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Electron-phonon coupling in bcc and 9R lithium

Amy Y. Liu* and Marvin L. Cohen
Department ofPhysics, University of California at Berkeley and Materials Sciences Division,

Lawrence Berkeley Laboratory, Berkeley, California 94720
(Received 22 April 1991)

We test the hypothesis that the observed absence of superconductivity in Li results from weak
electron-phonon coupling in the low-temperature 9R phase. A erst-principles study of the phonon spec-
trum and electron-phonon coupling constant in bcc and 9R Li is presented. The electron-phonon cou-
pling constant is found to be similar in bcc and 9R Li, and in both phases it is too strong to be consistent
with the experimental upper bound on the superconducting transition temperature within the standard
theory of phonon-mediated superconductivity.

I. INTRODUCTION

Although Li is one of the simplest metals, some aspects
of its electronic, structural, and superconducting proper-
ties remain as open problems. The simple electronic
structure of atomic Li suggests that the metallic state
should be describable by the nearly-free-electron picture.
This, however, is not strictly the case. Band structure
effects are more important in Li than in other alkali met-
als because of the strong Li pseudopotential. In addition,
calculations' indicate that electron-phonon and
electron-electron interactions are also significant in Li.
All of these effects renormalize Fermi surface properties
and cause deviations from the free electron model.
Currently there is no formalism that allows all these
effects to be treated on an equal footing.

A similar situation exists for studies of the crystal
structure of Li. The low-temperature phase is complex
and has been a subject of debate for many years. While
Li crystallizes in the bcc structure at room temperature,
it undergoes a martensitic phase transformation near 70
K. When this transformation was discovered over 30
years ago, the low-temperature phase was assigned to a
faulted hcp structure. In 1984, however, it was suggest-
ed that the neutron scattering data could be interpreted
in terms of the rhombohedral 9R structure. This struc-
ture, shown in Fig. 1, consists of a close-packed lattice
with a nine layer stacking sequence of ABABcBcAc. Re-
cent neutron scattering data ' indeed show that the low-
temperature phase is predominantly 9R, but there is also
evidence for the coexistence of some amount of bcc and
other close-packed phases as well.

The uncertainty regarding the crystal structure of the
low-temperature phase of Li may help explain another
property of Li that is not well understood: the absence of
a superconducting phase in the 1 K range. Since it is a
simple metal, Li is expected to be well described by the
conventional BCS theory of superconductivity, in which
the electron pairing is phonon mediated. Calcula-
tions' ' of the electron-phonon coupling constant, A, , in
bcc Li give a wide range of results, but the more reliable
of these calculations generally yield a moderately large

value for A, of about 0.4. ' When this value of A. is used in
the McMillan equation" together with the conventional
value for the Coulomb repulsion parameter p*=0.1 for
simple metals, a superconducting transition temperature
in the range of 1 K is obtained. This is in contradiction
to experiment, ' which shows Li to be a normal metal
down to at least T=6 mK.

A

A

FICx. 1. The 9R crystal structure. The structure can be
viewed as close-packed hexagonal layers with the stacking se-
quence ABABcBcAc. The primitive cell is rhombohedral with a
basis of three atoms.
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Electronic and vibrational properties are calculated us-
ing the first-principles pseudopotential total energy ap-
proach. ' ' For a given phonon with wave vector q and
mode v, the total energy, electronic wave functions, ei-
genvalues, and crystal potential are calculated for two
different structures: the perfect crystal and a distorted
lattice with phonon-induced atomic displacements frozen
in. Within the harmonic approximation, the phonon fre-
quency, co, is proportional to the square root of the en-
ergy difference between the two structures. The wave
functions and crystal potentials obtained from the frozen
phonon calculation allow the evaluation of the electron-
phonon matrix element.

The standard definition' for the electron-phonon ma-
trix element for scattering of an electron from state n k to
state n'k' by a phonon qv is

g (nk, n'k', qv) =
1/2en»

2M " q' BR "")
COq~

X 5(k —k' —q),

where Q~z is the volume of the Brillouin zone, M is the
atomic mass, e is the phonon polarization vector, and
5V/5R is the self-consistent change of the crystal poten-
tial caused by the phonon distortion. Previous studies of
the electron-phonon interaction in Li have all been based
on the rigid ion or rigid muffin tin approximation, in
which the quantity 5V/5R is replaced by the gradient of
a non-self-consistent rigid potential. In the present work,
we go beyond this approximation by calculating the crys-
tal potential caused by phonon distortions self-
consistently. The change in the potential is given by

