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A quantitative analysis of carrier-carrier scattering and optical dephasing in semiconductors is
presented and results are given for quasiequilibrium situations and for the relaxation of a kinetic hole in
a quasithermal carrier distribution. The calculations involve direct numerical integration of the
Boltzmann equation for carrier-carrier scattering in the Born approximation. The screening of the
Coulomb interaction is treated consistently in the fully dynamical random-phase approximation. Carrier
relaxation rates are extracted from the Boltzmann-equation solution and a quantitative test of the
relaxation-time approximation for situations near thermal quasiequilibrium is performed. The paramet-
ric dependence of carrier-collision rates and dephasing on plasma density, temperature, and electron and
hole masses is discussed and analyzed in terms of phase-space blocking and screening.

I. INTRODUCTION

Carrier-carrier (cc) scattering in highly excited semi-
conductors is often the dominant relaxation mechanism
which drives the system toward a quasiequilibrium state.
Of particular interest are situations where (i) an initial
nonequilibrium carrier distribution evolves into a
quasiequilibrium state and (ii) a nonequilibrium condition
exists in a steady state.

A generic example for the first situation is an optically
pumped semiconductor, where electron-hole pairs are
generated by short-pulse interband excitation.! ™ This
kind of experiment in intrinsic, p- or n-type doped semi-
conductors makes it possible to investigate scattering in a
neutral electron-hole plasma, or in a hole or electron
plasma, respectively.? Optical femtosecond pump and
probe techniques allow time-resolved observation of the
relaxation processes by monitoring the spectral changes
caused by the temporal evolution of the carrier distribu-
tion function, which may lead to a spectral hole in the
continuum absorption or in the optical gain.*>

The situation of a quasistationary nonequilibrium car-
rier distribution is realized, e.g., in 2 cw running semicon-
ductor laser, where electron-hole pairs are constantly
generated through injection pumping and removed most-
ly through stimulated emission. The frequency-selective
carrier removal tends to cause a kinetic hole in the
quasiequilibrium carrier distribution which would be
present without the running laser mode. The detailed
shape of the kinetic hole is determined by the interplay
between stimulated recombination and carrier-carrier
scattering.

Generally, other mechanisms besides carrier-carrier
scattering exist that contribute to the total relaxation.
Examples are LO-phonon and acoustic-phonon scatter-
ing, i.e., deformation-potential and piezoelectric scatter-
ing.*” However, carrier-carrier collisions provide the
dominant relaxation channel for situations with very high
carrier densities,>? or low temperatures and carrier exci-
tation below the LO-phonon threshold.’

The theoretical basis of cc scattering and its conse-
quences, like energy-level broadening and screening of
the Coulomb potential, can be found in the many-body-
theory literature, e.g., Refs. 10 and 11, and we therefore
restrict our presentation to a brief summary of the essen-
tial equations in Sec. II of this paper. For our purposes it
is especially important to emphasize the relation of the
carrier scattering rates with the optical dephasing, i.e.,
the temporal decay of the interband polarization. The cc
dephasing turns out to be the average of the total electron
(e) and hole (k) relaxation rates.

Although many publications deal with cc scattering
rates and time evolutions for distribution functions,'? 2!
electron-energy-loss rates,’® and electron-hole energy
transfer rates,!” it is still difficult to perform a direct nu-
merical integration of the Boltzmann equation where the
screening is treated on the same footing as the scattering
probabilities. We present in this paper a solution for the
scattering rates within the Born approximation including
the screening of the Coulomb potential in the full dynam-
ical random-phase approximation (RPA). In Sec. III we
evaluate the Boltzmann equation for the relaxation of a
kinetic hole in a high-density quasiequilibrium carrier
distribution. This situation is most relevant in semicon-
ductor lasers and amplifiers. From the full solution of
the Boltzmann equation we extract carrier relaxation
rates and investigate the applicability of the so-called
relaxation-time approximation (RTA).

