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Electron-phonon effects on Stark shifts of a bound polaron in a quantum well
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The polaron effects on the quantum confined Stark effect of a bound polaron in a finite quantum well
are investigated by means of the perturbation-variation technique. The presence of an ionized impurity
is found to decrease the Stark shift and weaken the effect of finite barrier height. The electron-phonon
effects contribute significant corrections to the energy shifts.

The study of the quantum confined Stark effect in a
quantum well (QW) has received considerable attention in
the past few years. ' To date, most theoretical work
has dealt with the calculation of a ground state, in which
the infinite-well approximation is employed. Strictly
speaking, for a very thin QW, the barrier penetration
from a well cannot be neglected, so many techniques for
the calculation of quasibound states in a finite QW have
been proposed. Among these methods, the variation
approach has the advantage of not only providing analyt-
ical expressions for the eigenstate energies and the trial
wave functions, but also giving numerical results with
reasonable accuracy in the weak-field limit.

The development of doped superlattice structures has
greatly contributed to the understanding of the role of
impurities in QW s. Recently, the presence of ionized im-
purities in QW's was suggested as one possible mecha-
nism to explain the strong broadening of the excitonic
peaks in the electronic absorption spectra with applied
fields. The early theoretical studies concluded that the
electron —optical-phonon coupling would have a
significant inAuence on the properties of the polaron in
QW's. ' '" However, only recently has the interaction of
the electron with bulk longitudinal-optical (LO) phonons
been considered in the Stark-shift calculation of a pola-
ron in an infinite QW. '

In this paper, with both LO and surface-optical (SO)
phonons included, we investigate the Stark shifts of a
bound polaron in a finite QW by means of the
perturbation-variation method.

Consider a QW of width L and under an electric field F
perpendicular to the well layers (along the z direction). A
shallow doped impurity is located at the center of the
well (z =0). The effective-mass approximation is as-
sumed to be valid and the barrier penetration effect is
taken into account. The problem may approximately be
considered as the motion of an electron with charge e and
effective mass m* in a thin finite QW of depth Vo and

and the Hamiltonian of the shallow donor is given by

g2 Q2
H, =—

2m* i3z2

$2 e2
+ V(z)+ IeIFz,

2m*

where p is the electron position vector in the xy plane
parallel to the well layer and e le„r is the C—oulomb
potential between the electron and the ionized impurity,
in which e„ is the optical dielectric constant and
r=(p +z )' V(z) .is the potential for the electron
along the z direction and suggested as

Iz I
& L/2'=

0, (3)

For simplicity, in the well and in the barrier, the slight
differences of m* and of e„are neglected. To solve the
eigenequation of H„we introduce the plane Coulomb po-
tential with the parameter A, (Ref. 13) and rewrite H, as

Ae e A, 1
H, =— p2 +

2m* Bz 2m* ~ p & p

+ IeIFz+ V(z) . (4)

In Eq. (1), Hvh =Hi o+Hso and H;„i =H Lo+H so--
represent the phonon field Hamiltonian and the interac-
tion Hamiltonian operator, respectively. For a weak
electric field, the particle wave function decays very fast
outside the well, i.e., electrons still will be confined in a
very narrow area (width -L ) near the well, though the
penetration effect should be considered. Therefore, H;„,
may also be approximately taken to be the operators de-

subjected to a weak electric field. For the electron-
phonon system, the Hamiltonian is

H=H, +H h+H;„,
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duced by Licari and Evrard. '

For the sake of convenience, we give a further approxi-
mation of H. First, by carrying out two canonical trans-
formations U& and U2 as fi 8

, +IelFz+ V(z) Iq(z) & =E, lq(z) ) .
2m Bz2

(9)

moving in a finite square-well potential along the z direc-
tion and have

Ui = exp i —g a (k)a (k)k-p
k, m, p

—i g b~(q)b~(q)q p (sa)

If the electric field is not excessively strong, the electron
state with a long lifetime may be considered as a quasi-
ground state described well by the wave function as

U2= exp g [at (k)f (k) —a (k)f' (k)]
k, m, p

+ g [b, (q)g, (q) —b~(q)g~" (q)) (5b)

y(z)= '

N(P)(1+Pz/L ) cos(koz/L ), Iz
I
(L /2

N(13)e ' cos(ko/2)(1+Pz/L )e

z &L/2

N(P)e ' cos(ko/2)(1+Pz/L )e '
(10)

where the variables have their respective senses as illus-
trated in Ref. 15 and the parameters f ~, f', g, and

g will be determined by minimizing the effective Hamil-
tonian, ' subsequently, we get the transformed Hamiltoni-
an %= U2 'U, 'HU, U2. Then, in the low-temperature
limit, we take IO, O) as the wave function of the phonon
system and set Q = &O, OI&IO, O). At last the variation
minimum of g is taken as the systein effective Hamiltoni-
an. After some straightforward algebraic manipulation,
for a slow electron, we obtain

fg B iii Ae e A, 1p2 +
2m* gz2 2m* ' ~„p ~„p

+ le IFz+ V(z)+ V' '(z)+ V' (z)

where VI' '(z) and VI' '(z) are the effective interaction po-
tentials, respectively, from LO and SO mode effects, and
are expressed by the equations obtained elsewhere by
us"

For exploring the trial wave function in our variational
approach, we rewrite H,z as

z & —L/2,

where P is the variational parameter and N(I3) is the nor-
malization constant. qo and ko are the characteristic di-
mensionless wave vectors and qo =2m 'L ( Vo E, ) /A'—;

ko =2m'L E, /fi, in which Ei is the zero-field ground-
state energy. Solving Eq. (9), we obtain