In this work we test the hypothesis that the absence of
superconductivity in Li is due to a weak electron-phonon
interaction in the low-temperature phase, which is
predominantly 9R. Thus far, calculations of A, in Li have
focused on the room temperature bcc structure. These
calculations have employed either empirical pseudopo-
tential methods using the rigid ion approximation, ' or all
electron methods within the rigid muffin-tin approxima-
tion, ' where the crystal potential is assumed to shift rig-
idly with phonon-induced atomic displacements. The
phonon spectrum used in these calculations is either ob-
tained from experiment or calculated using simplified
models. Here we calculate the phonon spectrum and
electron-phonon coupling parameter for both bcc and 9R
Li, using an approach that goes beyond the rigid ion ap-
proximation. The change in the crystal potential induced
by atomic displacements is self-consistently determined,
and the electronic structure and phonon spectrum are
both computed from first principles. The calculational
method is discussed in Sec. II. Our results, presented in
Sec. III, indicate that while A, is smaller in 9R than in bcc
Li, it is not small enough to be consistent with a super-
conducting transition temperature of less than 6 mK.
The effects of electron-electron many-body interactions
that are not included in our calculations but that are be-
lieved to be of some importance in Li are explored.

II. METHOD

The wave-vector-dependent coupling constant is given by

« ~g(nk, n'k', qv)~'&&

%coCOq~
(4)

where N (EF ) is the electronic density of states at the Fer-
mi level, and « ~g~ && is a Fermi surface average of the
square of the electron-phonon matrix element.

The use of supercells in the frozen phonon method im-
poses the limitation that the wave vector q must be com-
mensurate with the reciprocal lattice of the undistorted
crystal. The condition simplifies the evaluation of
« ~g ~ && since the 5 function in Eq. (1) is satisfied au-
tomatically. ' However, because the computational ex-
pense of plane wave based pseudopotential approaches
grows quickly with the number of atoms in the supercell,
it is not feasible to calculate A, for more than a few wave
vectors in the Brillouin zone. Hence the accuracy of the
present calculation of A, is limited by the sparse sampling
of wave vectors in the Brillouin zone.

III. RESULTS AND DISCUSSION

The calculated zero temperature total energies of bcc
and 9R Li are plotted as a function of volume in Fig. 2.
The two phases lie extremely close to energy. While our
calculation finds the 9R structure to be slightly favored,
the energy difference of about 0.1 mRy/atom is within
the uncertainty inherent in the calculation. We have also
calculated the total energies of Li in the fcc and hcp
structures and find that these phases also lie within a
fraction of a mRy of bcc and 9R Li. The proximity of all
these phases is consistent with the observation that at low
temperatures Li consists of a mixture of several different
structural phases.

The minimum in the total energy curve of bcc Li lies at
a volume of 131 a.u./atom. Although this is about 8%
smaller than the experimental value for the equilibrium
volume, ' the inclusion of zero point motion corrections
to the calculated zero temperature equation of state shifts
the equilibrium volume up and results in reasonable
agreement with experiment. ' In the remainder of this
work, calculations for both the bcc and 9R structures are
carried out at a volume of 142.52 a.u./atom, which is the
experimentally determined volume at 78 K. Since the
measured c/a ratio in 9R Li corresponds to the ideal
close packing value to within 0.1&o, the ideal value is as-
sumed.

The calculated electronic band structures of bcc and

5V V,.—Vo

5a Qq~

where V and Vo are the self-consistent crystal poten-
tials for the distorted and undistorted crystals, respective-
ly, and u is the root-mean-square phonon amplitude.

To calculate the electron-phonon coupling constant, A, ,
we expressed it as a sum over contributions from different
modes and an average over wave vectors of a wave-vector
and mode-dependent Alq

A, = g(QBz) ' J d q A,
q (3)
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FIG. 2. Calculated total energy vs volume for bcc and 9R Li.
The triangles and circles are the calculated points for the bcc
and 9R structures, respectively, and the curves are fits to the
Birch-Murnaghan equation of state.
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9R Li are shown in Fig. 3. The symmetry points in the
9R Brillouin zone are labeled as in Ref. 17. It has been
suggested' that Fermi surfaces of the bcc and 9R phases
may be qualitatively different in that the bcc Fermi sur-
face does not contact the Brillouin zone, while the 9R
Fermi surface may. It was speculated' that this effect
could lead to signi6cant differences in the electronic den-
sity of states at the Fermi level, and hence differences in
the electron-phonon coupling parameter A, . While the
Fermi surface of 9R Li calculated within the local density
approximation indeed shows cantact with the Brillouin
zone near the I. point, the value of the density of states
near the Fermi level does not differ much from that of
bcc Li. The band masses we obtain fram the densities of
states at the Fermi level are mb =1.63m and 1.75m for
bcc and 9R Li, respectively, where m is the electron
mass.