In Sec. IIl we also present a detailed discussion of the
dependence of the carrier relaxation rates on relevant ma-
terial parameters such as the electron and hole masses,
the plasma density, and the optical pump frequency. The
effective masses of holes and electrons in semiconductors
and semiconductor quantum wells differ by factors of the
order of 1 to 10. Therefore, the phase-space effects (Pauli
blocking) are quantitatively quite different for electrons
and holes. For doped semiconductors this leads to
different scattering rates in n- or p-type materials.> For a
two-component electron-hole (e-4) plasma, the scatter-
ing rates depend on the e -k mass ratio. A short summary
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in Sec. IV concludes the paper. In the appendixes we
present some details of our numerical methods (Appendix
A) and of the relaxation rate approximation (Appendix
B). Furthermore, in Appendix B we also give some useful
analytical fitting formulas for the chemical potential and
the effective carrier temperature for quasiequilibrium
Fermi distributions.

II. OPTICAL DEPHASING
AND THE BOLTZMANN EQUATION
FOR CARRIER-CARRIER SCATTERING

Optical nonlinearities in highly excited semiconductors
can be modeled using a generalization of the semiclassical
optical Bloch equations for the polarization P(k,t) of the
momentum state k and the distribution functions of elec-
trons and holes f,(k,t), a=e,h.?>" 2% For the purposes
of this paper we restrict the discussion to the limit of
high plasma densities, allowing us to neglect the eh
Coulomb correlation. In this limit the semiconductor
Bloch equations are

i e (k) —38(k)—e, (k) —SH (k) +ive

ot P(k)

=p®E[1—f,(k)—f,(k)] (@.1)
and

df ,(k,) df (k)
ﬁ%=21m[(,u“’E)*P(k)]+ﬁ% . 2

where the carrier-carrier scattering term is given by the
Boltzmann equation

df (k)

el Bty LR R PU)

—Fgut[khf]fa(kl) . (23)

Equations (2.1) and (2.2) describe the response of a two-
band semiconductor with optical dipole matrix element
1 to a classical external field E. In Eq. (2.1) the renor-
malization of the unperturbed energy bands

ek )=#k?/2m ,+£,(0) (2.4)

(m,,m, >0) due to cc scattering is described by the re-
tarded self-energy 2%(k,w). For simplicity, we treat the
frequency dependence of the self-energy in a quasiparticle
approximation based on the fact that the quasiparticle
dispersion for electrons or holes follows from

J

R. BINDER et al. 45

E (k)=e (k)+ ReS[k,E (k)]
~g,(k)+ ReZ¥k),

where 3%(k)=3%k,e,(k)].!"'! Renormalization and
broadening of the state k are therefore approximately
given by the real and imaginary parts of =7(k), respec-
tively.

The dephasing rate y, in Eq. (2.1) comprises all pro-
cesses that contribute to the decay of the optical polariza-
tion in the limit of vanishing plasma density. The addi-
tional dephasing due to the carrier plasma can be de-
scribed by the dephasing time T defined as

#

—=—Im[Z%k)+3%k)] . 2.5)
T;
This time is governed by the fast cc intraband scattering,
not by the eh interband recombination as could be ex-
pected in analogy to atomic systems. The relaxation of
the distribution function toward a thermal quasiequilibri-
um is described by the in and out scattering rates I';, and
I',.- The dephasing rate of one-particle states is quite
generally related to the retarded self-energy via® !
AL +T,)=—2ImX7 .

out

(2.6)

As we discuss in Sec. III in more detail, it is possible to
define the total scattering rate I' for plasmas close to
quasithermal equilibrium via

re=rg+rg, . (2.7

out

Introducing the longitudinal intraband relaxation time
T} by I'=1/T we have the usual relationship T, =27,
here specialized for the case of cc scattering. A discus-
sion of more sophisticated dephasing theories (i.e.,
beyond the quasiparticle approximation) can be found,
e.g., in Ref. 6.

