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The relevance of diFerent models, such as the one-band t-J model and the three-band Emery model, as
a realistic description of the electronic structure of high-T, materials is discussed. Starting from a multi-
band approach using cluster calculations and an impurity approach, the following questions are ad-
dressed: What is the stabilization energy of the Zhang-Rice singlet and triplet with respect to other sym-

metry levels (such as the d &, etc.)? How does the oxygen 2p-band width (t» ) inhuence the stability
3z —r

of the Zhang-Rice singlet? How large is the dispersion of the singlet state? It is argued that, if the one-
band model does not give a satisfactory description of the low-energy physics, then the three-band model
will be incomplete as well.

I. INTRODUCTION

It is by now widely accepted that the insulating parent
compounds of the high-T, cuprates should be viewed as
charge-transfer-gap insulators in which the first ioniza-
tion state is predominantly of 0 2p character and the first
electron affinity state, predominantly of Cu 3d character,
with a band gap of about 1.5 —2 eV. The strongest and
most direct evidence for this comes from photoemission
spectroscopy (PES) and resonant photoemission both on
the high T, 's (Refs. 1 —3) and the related CuO (Refs. 4,5)
compound which places the Cud -like electron removal
states at much higher energies than the d I.-like states.
The high-energy electron-energy-loss spectroscopy (ELS)
and x-ray absorption (XAS) measurements ' at the 0 ls
threshold of the doped or substituted materials can be
considered as a strong confirmation of this conclusion.
According to the Zaanen-Sawatzky-Allen (ZSA)
classification scheme, this situation occurs, provided that
the Cud-d Coulomb interaction (U4) is larger than the
02p —Cu 3d charge-transfer energy (b, ).

It is also widely accepted that the low-energy-scale
physics of insulating compounds can be well described
with a Heisenberg-like Hamiltonian with a superex-
change interaction (J) coupling nearest-neighbor spins lo-
calized primarily on the Cu ions to form an antiferromag-
netic (AF) ground state. The most direct evidence for
this comes from neutron difFraction studies' ' which are
supported by NMR' ' and muon' ' studies. Remark-
able in these studies is the exceptionally large superex-
change interaction (J-0.12 eV), ' which is strong evi-
dence for very large Cu-O hybridization efFects. Also
NMR measurements suggest the spin is not nearly as
localized on the Cu as some may want to believe. Small
cluster ' as well as impuritylike calculations, ' ' in-
dicate that the spin is located in d 2 2 orbitals withx —y
about 70%%uo of the spin density on the Cu and 30~o distri-
buted over the four neighboring 0 sites.

That these initial holes are primarily situated in d 2

symmetry states is confirmed by polarization-dependent
ELS and XAS on the Cu 2p edge. ' 9 Also the large an-
isotropic temperature-independent van Vleck susceptibili-
ty for magnetic fields perpendicular to the Cu02 planes
is direct evidence for primary x —y symmetry for the
initial hole since a d 2 &-like state would not contribute

3z p'

to a van Vleck susceptibility for this direction of the field.
All of this seems consistent with a three-band Hubbard-
like picture involving the Cu3d 2 & states hybridizing

X

with 02p and 2p states pointing towards the copper
atoms. Earlier Anderson ' impurity calculations and
cluster calculations, ' however, suggest that other d
states like the d 2 2 and perhaps even d„, d „d„,
states could be of quite some importance especially in the
doped materials since in the ionization spectra these
states are energetically close to the lowest energy state.
This would suggest that a multiband approach is re-
qu11 ed.

Most of the theoretical discussions do not start with a
multiband problem. Although some stress the impor-
tance of the d 2 2 orbitals, ' it is commonly be-

lieved that the only relevant orbits are the d» and p
ones. One of the mell-known models is due to Emery.
In this model the AF compounds consist of holes on Cu,
coupled by the superexchange interaction derived from
fourth-order perturbation theory in the Cu-0 hopping
(t~4 ). Doping will lead to holes on the oxygen, which are
coupled to the Cu spins by means of a much larger
second-order exchange term and which can move also by
means of a second-order hopping process. As pointed
out by Varma et al. , this so-called three-band model is
directly related to the charge-transfer-gap insulators in
the ZSA classification scheme. At the other extreme, it
has been suggested that a single-band Hubbard approach
with a large efFective U, which results in a t-J model may
be sufficient for these materials.