For the phonon frequencies and electron-phonon cou-

FIG. 3. Calculated band structures for (a) bcc and (b) 9R Li.
Energies are measured relative to the Fermi level. The 9R sym-
metry points are labeled as in Ref. 17.

pling constant in bcc Li, three q points in the Brillouin
zone are considered: P, H, and IV. The polarization vec-
tors for phonons with these wave vectors are determined
by symmetry and correspond to simple longitudinal and
transverse modes. The results for co and A, are listed
in Table I. The calculated phonon frequencies agree with
the measured T=98 K values to within a few percent. '

While most of the phonon modes considered are found to
be harmonic, the phonon force constant of the soft trans-
verse mode at N is found to depend on the amplitude of
the phonon displacement used in the frozen phonon cal-
culation. The results shown in Table I |:orrespond to an

TABLE I. Calculated electron-phonon coupling parameters and calculated and experimental pho-
non frequencies for bcc Li. The experimental values are from Ref. 19. The phonon polarization is indi-
cated by L for longitudinal and T for transverse. At both the 8 and P points, the longitudinal and two
transverse modes are all degenerate.

~qv

0.10
0.21
0.94

coq„(10' rad/s)

5.51
3.52
1.15

co'"I" (10' rad/s)

5.68
3.63
1.24

H (LT)
P (LT)

0.00
0.09

5.86
4.65

5.57
4.41
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amplitude that yields a phonon frequency in agreement
with experiment. Averaging the calculated A,q leads to
A, =0.51. We have tested the effect of including more
wave vectors in the Brillouin zone average of A, and 6nd
that it does not change the results significantly. From
these tests, we estimate an uncertainty of +0.08 in the
calculated A, . The present result for X in bcc Li is on the
high end of the range spanned by earlier calculations, ' '

but since there are large uncertainties in all these calcula-
tions, a difFerence of 20% is not unexpected. Further-
more, calculations based on the rigid ion approximation
tend to underestimate A, in other simple metals such as
Al, ' so it is not surprising that the earlier estimates of A,

based on this approximation are generally smaller than
the present result.

For the 9R structure, which contains three atoms per
unit cell, the I, T, and L points in the Brillouin zone are
sampled. The phonon polarization vectors for some of
the phonon modes at these wave vectors are not deter-
mined by symmetry. In these cases, the Hellmann-
Feynman forces due to atomic displacements in the su-
percell are calculated. This allows computation of the
dynamical matrix, which is then diagonalized to yield the
phonon polarization vectors. The calculated frequencies
and electron-phonon coupling parameters are listed in
Table II. While there are no experimental data for the
phonon spectrum. of 9R Li, there is one model calcula-
tion' to which we can compare our results for cu . That
calculation employed a pseudopotential model, with pa-
rameters 6t to the phonon spectrum of bcc Li. The

present 6rst-principles calculation yields phonon frequen-
cies that are in good agreement with the model calcula-
tion. Averaging the contributions to X from the three q
points yields A, =0.41 for 9R Li,

It is interesting to compare the results for the two
structures of Li. For the limited number of wave vectors
considered in this work, the range of calculated phonon
frequencies is similar in the two phases. In addition, the
earlier model calculation, ' which studied the 9R and bcc
phonon spectra along several symmetry directions, found
the overall frequency distributions of bcc and 9R pho-
nons to be similar. One of the unusual features of the bcc
spectrum is the soft transverse mode at Xpolarized in the
[110] direction. Because of the orientational relation
maintained between the bcc and 9R structures, the bcc I
to X and the 9R I to T lines point along the same direc-
tion in reciprocal space. An inspection of Table II re-
veals soft transverse phonon modes at T in the 9R phase
as well. Hence the phonon frequencies for corresponding
branches do not seem to be strongly affected by the bcc-
9R transition. Because of the similarities between the
phonon spectrum of the 9R and bcc phases, and also be-
tween the electronic density of states as discussed earlier,
it is not surprising that the electron-phonon interaction is
comparable in the two phases.

