\(q,q0) , (3.24b)
where
x = _1/4_”1_& (3.25)
kr q
For q=(gq,0), the same forms are obtained for the self-

energy as Egs.
definition of x:

(3.24) but with a slightly different

17! nm 9o
kr q
We expand Eqgs. (3.24) in powers of 1/x, and use the lead-

x=[a"?+a'”?)/2 (3.26)
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b k—g b k—g

aq

ak

ak
bk

v k+qg—p

FIG. 4. Diagrams for the self-energies I1\}/(q,q,), I1{2(q,q,),
and I13)(q,q). The solid lines represent the dressed Green's
functions G, (k,®) with p=a or b. The broken lines represent
the unperturbed Green’s functions for spin waves D%, (p,p,)
with v=a or 8.

ing term by setting g, = w, since for low hole concentra-
tions the spin-wave velocity is much larger than that of
quasiholes near the Fermi surface. As a result we obtain
for the self-energy I13}) and q=(g/V'2,q/V2) (S =1)

J
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3

~5x2 | L | [a(k)Pa "0 (3.27)
m

(n R2
Ha(l J q ’

where m*=m (4t). For q=(g,0), a'’? in Eq. (3.27) is re-
placed by (a1/2+a7”2)/2 The numerical values of

) /8w, (= ALl}) for various values of J /1 are shown in
Table II. Note that the self-energy IT'!) is positive. The
situation differs from the one encountered in the
electron-phonon problem where the sound velocity is
smaller than the velocity of electrons at the Fermi sur-
face.

On the other hand, the other contributions to I'!) are
not singular for q—0, g,—0. Since the matrix elements
M?*(k,q) and M (k,q)M(k,q) are proportional to |q| for
small q (see Appendix B), we may replace p'*'(k—q,€) by
p'*(k,e), and set g,=0 in the denominator of Eq. (3.23)
in order to pick up terms to lowest order for small wave
vector q. In the numerical evaluation of Eq. (3.23), we
assume that only k=k; is inside the Fermi sphere among
the discrete values of k and take account of p' " (k,€) up
to p§~'(k,e). The numerical values of I1\}) /8w, (= 4{!))
thus evaluated are shown in Table II for various values of
J/t. They are negative, and their absolute values in-
crease with decreasing ratios J /1.

The diagram in Fig. 4(b) represents the first-order pro-
cesses with respect to H,, and gives rise to the self-energy

wdw.

2 q,q0>——JSz~zf ¢! C\VG,, (k@)
C(Z)be(k CL))]
=—28a)q s (3.28a)
B(a,q0)= (3.28b)

Equation (3.28b) results from C{)=0. The diagrams in
Fig. 4(c) represent the second order processes with
respect to H,, and contribute to the self-energy

k+q—p,e)p' (k,e)
n3)(q,q0)=(JSz) de [ “de' 2+|c? )P ; :
3)(q,q0)=(JSz)? kpf f D+ dotee o Tin
“Ak+q—p,e)p' (k,e')
—(lcQ P+ lcP )L I e , (3.29a)
gote' —etw,~in
TABLE II. Self-energies divided by 8w, for small q in (1,1) and (1,0) directions: A4 '"=I1Y)/8a,.
The values 4}, 4'*, and 4® are independent of direction of q.
J/t Al AN Ve AW Total
0.10 (1,1) 2.19 —28.99 -2 —0.12 —28.92
(1,0) 1.30 —29.81
0.30 (1,1 0.95 —8.14 —2 —0.30 —9.49
(1,0) 0.55 —9.89
0.50 (1,1) 0.51 —4.21 —2 —0.46 —6.16
(1,0) 0.30 —6.37
0.80 (1,1) 0.24 —1.97 -2 —0.62 —4.35
(1,0) 0.14 —4.45

?Values evaluated from Eq. (3.27).
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M(q,q0)= (JS2)* |

Since the matrix elements Cil"; are proportional to
Iq|!/? for small |q| (see Appendix B), we replace
pF(k+q—p,e) by pT(k—p,e), and set g,=0 in the
denominators in Eqgs. (3.29) in order to pick up terms of
lowest order for small q. The numerical values of
3) /8w, (= A'®) thus evaluated are shown in Table II
for various values of J/t. They are negative, and their
absolute values increase with increasing ratios J /7, but
are much smaller than 4!