Zhang and Rice argued that a charge-transfer-gap in-
sulator, which would in principle require at least a two-
band approach, could still be described in a single-band
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Hubbard framework provided that the Cu-0 hopping
(t d ) is small with respect to the Coulomb interactions on
Cu ( Ud ) and the charge transfer energy (b. ) and that the
O-O hopping integral (t~~ ) can be neglected. The idea is
that the extra hole will form a coherent state on the four
oxygens around a Cu atom, and that the two spins will
form a singlet. Thus adding holes on oxygen is then
equivalent to removing spins from the Cu positions, and
these local singlets then dilute and propagate in an anti-
ferromagnetic lattice just as in a single-band Hubbard
system.

The 0 bandwidth or the 0-0 nearest-neighbor hopping
integrals (t ) are known to be large and should be in-
cluded in a realistic approach. Using the Anderson im-
puritylike approach we showed that such a Zhang-Rice
singlet was stable even for quite a large 0 bandwidth.
We found that for reasonable parameters singlet bound
states are formed. These bound states were, however,
found to be energetically close to the top of the 0 2p band
in the impurity limit suggesting that "banding" of these
states when including the translational symmetry (Ander-
son lattice) would cause overlap and mixing with other
states. Emery and Reiter (ER) have shown that the real
Zhang-Rice singlet will mix strongly with the corre-
sponding triplet at the Brillouin-zone boundary (ER
phase conventions). Another state with which the ZR
singlet mixes is that involving a d 2 & orbital, because
of the hybridization between the 3z —r and x —y
Bloch states. This occurs for k vectors away from the I
point with a maximum mixing at (n, 0) along the
(0,0)—(m., 0) line. This mixing, if important, would neces-
sitate a multiband Hubbard-like approach.

In this paper we address the question of the applicabih-
ty of a single-band Hubbard approach. Here we start
from a multiband approach, including all five Cu 3d and
the six 02p orbitals per unit cell of the Cu02 plane. The

electronic structure is treated from a local point of view,
using cluster calculations (Cu04, Cuz07 s) and an An-
derson impurity approach. The energy positions of the
difFerent symmetries (orbitals) are discussed in detail.
The efFect of the shape of the oxygen band structure on
the stability of the Zhang-Rice singlet is discussed using
the impurity calculation. We compare singlet-spin trial-
wave functions with the low-energy states in the Cuz07
cluster and derive the hopping term (t and t') in the t t' J--
model. The spectral distribution of the singlet-spin and
triplet-spin trial-wave functions is compared with the d
spectral weight as measured in photoemission.

II. XHANG-RICE SINGLET VERSUS OTHER
SYMMETRY STATES

In order to choose between single and Inultiband mod-
els it is important to know the energy positions of the
many possible configurations. The simplest sensible
many-band calculation one can do showing these
configurations is to consider a CuO4 cluster. In the cal-
culation we include all 12 oxygen 2p orbitals and the 5
copper 3d levels. The ground state representing the insu-
lating compounds is now equivalent to introducing one
hole in the full shell d' p system. The solution is given
by a two by two matrix involving the d 2 2 orbital and

X

the linear combination of four orbitals on oxygen of the
same symmetry (L 2 2). The photoemission spectrum is—x —y
calculated by introducing an extra hole in the cluster. A
detailed description of the calculation is given in a previ-
ous paper. The two-hole calculation involves all the d
Coulomb and exchange interactions on the Cu site, given
in Table I in terms of the Racah A, 8, and C parameters,
and also the Coulomb/exchange interactions for two
holes on the same oxygen atom (in terms of the Slater Fo
and F2 integrals).