To calculate the superconducting transition tempera-
ture, estimates for the average phonon frequency, ( co ),
and the Coulomb repulsion parameter, p*, are needed.
The average phonon frequency, which is given by
(gq Pq, co )/(g A,q ), is found to be 200 K for 9R Li

TABLE II. Calculated electron-phonon coupling parameters and phonon frequencies for 9R Li. The
model calculation results for the frequencies are from Ref. 17. The phonon modes are labeled by the ir-
reducible representation to which they belong, and the degeneracies of the modes are listed in
parentheses.

qv

I 3„ (2)

r3g (2)
I 2„{1)
r„(1)

0.060
0.026
0.048
0.047

coqv (10' rad/s)

1.97
1.84
4.59
4.53

~model (]013 rad/s)

2.1

2.1

5.0
5.0

Tlg (1)
T3g (2)
T,„(1)
T2. (1)
T3. (2)
T3. (2)

0.080
0.092
0.055
0.090
0.057
0.092

2.80
1.16
5.41
2.89
2.25
1.17

2.9
1.3
5.8
2.9
2.5
1.3

Llg (1}
Ll. (1)
L)„(1)
L„(1)
L2g (1)
Lg„(1)
Lzu (1)
L . (1)
L2„(1)

0.023
0.026
0.026
0.020
0.017
0.045
0.036
0.032
0.017

3.96
2.39
3.93
4.63
5.58
2.95
3.93
5.37
5.81

3.9
2.4
3.9
4.3
5.5
2.8
3.9
5.5
5.8
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and 180 K for bcc Li. A realistic calculation of p* re-
quires a knowledge of the wave-vector- and frequency-
dependent dielectric function in the solid, and this pa-
rameter is usually approximated through scaling model
calculations and experimental data. If the dielectric
function in Li is approximated by the static Thomas-
Fermi expression, then a value of p'=0. 12 is obtained.
This is consistent with most estimates for sp metals. Us-
ing the calculated values of ( co ), A, , and p' in the McMil-
lan equation, we obtain superconducting transition tem-
peratures in the range of 1 K for both 9R and bcc Li
(Table III). Even if we allow for uncertainties of +0.08 in
A, and +0.02 in p*, we still find T, to be higher than the
experimental limit of 6 mK. This can be seen in Fig. 4,
where isotherms of T, for 9R Li are plotted in the (A, ,p" )

plane. There is no overlap between the oval, which indi-
cates the estimated range of parameters allowed for 9R
Li, and the region of parameter space corresponding to
T, &6 mK. Thus while the electron-phonon interaction
is calculated to be slightly weaker in the low-temperature
9R phase, the difference is not sufhcient to account for
the observed absence of superconductivity in Li.

In addition to estimating T„we can use the calculated
values of A, , along with the calculated electronic density
of states, to estimate the thermal mass of Li. In the first
column of Table IV, we list calculated thermal masses
assuming that the mass enhancement comes only
from band structure and electron-phonon effects
[m,h=mb(1+A, )]. For both the bcc and 9R phases, the
thermal mass is calculated to be about 10%%uo larger than
the value of m, h/m =2.23+0.05 obtained from measure-
ments of the low-temperature specific heat in Li.
Hence both the specific heat data and the experimental
upper limit on T, suggest that the calculated values of A,

are too large.
Thus far we have considered only band structure

0.6

0.5

0.4

0.3

bcc
9R

mb /m

1.63
1.75

(~) (&)

0.51
0.41

T, (K)

1.73
0.58

T,~ (K)

0.18
0.0088

effects and the electron-phonon interaction in Li. As
mentioned earlier, other many-body effects are believed
to be important in Li as well. For example, electron gas
calculations at densities corresponding to Li indicate
that while electron-electron self-energy corrections
do not lead to a large mass enhancement factor
( I+K„=1.06), they do result in a renormalization factor
that is significantly reduced from unity [Z„(kF)=0.65].
When both electron-electron and electron-phonon effects
are included, the thermal mass is given by

(5)

where X„(co,p) and X,~(co,p) are the electron-electron
and electron-phonon self-energies. ' With the usual as-
sumption that X, has only weak momentum depen-
dence, ' we can rewrite this as

m, i, =mb(1+A, „)[l+Z„(k~)A,] . (6)

Since it is computationally expensive to calculate the re-
normalization factor and quasiparticle band mass for a
real metal, we use instead the band masses calculated
within the local density approximation, together with the
electron-gas results for the electron-electron effects. As
shown in the second colum. n of Table IV, this gives
m, h =2.30m and 2.35m for bcc and 9R Li, respectively.
Hence because the renormalization factor in Li is expect-
ed to be significantly smaller than one, the inclusion of
electron-electron efFects brings the calculated mass
enhancement factor into reasonable agreement with the
specific heat measurements. Unfortunately, the question
of how the reduced quasiparticle weight might afFect su-
perconductivity has not been examined.