In order to describe a laser, one has to treat the light
field self-consistently with the material polarization. The
relationship of the decay of the photon correlation func-
tion with the dephasing processes presented here can be
found, e.g., in Refs. 27 and 28. Additionally, in the laser
case the equations for f must be supplemented by contri-
butions describing injection pumping and spontaneous
emission.

The carrier-carrier scattering rates within the Born ap-
proximation are derived and qualitatively discussed in
many publications (see, e.g., Ref. 11). Therefore, we just
summarize the basic results:?

e 2
Fin[kl,f]=7" S 2Wlky—ky,e,(ky)—e, (k) )]I2F, (ko[ 1= f o (k3)1f o (k)

akykyk,

X8y 4k, +k,OLE (K1) e, (ky) teg(ks)—e,ky)]

and

T

e 2
Fou[[kl,f]=7 2 2|W[kz—kl’se(kZ)_ee(kl)]|2[]—fe(kZ)]fa(kS)[l_fa(k4)]

aky Ky kg
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(2.9
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where W denotes the screened Coulomb potential. The
corresponding hole scattering rates are obtained from
Egs. (2.8) and (2.9) by substituting 4 for the index e. We
always assume the distribution functions to be isotropic,
i.e., to depend only |k|.

The screened Coulomb potential is given as

Vigq) -1
W , = =V N N 2.10
(q,0) 1= ¥(q)P(g.0) (ge” (q,w) ( )
containing the unscreened potential
2
vig=4T @.11)
Vq

which includes the background dielectric constant of the
unexcited material €, via e2=e3 /¢, (e, is the free elec-
tron charge) and V is the crystal volume. Within the
Born approximation for the scattering rates the dynami-
cal screening due to the charge carriers is determined by
the RPA intraband polarization function®

. falk)=Folla+kD)
Plgw)= g‘i‘bzﬁ ek)—e (|qtk)+Hw+id

(2.12)

We want to point out that within the Born approxima-
tion the quasiequilibrium scattering rates take the famil-
iar form ( <ImW) only if one uses the full RPA screen-
ing function.

The effects of phase-space filling due to Fermi statistics
and the screening of the Coulomb potential generally
prevent the scattering rates from increasing monotonical-
ly with the density of the plasma. These effects are not
mutually independent since, as shown by Eq. (2.12), the
screening itself is affected by phase-space filling. In the
classical limit, when the distribution functions are small
in comparison to unity, the density dependence of the
scattering rates is dominated by screening. Therefore, at
low densities an increase of the carrier density makes
more particles available for scattering but the matrix ele-
ment for each scattering event is reduced. At higher den-
sities the situation is more complicated due to phase-
space filling which depends strongly on the masses of the
two plasma components.

III. RESULTS AND DISCUSSION

We solve the Boltzmann equation (2.3) together with
Egs. (2.8)-(2.12) numerically using the techniques de-
scribed in Appendix A. As a relevant material for our
studies we choose bulk GaAs, where €,=12.3 and the ex-
citon binding energy is E, =4.2 meV, which corresponds
to a Bohr radius of az =140 A within a two-band model.
Since we are using the two-band model we approximate
the heavy- and light-hole bands, which are degenerate at
k =0, by one effective band. The choice of the averaged
hole mass is not unambiguous. Therefore, we investigate
the influence of the average hole mass or, more precisely,
the influence of the mass ratio m, /m, for a fixed reduced
mass (1/m,+1/m,)”'. As model parameters we choose
m,=0.067m, and m;,=0.24Tm, (m, being the free-
electron mass), corresponding to a mass ratio
my /m,=3.68. This value for m, is obtained simply by

1109

averaging the heavy-hole mass m, =0.37m, and the
light hole mass m;, =0.08m, so that the density of
states of the averaged hole band yields the average of the
density of states of the two hole bands, i.e.,
m; 2= L(mi? +mi?).