L2
z 1 L2+ 2& 2)

2le IFP&z')o g2p2+
L 2m ~L2

H2D If(p) &
—E2D I&(p) & (12)

we get the solution of its ground state,

where &z )o=&$0(z)lz Igo(z)) and $0(z) is the electron
wave function in the zero-field ground state. Equation
(7b) shows that the electron motion in the xy plane is a
2D hydrogenlike atom problem. Referring to the equa-
tion

Hztr =HO + Hi = (Hz +H2D ) +Hi
in which

fi
H, =— + V(z)+ elF + V' '( )+ V' '( ),

2m Bz2

(7)

1 4A, 2A,
P(p) = — exp —

pV'2~ ao ao

2/2m ee 4/e2 $2

(ao =e„fi /m e ), (13a)

(13b)

(7a)
By solving Eq. (8), the total energy is obtained as

2 A,e

2m* & p
(7b)

Etot Ez +E2D +Es +Es (14)

2 (7)where
p

HOI4'(z, p) ) =E„,l~'(z, p) & (8)

H& is taken as a perturbation by choosing an applicable
value of k in the thin well and Ho as the unperturbed
Hamiltonian. From Eqs. (7a) and (7b), the wave function
can be written as I@(z,p)) = Itp(z)) Ig(p)) and

E,'= &q(z)l v,'"(.)Iq(z) &,

Es= &q(z)I Vi'"(z)lq(z) & .

For simplicity, in the coefficients of E, and E, we neglect
the slight differences between the characteristic parame-
ters of different crystals. The parameters P and A, may be
determined simultaneously from BE„,/BP =0 and

Compared with the subband energy of the conduction
electron, VI '(z) and VI '(z) can be neglected because of
their small values. We approximately regard the electron

H (A)=&@(z,p)IHil+(z, p)) =0 .

Finally we get the field-induced energy shift as

(15)
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2(e~FP
( ~)

%2P2

L
L 2

L, '+p'(z')
4

(A, A.—)+b,E +bE (16)

0.0

in which we set bE, =E, (E—, )o and bE, =E, (E—, )o

to represent the corrections to the energy shifts due to
the LO-mode and SO-mode effect, respectively. A,o,

(E, )o, and (E, )o are the corresponding variables in the
zero-field state.

In this paper, taking GaAs-Ga, „Al„As as an exam-

ple, we make the calculations of the Stark shifts in a finite

QW with a barrier height Vo=0.4 eV. In Fig. 1, the
comparison of two curves shows us that the presence of
an ionized doped impurity obviously decreases the energy
shift of the electron. Under a weak field (p (z )o((L )

and neglecting the small self-energies, we obtain the
difference of the energy shifts of the electron between
with and without an impurity as

(17)
2m 'L2 e2 irt~
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where bp is the change of p in the two cases. From Eq.
(17), it is seen that the effect of a doped impurity is com-
posed of two parts: the correction in the z direction and
in the xy plane. Our calculation demonstrates that both
of them decrease the energy shift and the correction in
the xy plane plays the more important role. For instance,
with L =34 A and F= 150 kV/cm, it is nine times larger

FIG. 2. Comparison of the energy shifts for the bound pola-
ron in a finite QW and in an infinite QW. The solid lines show
the results for a finite QW with L = 34 A (I) and L = 100 A (II).
The dashed line shows results for an infinite QW with L =100
A.
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FIG. 1. The energy shifts vs the electric field for an electron
0

in a finite QW with L =34 A. The solid line represents results
for the well with an on-center impurity and the dashed line
those for the well without any impurity.

FIG. 3. The correction of LO-mode e8'ect to the energy shift
of the bound polaron vs the electric field in a finite QW with

L =34A (I) and L =100 A (II).
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FIG. 4. The correction of SO-mode effect in the same case as
in Fig. 3. 50
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than that in the z direction. Comparing our results with
that of Ref. 15 in an infinite-well approximation, as
shown in Fig. 2, we conclude that the effect of finite bar-
rier height is also to enhance the Stark shift of a bound
polaron. In particular, we find that such an effect be-
comes much weaker than that in Ref. 7 due to the pres-
ence of an on-center impurity. For instance, the shift of a
bound polaron in a finite well of width L =34 A is about
23 times larger than that in an infinite well, which is
much smaller than 38 times that obtained in Ref. 7. It is
because the attractive Coulomb action between the elec-
tron and the ionized impurity weakens the effect of the
external electric field that we obtain the above considera-
tions.

As shown in Figs. 3 and 4, both hE, and hE, give
significant corrections to the energy shifts. In the pres-
ence of an electric field, the electron is pushed against the
direction of the field and close to the interface of the QW.

FIG. 5. Plot of the ratio I b,E, b E,~~ vs the well thickness.

As a result, the electron —SO-phonon interaction will in-
crease (b,E, &0) while the electron —LO-phonon interac-
tion will decrease (bE, )0). So, their influences on the
shifts are entirely contrary, i.e., the energy shift is
enhanced by the SO-mode effect but weakened by the
LO-mode effect. In our calculation, for a weak field
(P«1) both b,E, and b,E, are approximately propor-
tional to P, so that the value of ~b,E, /bE,

~
will only de-

pend on the well thickness. In Fig. 5, one can see that for
a very thin well (L & 60 A) the correction of the phonon
effect is mainly attributed to the SO-mode contribution.
With the thickness increasing, the LO-mode contribution
rapidly becomes the dominate one. As L &)60 A, the
phonon effect on Stark shifts will depend only on the
electron —LO-phonon interaction.
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