TABLE III. Calculated band mass, average phonon frequen-
cy, average electron-phonon coupling parameter, and supercon-
ducting transition temperatures for bcc and 9R Li. A value of
p*=0.12 is assumed, and I,, is taken to be 0.1 in calculations of
T$P

0.2

0 1 I I I I l ( I I I I I l I & 1 I 1 l 1 I 1 I 1 t I 1 1

0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
P

TABLE IV. Calculated thermal masses, for bcc and 9R Li,
including contributions from electron-phonon (ep), electron-
electron (ee), and spin fluctuation (sp) effects. Electron-electron
and spin fluctuation parameters are taken from Refs. 2 and 9,
respectively. The masses are listed in units of the electron mass.

FIG-. 4. k vs p* for 9R Li. The square represents the calcu-
lated values of A, and p, and the dashed line indicates the es-
timated uncertainties in these parameters. The solid curves are
T, isotherms calculated from the McMillan equation.

bcc
9R

ep

2.46
2.47

ep +ee

2.30
2.35

ep +sp

2.62
2.64

ep +ee +sp

2.41
2.47
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FIG. 5. A, vs A,,~ for 9R Li. The square represents our best es-
timates for A, and A,,~, based on this work and Ref. 9, and the
dashed line indicates the uncertainties in these parameters. The
solid curves are T, isotherms calculated from Eq. (7), assuming
p* =0.12.

where A,, is the mass enhancement parameter due to spin
fluctuations. In expressions for the thermal mass, A,

should be replaced by X+A, Spin-polarized local densi-
ty calculations yield a mass enhancement factor due to
paramagnons of about 1+k, =1.1 in bcc and hcp Li.
Assuming k, =0.1 for 9R Li as well, we 6nd that spin
Auctuations reduce the predicted superconducting transi-
tion temperatures of 9R and bcc Li to 0.0088 and 0.19 K,
respectively. In Fig. 5, we have plotted T, isotherms for

In addition to the spin-symmetric electron correlations
considered above, spin fluctuations, or paramagnons,
may also be important in Li. It has been suggested that
the calculated values of A, for Li are reliable, but that spin
Auctuations are responsible for suppressing electron pair-
ing and superconductivity. If the characteristic energy
scale of the paramagnons is small compared to Ef, the
superconducting transition temperature can be estimated
from

(~) —1.04(1+A, +A,,~)
T, = exp1.2 A, —p'(1+0.62k, ) —A,,~

9R Li in the (A, , A,,z ) plane, assuming p* =0.12. Although
our best estimate for T, in 9R Li is higher than the exper-
imental limit, there is a large area of overlap between the
oval indicating the uncertainty in the calculated parame-
ters and the T, & 6 mK region. The corresponding region
of overlap for bcc Li (not shown) is much smaller, but
with A,, =0.1+0.02, it is possible to suppress the predict-
ed T, for the bcc phase below the experimental limit as
well. However, if spin fluctuations are indeed important,
they should contribute to the enhancement of the elec-
tronic density of states at the Fermi level, and as already
noted, the electron-phonon and electron-electron effects
are sufhcient to account for the enhancement determined
from low-temperature specific heat measurements. As
shown in Table IV, adding the contribution from spin
fluctuations leads to somewhat worse agreement.

In summary, we have calculated the electron-phonon
coupling parameter in both the room temperature and
low-temperature phases of Li. Our results indicate that
the electron-phonon interaction in Li is not strongly
structure dependent, and in both phases, it is sufIIiciently
strong to suggest a superconducting transition in ihe
range of 1 K. The reason for the observed absence of su-
perconductivity in Li down to 6 mK remains an open
problem. While including the efFects of spin Auctuations
may suppress the calculated T, below the experimental
limit, it also results in large discrepancies between the
calculated and measured thermal masses. Electron-
electron correlation e6'ects reduce this discrepancy, but
the difFerence is still significant. We believe that further
calculations investigating the role of these many-body in-
teractions in Li would be useful.
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