We study the situation where the distribution function
has been distorted at small k values, as would happen due
to an optical pump beam with a central frequency in the
gain region of an inverted semiconductor. Figures 1(a)
and 1(b) show the relaxation of such a “kinetic hole” in
the electron and hole distribution functions. The kinetic
hole in both distributions vanishes very rapidly, on the
time scale of 50-100 fs. The corresponding dephasing
time T =2/(T*+T")~50 fs.

To study the validity of the relaxation-time approxima-
tion (RTA) discussed in Appendix B, Eq. (B2), we extract
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FIG. 1. Relaxation of initially disturbed Fermi distribution
functions for density n=3X10'® cm 2 and temperature T =300
K obtained by numerically solving the Boltzmann equation us-
ing the dynamically screened Coulomb potential in the RPA.
Shown are the distribution functions of electrons (a) and holes
(b) as functions of the carrier momentum in units of az'. The
initial (¢ =0) distribution functions are shown as dotted lines.
Consecutive times are t=21 fs (short-dashed line), t=75 fs
(long-dashed line), and ¢t =147 fs (dash-dotted line), and the final
time ¢t =796 fs (solid line).
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diagonal relaxation rates using the numerical results of
Fig. 1. These relaxation rates are plotted in Figs. 2(a) and
2(b), for electrons and holes, respectively. The relaxation
rates at the center of the spectral hole are I', ~22.1 ps ™!
and ', ~18.2 ps ™!, corresponding to relaxation times of
45.2 fs for the electrons and 54.9 fs for the holes, respec-
tively. Using these relaxation rates, we solve Eq. (B2) for
the same initial condition as Fig. 1. The qualitative re-
sults are almost indistinguishable from those in Fig. 1.
Therefore, in order to investigate the subtle differences
between the relaxation rate approximation and the full
Boltzmann equation solution, we plot in Fig. 3 the
difference, Af;(¢t)=f;(t)— f;(t ), between the actual dis-
tribution functions at time ¢ and the final distribution
function using the respective curves in Fig. 1 and those
obtained in the RTA. We choose ¢, as the longest time
in these plots, i.e., t , =~0.8 ps. Figure 3 shows that even
though the RTA results are remarkably close to the full
results, they do not reproduce the dynamic reshaping of
the kinetic holes, especially at later times in the relaxa-
tion process. This reshaping is a consequence of nondiag-
onal relaxation, i.e., scattering of carriers between
different k states. For a qualitative analysis of the relaxa-
tion of slightly disturbed quasiequilibrium distributions,
optical dephasing, and related phenomena, where fine de-
tails of the kinetic hole play no significant role, the RTA
can safely be used, provided that the relaxation rates are
computed properly.

In the remainder of this section we study various para-
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FIG. 2. Carrier-carrier scattering rates extracted from Fig. 1.
(a) Electrons; (b) holes.
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metric dependencies of the relaxation rates for the
quasiequilibrium. To investigate the mass ratio depen-
dence we choose a high plasma density (here n =3 X 10'®
cm™?) and room temperature 7'=300 K. Figure 4 shows
the relaxation rates of electrons and holes for various
mass ratios my/m,, all other parameters remain un-
changed. As usual, the electron relaxation rates show a
minimum where the distribution switches from occupied
to unoccupied due to phase-space restrictions.'? For the
mass ratio m;, /m,=3.68 one has much less phase-space
restriction for the holes than for the electrons leading to
an almost k-independent hole scattering rate. For elec-
trons and holes the scattering rates are both ~20 ps ™!,
so that an initial disturbance of the Fermi distribution
function at a given k value would experience an exponen-
tial decay with the time constant ~50 fs. This result is
not much different for a semiconductor with equal elec-
tron and hole masses (m, /m,=1), except for the fact
that now the hole also exhibits reduced relaxation near
the Fermi wave number k.. More pronounced changes
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FIG. 3. Difference of carrier distribution functions