TABLE I. The various d' Coulomb and exchange multiplets expressed in terms of the three Racah parameters A, 8, and C. The
labels with capitals give the irreducible representation of the two hole singlet (1) and triplet (3) states for the D4I, point group. The
lower case labels correspond to the d orbitals as follows: a

&
~3z —r, b, ~x —y, b2 ~xy, e —+xy, yz.

E

eb,
ea&

eb&

eb)

A —58
—38&3

38
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—38&3
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eb2
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blb2
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ee
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The parameters used in the calculations are for a large
part obtained by comparing the model calculations with
photoemission data and are listed in Table II. These
values correspond very well with the values obtained
from the constrained LDA calculations of Hybertsen
et al. and McMahan et al. , ' ' which we also included
in the table. The parameters t and t d are parameters
used in the three-band model.

The issue here is the character of the states which are
close to the Fermi level. In Fig. 1 we show the d-spectral
weight starting from the one-hole ground state. The
low-energy part of the spectrum is of mainly oxygen
character (d I ) and the states above about 8 eV binding
energy correspond mainly to the various d multiplets as
given in Table I.

The d-electron removal spectral weight is in fact com-
posed of a number of different local symmetry parts cor-
responding to the irreducible representations spanned by
2 d holes in a D4& point group. In Fig. 1 we use this D4I,
point group notation to label the different eigenstates ap-
pearing in the calculation. Using Table I one can find the
compositions of the wave functions belonging to these la-
bels. The lowest state in Fig. 1 is a singlet AI ('A, )

state. This state consists mainly ()99%) of two holes in
orbitals of x y(b, ) s—ymmetry, with roughly one hole
on the copper and one hole on oxygen (68%%uo d L charac-
ter). The hole added to reach this state from the ground
state has 81% oxygen character and 19% copper charac-
ter, demonstrating the charge transfer nature of the insu-
lator. Because of this character it can be identified with
the Zhang-Rice singlet.

The Zhang-Rice triplet corresponds to the 3
&

state in
Fig. 1. As can be seen, this state is about 3.5 eV higher in
energy as the singlet, and this large energy difference is in
fact the reason why ZR neglect this state. The 3

&
state

does not appear in Table I because there is no such state

I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

3E

i I I, .IJ Ia II. i, i .I J

1
S1

I I I I I I I ) I I I
i

I I I I I I I
i

I I I ) I I I ) I I I i
I I I

i
I I I

i
I I I

-18 —16 —14 —12 —10 —8 -6 —4 —2 0 2
ENERGY'(eV)

FIG. 1. Cu 3d spectral weight for the Cu04 cluster calculated
for the parameters of Table II. Also shown are some of the
symmetry labels (D4& point group) of the two hole singlet and
triplet final states.

with two holes on the Cu because of the Pauli exclusion
principle. Looking at Fig. 1 one can see that there is real-
ly a manifold of states in between the ZR singlet and trip-
let. The one closest to the ZR singlet (=1.5 eV in ener-
gy) is a B& state, involving 3z rcharacter. T—his B,
state is again of mainly d L, character, but now with one
of the holes in a d 2 2 orbital and the other in a d

X 3z p'

orbital. It should be noted that the inclusion of the apex
oxygen will further stabilize this 8, state and in the case

TABLE II. The parameter values used in the calculations, as found by comparing impurity and clus-
ter calculations with spectroscopic experiments. Also shown are estimates from density functional cal-
culations by McMahan et al. and Hybersen et al. All energies in eV.