Since the self-energy for small q is expressed as
,,=Mg= 48w, 1,5=1z,=Bbw,, the Green’s func-
tion is given by

qo—(1+ AS)&)q
—Bbaw, —qp

—Bﬁwq

I
D a,90)= —(1+ 48)0,

(3.30)

The renormalized spin-wave energy @, is determined
from the condition detD (q,@,) ™ '=0 and therefore given
by

Ba=[(1+ 48)>—B*8*]"’0 =(1+ 48)v, (3.31)
By using the values for A listed in Table IT we can deter-
mine the critical dopant concentration 8, at which the
spin-wave velocity becomes zero. We expect that for
6>8, (for example, ~0.11 at J/¢=0.3) antiferromagne-

tism is destroyed by the holes.

IV. CONCLUDING REMARKS

We have studied the renormalization of spin waves for
low dopant concentrations 6 in the #-J model, by using a
large-S approximation to the slave-fermion Schwinger
boson representation. We have calculated the Green’s
function for holes to first order in 8, on the basis of the
self-consistent Born approximation. We expect that this
procedure works well at low dopant concentrations in
view of its success in describing the motion of a single
hole.'®'" With the help of this result, we have calculated
the self-energy for the spin-wave Green’s function by tak-
ing account of the processes in which electron-hole pairs
are created and spin waves are scattered by holes. The
incoherent part of the Green’s function for holes gives
rise to important contributions to the self-energy. The

J

9

gote—e' —w,tin

—M*k,q)[1-32)(k—q,0—0y)/dw|,-,]
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I)C(3)+qu)cqp )
Pk +q—p,eNp' ko) _ p'ktq—p.elp ke | 5og

gote —etw,—in

[

spin-wave velocity is found to be strongly renormalized
by the former process, and the reduction rate increases
with decreasing ratios J/t. The strong renormalization
with J/t—0 suggests the instability of the antifer-
romagnetism in this limit, and reminds us of Nagaoka’s
ferromagnetic state.”® Our result is qualitatively in agree-
ment with neutron scattering experiments.”?

In this paper, we have assumed an antiferromagnetic
spin configuration. As was discussed by Shraiman and
Siggia,”’ Eder,® and the present authors,’’ no matter
how small the dopant concentration is, the antiferromag-
netic state is always unstable against formation of a
spiral. The discussions in this paper can be applied to the
spiral phase with a slight modification, leadmg to a renor-
malization of the spin-wave velocity.’! The doping
dependence of the stiffness constant and related problems
are presently also under investigation by applying projec-
tion techniques.’? The results obtained so far are similar
to ours.

Note added in proof. A value of the same order of mag-
nitude as §, was also obtained in Ref. 33.
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APPENDIX A: PROOF OF A SUM RULE

Let I; be

2 0 (—)

1,.——1\75 f_wdep,- (k,€) . (A1)
Substituting Eqgs. (3.18)-(3.20) into Eq. (A1), we obtain

I,=8a(k;), (A2)

2

I = ) 2,2 =

1= 8a(k;)tz (2S)N

Vﬁlii—k

X2 (A3)

X [#_wki—k_222)(ki,#_wki~k)]2 ’

and so on. On the other hand, since the retarded part of
the self-energy satisfies Eq. (3.9), its derivative must satis-
fy a relation

(r) — 42,2 _2_
% 2k, 0)|,-,=1°z*2S) ¥ %

[—0,—ZR(k—qu—awy)]
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We notice that the first term in Eq. (A4) for k=k; is
equal to —I,/[8a(k;)]. Applying a similar procedure to
the derivative of the self-energy in the second term of Eq.
(A4), we obtain a term equivalent to —1,/[8a(k;)]. In
this way we can prove the following relation step by step:

Io+I,+I,+ - - - =8a(k;)[1—32(k;,0)/dw],=,]
=5. (A5)

APPENDIX B:
MATRIX ELEMENTS FOR SMALL MOMENTUM

We summarize the matrix elements expanded for
small q:
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cl)=Cl) ~B,(p)g'*—m,Alp,q) , (B1)

Cg;): %):Bz(p)ql/z-i-lpA(p,q) , (B2)

Ci =~B,(p)g'*+m,Alp,q) , (B3)

Co ~B,(p)g'*~1,A(p,q) , BY

M (k,q)~2"*"*¢' %y, +A(k,q) (B5)

M(k,q):2_3/4q1/27k—A(k,q) , (B6)
where

B (p)=(,+m,y,)/2°"*,
B,(p)=(l,y,+m,)/2°"*,
A(p,q)=(q,sinp, +q,sinp,)/(2°/*q'"?) . (B8)
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