Af,=f.(t)—f.(t,) and Af, obtained from the results in Fig. 1
(solid lines) and the corresponding relaxation rate approxima-
tion (dashed lines), Eq. (B2), using the relaxation rates of Fig. 2
at the maximum of the kinetic hole. For ¢, we took 0.8 ps and
the other times are 21, 75, and 147 fs, respectively. The small
substructures in the RPA result indicate our numerical accura-

cy.
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FIG. 4. (a) Carrier-carrier scattering rates of electrons and
holes in the presence of an electron-hole plasma in bulk GaAs
in quasithermal equilibrium at a temperature of =300 K and
a density of n=3X 10" cm 3. The electron-hole mass ratio is
m, /m,=3.68 (solid line), m, /m,=1.0 (short-dashed line), and
my, /m,=10 (long-dashed line). (b) The corresponding Fermi
distribution functions.

occur for systems with very unequal masses. Figure 4
shows the case of m;, /m,=10, where the holes experi-
ence hardly any phase-space restrictions. This situation
is accompanied by a strong enhancement of the relaxa-
tion rate of the holes which now correspond to a time
constant of only 35 fs.

To investigate the relative influence of phase-space
filling and screening, we compare in Fig. 5 the relaxation
rates for a single-component electron plasma and a single
component hole plasma, thereby modeling the cases of »n-
or p-type doped semiconductors. We also show the re-
sults for a double-component electron-hole plasma with
half the density of the single-component plasma, so that
the total particle densities are the same in all cases. How-
ever, because of the different masses the plasma frequen-
Cy w, varies between the curves, in contrast to the exam-
ples shown in Fig. 4 which all correspond to the same
plasma frequency (same reduced mass). The plasma fre-
quency fio, /E,~18 for the single-component electron
plasma in Fig. 6, #iw, /E, ~ 14 for the double-component
plasma, and #iw,/E,~9 for the single-component hole
plasma, respectively. It is quite striking that the hole re-
laxation rates, which are less dominated by pure phase-
space restriction than the electron relaxation rates, are
roughly inversely proportional to the plasma frequency,
showing that screening slows down the carrier equilibra-
tion process in a more or less k-independent fashion. The
electron relaxation rates in Fig. 5 exhibit strong phase-
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FIG. 5. (a) Equilibrium scattering rates for m,/m,=3.68.
The different curves are for a double-component (electron-hole)
plasma with electron-hole density n=1.5X10'"® cm™3 (solid
line), for a single-component plasma of electrons at a density of
n=3X10" cm™ (short-dashed line), and for a single-
component plasma of holes of a density of n=3X10"® cm™3
(long-dashed line). (b) The corresponding Fermi distribution
functions for the electron-hole plasma are the solid curves, and
those of the single-component electron and hole plasmas are the
short-dashed curves.

space effects for the case of a single-component electron
plasma, and somewhat reduced phase-space modifications
for the half-density double-component plasma. In the
case of a single-component hole plasma the electrons can
thermalize most effectively except at small k values.

Usually, in doped semiconductors the background car-
rier density is not quite as high as in optical excitation ex-
periments. Therefore, we calculate the scattering rates
for a plasma of density n=3X10'" cm~* at room tem-
perature. The comparison of Figs. 4 and 6 for the
double-component plasma with mass ratio m;, /m,=3.68
shows that a reduced density “washes out” the structure
in the electron relaxation rate, since the distribution func-
tion is not strongly degenerate. Both e and & scattering
rates do not change drastically as the density is reduced,
indicating again the twofold role of the carriers: (i) fewer
carriers lead to fewer scattering events and thus to a de-
crease of the scattering rates; and (ii) fewer carriers lead
to increased scattering cross sections because the screen-
ing of the Coulomb potential is reduced.

The comparison of Figs. 5 and 6 for the single com-
ponent plasmas and for the corresponding half-density eh
plasma shows that most of the features found in the
high-density case still occur at reduced density. Of
course, for lower densities the e-scattering rates exhibit
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less structure and all scattering rates are slightly in-
creased in comparison to Fig. 5. We attribute this to the
reduction of screening, which overcompensates the effect
of a reduced number of scattering partners.