Parameter

(pdo. )
(t d =1/2+3(pdo. )

(pd~)
(pp~)

(t» =
—,'((pp~) —(pp~) ))

(pp~)
Ud

( = A +4B +3C)

U
( =F() +0. 16F2 )

Ud

Experimental

2.75-3.75 (3.5)

1.5 (t,„=1.3)

—0.7
—1.0 (t» ——0.65)

0.3
8.8

(A =6.5
B =0.15
C =0.58)

6
(Fo =5
F, =6)

& 1(0)

MMS (Ref. 40)

2= 3.5
1.7

t» =0.6

9.4

4.7

0.8

HSC (Ref. 39)

2-4 (3.6)

1.5

t» =0.65

9—11 (10.5)

3-8 (4)

0.7—1.7 (1.2)
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where the apex 0—Cu distance is equal to the in-plane
Cu-0 distance (Oh symmetry), the B, state (Hund's-rule
ground state) will be the lowest energy state, as for exam-
ple is in NiO. This will be discussed further below. The
next state is of 'B

&
character (a singlet involving 3z r)—

and after that states of xy, xz, and yz character appear in
the main peak of the spectrum. Thus we conclude that
the three-band model, including the ZR singlet and trip-
let, largely overlaps a manifold of states of other sym-
metriest

Another way to approach the electronic structure of
the cuprates is by means of an impurity calculation,
based on the following simplifications:

The oxygens on their own are known to form a broad
band (-5 eV total bandwidth) because of t, and also
the internal structure of the oxygen bands will be of im-
portance. As the number of holes per oxygen atom is
very low, the Coulomb interactions on the oxygen can
safely be neglected. Thus the square oxygen lattice is
modeled by k-dependent tight-binding Bloch states.

On the other hand, one likes to retain the explicit
Coulomb and exchange interactions on Cu. This can be
done if one neglects the Cu periodicity, i.e., only consid-
ers one Cu atom. This approximation is reasonable if the
Cu orbitals form narrow bands (which seems to be the
case except perhaps for the d 2 ~ ones).x —y

Thus the model consists of one Cu "impurity" embed-
ded in an oxygen lattice. Again the "half-611ed-band"
ground state is given by a one-hole calculation. Photo-
emission is a two-hole problem, which can be solved ex-
actly by means of Green's functions, as described in de-
tail before. ' The Hamiltonian reads

Green's functions and the matrix elements given in Table
For details the reader is referred to Ref. 27 and Ref.

44

1 V p(k)
&d, ~lola, ~&= z —s.—,fdky, ~ —E,(k)

In Fig. 2(a) we compare the d-electron removal spectral
weight of such an impurity calculation for the parameters
of Table I with the XPS spectrum of CuO. Important is
that both the energy scale of the observed structure and
the relative intensity of the satellite and main line regions
are reproduced by the theory for the parameter set of
Table I. Furthermore, the spectrum is qualitatively very
similar to the one in Fig. 1. Note that most of the
discrete levels in Fig. 1 have now become bands. The
lowest oxygen band level lies at 2.7 eV in Fig. 2. In Fig.
2(b) we again show the partial d-electron removal spec-
tral weights for each of the irreducible representations of
Table II. For these parameters the lowest energy state is

I I I I I . I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

XPS spectrum CuO
hv = 1486 eV

H =Ho+H),
Ho= g E~d~ ~d~ ~+ g Ep(k)cp I ~cp I

+ y [ V.p(k)c p, .d. .+H. c.],
a, P, k, o.

U(aPy, 5o,o')d dp dr ds
a, p, y, 5, cr, o'

The second term in the Hamiltonian (H, ) describes the
interactions on the Cu site, and the values of U can be
found in Table I. The first term describes the one-
particle part. The operator d annihilates holes on the
Cu site with spin o. . The label a enumerates the five d or-
bitals. The second term in Ho counts the number of oxy-
gen holes in the Bloch state with momentum k, orbital la-
bel p (x, y, or z), and spin o.. The last term describes the
k-dependent coupling of the Bloch state with the Cu site.
As an example, we have

Q
LLI

C3

CL
V)

Impurity
d spectral weight

I I I ) I I I i I I I ) I I I ( I I I i I I I I I I I ) I I I ) I I I

(b)
3E

3B1

3A2

3A1

1 E

1 A2

I I I I I I I

e„(k)=2(ppo )cos(k„)+2(ppvr)cos(k~),

V ~ 2 (k)=i&6(pdo. )cos( —,'k )sin( —,'k ) .
(2)

The solution of the one-hole Green's function involves an
integration over the two-dimensional k space, which is
evaluated numerically.