The fact that Figs. 5 and 6 both show larger scattering
rates if the single-component plasma consists of heavy
particles (h plasma) compared to a light-particle plasma
(e plasma) is not in contradiction to Ref. 21, where it has
been found that for n-type doped systems at zero temper-
ature and for k =0 the scattering rate decreases with in-
creasing mass. In that case, the phase-space restriction is
the dominant contribution and our results yield similar
behavior for Kk =0 and T =~0. For a cold (10 K) eh plas-
ma we show in Fig. 7 the influence of the mass ratio on
the scattering rates. At low temperatures and small k
values the heavier particles relax at a much reduced rate
compared to the lighter particles. However, we cannot
confirm the room-temperature results of Ref. 2, where
strongly increased scattering rates in the case of n-type
doped as opposed to p-type doped quantum wells have
been reported.
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FIG. 6. Equilibrium scattering rates corresponding to Fig. 4.
The different curves are for a double-component plasma of elec-
trons (a) and holes (b) each having a density of 1.5X 10" cm™>
(solid line), 3X10'7 cm™? (short-dashed line), for a single-
component plasma of electrons at a density of n =3X10'" ¢cm ™3
(medium-dashed line), and for a single-component plasma of
holes at a density of n=3X10"7 cm™3 (long-dashed line).
T=300 K for all curves. (c) The corresponding Fermi distribu-
tion functions for the electron-hole plasma are the solid curves,
and those of the single-component electron and hole plasmas
are short-dashed curves.
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FIG. 7. Equilibrium scattering rates for 7=10 K and eh
plasma density n =3X 10" cm™3. The different curves are for
mass ratios of m,/m,=3.68 (solid line), m, /m,=1.0 (short-

dashed line), and m,, /m, =10 (long-dashed line).

IV. SUMMARY AND CONCLUSIONS

In summary, we present a quantitative analysis of
scattering and dephasing rates for electron, hole, and
electron-hole plasmas in semiconductors. Scattering
rates-and dynamical screening are treated on an equal
footing. We study carrier relaxation for situations in and
near quasithermal equilibrium. The dependence of the
scattering and dephasing rates on electron and hole
masses, plasma density, and lattice temperature is dis-
cussed.

The relaxation-time approximation is introduced and
its region of validity is analyzed. Even though the RTA
results show good qualitative agreement with the full re-
sults, they do not reproduce the reshaping of the kinetic
hole, especially during the later stages of the relaxation
process. Hence, we conclude that the RTA can be used
for a simple description of the relaxation of kinetic holes
in a high-density plasma, as long as the detailed shape of
the kinetic hole is not significant for the processes investi-
gated. We wish to point out, however, that our results do
not imply that the RTA is valid for arbitrary initial car-
rier distributions. Indeed, for optical excitation of car-
riers high into the interband absorption region of the
semiconductor, we expect quite significant deviations.
This scenario will be describe in a forthcoming publica-
tion .

The results presented in this paper will be used in a
variety of ongoing and future studies. As a relevant ex-
ample we mention Ref. 28, where the influence of carrier
dephasing on spectral hole burning and gain saturation in
short-cavity semiconductor lasers is investigated.

ACKNOWLEDGMENTS

This work was supported by grants from the NSF,
ARO/AFOSR (JSOP), NATO, OCC (Optical Circuitry
Cooperative, University of Arizona), and through a grant
for CPU time at the Pittsburgh Supercomputer Center.
R.B. and K.H. acknowledge financial support by the
DFG (Deutsche Forschungsgemeinschaft, Federal
Republic Germany). D.S. was supported in part by the
U.S. Department of Education through the Physics



45 CARRIER-CARRIER SCATTERING AND OPTICAL DEPHASING . ..

Department of the University of Arizona, and K.H.
thanks the Volkswagenstiftung and the Forschungszen-
trum Jilich for support.

APPENDIX A

The numerical solution of the Boltzmann equation (2.3)
follows essentially the method of Ref. 13 for isotropic sys-
tems. After summing over k, and replacing k, by k,+k;,

J

df.(k,) E,
ﬁf 1
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the polar angle between k; and k, is integrated with the
help of the energy-conserving 8-function. The two az-
imuth angles are integrated trivially and only the polar
angle between k; and k, (the cosine of which we denote
by z) remains to be integrated numerically in addition to
the moduli of k, and k;. In excitonic units (i.e., the
momentum is given in units of the inverse Bohr radius,
energies are given in E,, and masses are given in units of
the excitonic reduced mass m, ), we have

mg 1 @ ®
= > f_ldz fo dk, k, fo dk;(ky+ B2\ Wk, 2k,k 2 /m, +k2/m,)|?

dt Qm)} £

X {1 =fo kDI [V K2 +k2 +2k kyz ]
X[1=folks+B)f [V K2+ (ks +BY—my A |—(f1—f)} ,

with
2k kyz
A=¢,(k,)+eky)+

e
and
B =ma|A|/2k2 .

The k and z integrals are performed by Gaussian quadra-
ture. The time integration is done using a fourth-order
Runge-Kutta method with an adaptive step size. The
conservation of carrier density and kinetic-energy density
is monitored. For the results shown, both quantities vary
less than 29%. We have verified that the Fermi functions

(A1)

[

are stable even if the time integration is continued. Since
with a finite number of k points the numerically obtained
time derivatives never reach an exact zero, the stability of
the Fermi function can in principle break down if too few
k and z points are taken. Equation (A1) shows that for a
finite k range the numerically more stable solution with
time derivative zero is f =const. Upon carrier conserva-
tion this solution is only possible with a finite integration
volume. In the case of the exact Boltzmann equation this
solution corresponds to f—0.

The angle-integrated RPA polarization needed to
evaluate the dynamically screened Coulomb potential W
is given as

Vioteyg)—2qk /m P+8V [w—¢e (q)+2gk /m | +8°

m ©
ReP,(q,0)= dk kf ,(k)In (A2)
4m’q fo Vi {o+e,q)+2qk /m P +8V [o—eq)—2gk /m > +8°
and
ImP —Ma e -
mP,(q,0) =7 [Lm/zq”ﬁeﬂ(q”dkkfa(k)— o oo a0k Ko (A3)

where we took the limit §—0 in the imaginary part. The
real part of P still contains & as a parameter. We have
verified, however, that for our choice of 6=0.05cop1 the
exact value of & does not affect the result for W. In the
limit k,—0 a small nonzero & can prevent W from
reaching the z-independent static limit of 87/k%. We
therefore force the potential to retain this limit by using a
switch-off function

a

S(g)=—2—, (A4)
q qa+da
where d =\/b_K2, and the numerical potential
[wrm2=8|W|2+(1—5)| w°|? (A5)

with WO=81/(q*+«?*) being the statically screened po-
tential. For the calculations discussed in Sec. III we have
optimized the parameters to be a =5.0 and b=0.04 for
the electron scattering rates and b=0.12 for the hole
scattering rates, respectively.

APPENDIX B

The relaxation-time approximation (RTA) is the model
of an exponential decay of a deviation §f =f — f ¥ from a
quasiequilibrium distribution

1
F(l )=
falk)= eB[sa(k)—pa

] ) B1
+1
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i.e., the Boltzmann equation reads

df,(k)

B2
il (B2)

=~ —ko, fFIf (k)= f1(K)],

where the relaxation rate I' should be evaluated at the
value &k, around which the relaxation will be studied.

Equation (B2) is an approximation to the linearized
version of the original Boltzmann equation (2.3). The
rigorously linearized Boltzmann equation of course con-
tains also nondiagonal terms in k, which result from the
functional derivative of the scattering rates with respect
to 8f. Nevertheless, one could then perform a matrix di-
agonalization and extract the dominant scattering rates.
However, as we show in Sec. III, for the conditions ana-
lyzed in this paper a diagonal relaxation rate approxima-
tion seems quite appropriate.