The two-hole Green's functions, or the photoemission
spectrum, can be expressed in terms of the one-hole

A1
I I I I I I I I—18 —16

I I I i I I I
J

I I I ) I I l ( I I I
f I I I ( I I I ) I I I

I
I I

-14 —12 -10 -8 -6 -4 -2 0
ENERGY (eV)

FIG. 2. The d-spectral weight from the impurity calculation
using the parameters in Table II. (a) also shows the experimen-
tal XPS spectrum for CuO. The contribution of the various
symmetry components is shown in (b) (D4h point group).
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again of 'A
i symmetry. In the impurity calculation this

state is a discrete level pushed out of the top of the oxy-
gen band. The energy separation of this state (ZR singlet)
to the lowest oxygen level, however, is not very large (I
eV). It is this splitting as compared with the dispersion
of the ZR singlet which gives a measure of the stability of
this state.

III. ZHANG-RICE SINGLET VERSUS
OXYGEN BANDING

In this section the consequences of the finite oxygen
bandwidth are investigated and a quantitative estimate of
the stabilization energy of the ZR singlet with respect to
the continuum of oxygen states is made. The effect of the
character (symmetry) of the oxygen Bloch states on this
stabilization energy is discussed.

As already said, in their original paper ZR neglect
the oxygen hopping parameter t . In this case the
zeroth-order (in t d) ground-state configuration consists
of spins on the Cu sites with x-irnrnobile holes per Cu02
unit on oxygen sites, where x is the amount of hole dop-
ing. If one now increases the size of t d, these holes tend
to form singlets with the Cu spins. If one, however,
starts with a finite t the situation becomes quite
different. In this case the zeroth-order state consists of
mobile holes described in terms of Bloch states. If one
now switches on the Cu-0 hopping t d these mobile holes
will scatter off the localized spins formed by the Cu sub-
lattice, and the whole situation looks more like a Kondo
problem. In order to choose between these two scenarios
one has to go beyond the second-order perturbation
theory and to do a calculation with realistic values of t
and t d.

The impurity problem as described above in fact in-
cludes both limits, that of localized singlet states and
itinerant oxygen scattering states. Therefore it is an ideal
tool to investigate which of the two pictures is the most
reliable one. In Fig. 3 we sketch the various possible situ-
ations for an impurity in a metallic or semiconducting
host, demonstrating the difference between a Mott-
Hubbard (b) and a charge transfer gap (d) insulator, and
the relation with the Kondo problem (a). For our pur-
poses here Fig. 3(e) is of the most importance. This situa-
tion occurs if the hybridization of the impurity with the
02@ band is su%ciently strong to push out a bound state
from the top of the 02p band. This bound state (of
which there can be one for each possible d multiplet) has
the spin and symmetry of Cu d states but the charge is
largely on the oxygen. This is similar to the Haldane-
Anderson multiply charged impurity states in semicon-
ductors. The single Hubbard band approach will only be
valid if, in the impurity limit, a singlet bound state is
pushed sufIiciently far above the 02@band so that it will
retain its identity even if the translation symmetry of the
Cu ions is included causing this bound state to form a
band. Thus an important parameter in Fig. 3(e) is 5,
which is the energy difference between the singlet bound
state and the band of itinerant oxygen states.

Let us first- model the oxygen band structure by a sim-

ple semispherical density of states [as shown in Fig. 4(a)]

(o)

(c)

dn-1

I

I

I

I

dn -1

dn-&

I

Ueff
I

n+1
I i

\
I

I

d
n+iI

-Ueff
II~ EgcIP~I
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FIG. 3. The various situations one can encounter when intro-
ducing d- or f-shell impurities in a metallic or insulating host.
(a) sketches the situation for the Kondo problem. The Mott-
Hubbard insulating case is shown in (b), and (d),(e) correspond
to charge transfer insulators. The important parameters are the
charge transfer energy (6) and the Coulomb interaction on the
impurity (U,~). The dashed lines show the effect of hybridiza-
tion between the itinerant and localized states.

N —1 N N+1 N
gap Emin Eg +Emin g (4)

where N refers to the total number of electrons. This is
just the minimum energy required to remove one electron
from the system, plus that to add one electron to the sys-
tem. From Fig. 5 we see that the increase of the 02@
bandwidth causes a destabilization of the Zhang-Rice
singlet. This effect is really quite large and may indeed
cause a breakdown of the t-J model. For an oxygen
bandwidth of about 3 eV and 6/t d =2.5 eV the Zhang-
Rice singlet is already only 0.5 eV from the top of the
02@ band, and taking again the parameters of Table II

with a Cu-0 hopping V d(e), which is independent of the

energy c. Restricting our discussion to the CuQ planes,
the oxygens form a simple two-dimensional square lattice
and the total bandwidth in terms of the Slater-Koster pa-
rameters is 8'=4(ppmppcr). With th.e—parameters in
Table II one finds a total bandwidth of about 5 eV. Using
this form for the oxygen band we calculate the curves of
constant stabilization energy of the singlet (5) as a func-
tion of the charge transfer energy 5 and the oxygen band-
width 8'. The results are shown in Fig. 5. All parame-
ters are scaled with t d. In this plot we keep the
difference between A and 6 constant
[( A —5 ) /t d

=2. 3 ], which is required to obtain the
correct energy scale in the XPS spectrum. Also shown in
the figure are the contours of constant energy gap (Es,~ )

de6ned as
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one sees that 5 is about 0.3 eV, which is of the same order
of magnitude as the superexchange interaction J. This is
not enough to form a singlet band clearly separated from
other degrees of freedom, and a one-band model does not
seem to be appropriate.

The internal structure of the oxygen band is, however,
very important. ' Using Eqs. (2) the isotropic hybridi-
zation [Fig. 4(a)] is replaced by an energy- and orbital-
dependent one. In Fig. 4(b) we sketch how the difFerent
Cu d orbital symmetries are distributed over the oxygen
band (the curves present the oxygen DOS weighted by
the amount of, for instance, x —y symmetry character
of those oxygen states). There are two important features
in this picture. In the first place the d 2 & orbital is seenx —y
to hybridize with the top of the oxygen band, which leads
to an extra stabilization of states of x —y character
with respect to other symmetry states which are bonding
with respect to the Cu. In the second place the d 2x —y
orbital "sees" a smaller bandwidth than the 5 eV men-
tioned above. These effects will give an extra stabiliza-
tion to the ZR singlet. In Fig. 6 we again show the stabil-
ization energy as a function of 6 and W. In order to

I « t « I I I « I « I I I I I I I I I I I I I I I I I I I I I I I I I I I I I1I »
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FIG. S. Curves of constant stabilization energy (6) of the
singlet with respect to the top of the oxygen band, and curves of
constant band gap (Eg p) both drawn as a function of the total
oxygen bandwidth ( 8') and the charge transfer energy (6). The
di6'erence between the Coulomb interaction on Cu and the
charge transfer energy is kept fixed to ( A —6)/t~d =2.3. The
oxygen band is modeled by a semispherical density of states [see
Fig. 4(a)].

(b)
XZ%

speed up the calculations we did not carry out the in-
tegrations over k space [formula (3)] but we modeled the
shape in Fig. 4(b) by a set of semispherical bands shown
in Fig. 4(c). Figure (6) shows that the stabilization energy
5 is now about 1 eV for the parameter values in Table II.
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FIG. 4. Dift'erent densities of states used to model the oxygen
band in the impurity case. The top curve shows a semispherical
band shape. In the rniddle the DOS of the two-dimensional
square lattice of oxygens, decomposed in d symmetry com-
ponents with respect to a Cu site, is drawn. The curves are
broadened with a 0.1 eV HWHM Lorentzian. The bottom
curves are an approximation to the curves in (b), as explained in
the text.
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FIG. 6. Same as Fig. 5 but now with the more realistic band
shape of Fig. 4(c). The hatched area indicates reasonable pa-
rameter values for the cuprates.
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FIG. 8. The Cu207 and Cu208 clusters.