The condition that I' has to be k independent is a
consequence of carrier conservation. If I' were k depen-

CoulknfM1==2 3 Im{ W[k, —ky,eqlky) —eq(k)]}gleatky) —eolk ][ 1= (Ky)]

ky

and

l“f,‘,[kl,fF]= _22 Im{ W[k, —ky,e,(k,)—g,lk, 1} {1+gleq(ky)—e,lk, )]}fg(kz) .

k,

For practical applications of the RTA, Eq. (B2), one
needs in addition to I'* and I'* also the chemical potential
W, of the carriers and the carrier temperature kT =1/f3,
which uniquely determine the Fermi functions £ and ff.
To obtain these parameters, we use the fact that cc
scattering conserves the particle densities of electrons and
holes,

n,a=23 f,lk), (B7)
k
as well as the total kinetic energy
(B8)

()= () =2 e (k)f (k).
a a,k

These conditions determine p, and 3 and ensure that the
carrier distributions relax toward the correct Fermi func-
tions. If additional effects, such as the pump injection or
spontaneous emission in a laser, are relevant, the outlined
procedure still optimizes the RTA, even if the actual dis-
tribution function never totally agrees with the Fermi
functions. Although one could just put Fermi functions
into Egs. (B7) and (B8) and solve for u* and T, we would
like to present a numerically more practical way.

First we invert Eq. (B7) to Bu, for arbitrary 3. To do
that, we use the analytical approximation for the chemi-
cal potential discussed in Ref. 25, Chap. 6, where refer-
ences to the original work are also given. According to
Eq. (6.37) in Ref. 25, Eq. (B7) can be approximated by

Bug=Inv,+K, In(K,v,+1)+K;3v, , (B9)
K,=0.4496457, and

where K,=4.8966851,
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dent in the momentum region where §f+0, the
carrier conservation, which requires 0=(d /dt)38f
=3T(f—fF) and simultaneously 3(f—fF)=0, could
be violated,

For an efficient evaluation of the relaxation rates need-
ed for the RTA, one can use the identity

fHe—t0)[1—fHe))=g(— %) [ fHe)— fHle—tn)] ,

(B3)
where g is the Bose distribution
1
(lw)=—— . (B4)
& ePo—1

Using this identity, the definition of the RPA polariza-
tion (2.12) and the relation |W|*ImP = ImW, one can
rewrite the relaxation rates (2.8) and (2.9) in the following
familiar form:

(BS)
(B6)
[
K;=0.1333760. The parameter v, is defined by
7B 3/2
va=4n, —2ma (B10)
This approximation can be used in the regime

— o <f3u,<30. In the regime where Bu,> 30, the solu-
tion can be matched with the well-known Sommerfeld
solution for low temperatures, given by

— 1273 —
vV 2 |3y Vi

o
4 4

—2/3

(B11)

Bu,=

12

Equations (B9) and (B11) cover the whole range excellent-
ly for Eq. (B7).
To treat Eq. (B8) the same way, we use the identity

aBS /zekin _
B |nm, >~ "B

Inserting now Eq. (B9) or Eq. (B11) into Eq. (B12) and in-
tegrating with suitable boundary conditions we obtain

(B12)

K
Bewin=3 3 1, 1+K1—K2’V In(1+K,v,)+1K3v,
a a
(B13)
for high temperatures and
5 s 37 7 s [aw |
Ekin_gna 5 4 D 7
(B14)
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for low temperatures, respectively. Our analysis shows
that Egs. (B12) and (B13) are excellent approximations
for Eq. (B8) over the whole parameter range. These
equations form a single nonlinear equation for the vari-

1115

able 3 for given n, and g;,, which is easy to solve numer-
ically because the right-hand side is a monotone, smooth
function. Once S is know, Eq. (B9) or Eq. (B11) is used to
obtain the chemical potentials.

*Permanent address: Universitaet Rostock, Aussenstelle Gues-
trow, Physik Institut, Guestrow, Germany.
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