FIG. 7. Same as Fig. 6 but now for 3~~ ( Ud ~ ~ }.

The question then is if this is sufFiciently large to justify a
t-J model approach.

The stability of the ZR singlet is mainly due to the very
strong hybridization of the d 2 & orbitals with the oxy-x —y
gens. There are two virtual hopping processes that stabi-
lize this mainly d I. singlet configuration, one via a d ' L
state and the other via d . In second order the exchange
energy between the ZR singlet and triplet is given by

J=E, —ET =8t,'„ 1 + I
6'+ U„ /4 U„„—6'

where 6'=6+@pa.—@pm. Thus it is very important that
the value of Ud is finite and not infinite. To illustrate this
we again plot the stabilization energy in Fig. 7, but now
for Ud (or A)~oo. The singlet state is now again found
to be very close to the oxygen band states.

Up to now we have established that the ZR singlet has
a stabilization energy of about 1 eV with respect to the
states of other symmetry, like the 3z —r symmetry
states (neglecting the apex oxygen), and with respect to
delocalized states on oxygen. It is now important to see
if this amount is sufticient to be able to speak of a separat-
ed singlet band. For this one has to estimate the disper-
sional width of the ZR singlets. To do this we look at
some larger clusters. Such estimates have been made be-
fore for clusters containing two Cu sites ' and for clus-
ters up to five Cu units using the three-band model.
The clusters we have studied are CuzQ7 and Cu2Q8 shown
in Fig. 8. Here again all Cu 3d and Q 2p orbitals are in-
cluded, with the interactions on Cu given by Table I.

The Coulomb and exchange multiplets on oxygen, de-
scribed by I'0 and I'2, are also included. These are of im-
portance for calculating the superexchange.

First of all we check the validity of the t-J model by
mapping the lowest energy states and wave functions of
the t-J model onto those of the exact three-hole problem
with all orbitals included. Such a mapping has been un-
dertaken for larger clusters, but then in a three-band
mode1, including full local correlations in Ref. 25. This
three-hole problem corresponds to doping the clusters
with one extra hole. The three-hole wave functions for
the t-J model as well as the corresponding triplet states
are constructed from the one-hole (doubled) and two-hole
singlet wave functions of a CuQ4 cluster by taking direct
products

I', T,s(T) &
= lP(l), T &,ely(2), s(T) &, ,

where R(L) indicates the Cu04 unit on the right (left)
and the three-hole product states are labeled by the posi-
tion of the singlet (S) or triplet (T). The eigenstates for
the t-J model using this limited basis of only the L, and R
wave function are then easily found to be the bonding (8)
and antibonding (A) sum

l&, T,s & =(l)v'x, )(l~, T,s &+ I&, T,s &),

I', T,» =(lzv'~„)(l~, T,s) —li, T,s &),

where X~ ~~~ is the normalization factor which is not 2
because lR, T,S) and lL, T,S) are not orthogonal. Note
that if we would exactly follow the procedure of ZR,
then we would first have to orthogonalize the oxygen
x —y symmetry combination of orbitals (making Wan-
nier orbitals) for the Cu207isi cluster and then create a
singlet and a doublet using these. In that case the nor-
malization factors would be 2. The energy splitting be-
tween l8, T,S) and

l A, T,S) can be identified with 2t in
the t-J model and the energy splitting between the triplet
and singlet ground states for two holes in the Cu2Q7 clus-
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TABLE III. Summary of the values found for the e6'ective singlet transfer matrix elements t and t'
(hole doping), t, and t,' (electron doping), and the nearest- and next nearest-neighbor superexchange J
and JNNN Eg p is the calculated band-gap energy. All energies in eV. The column "parameter" de-
scribe the deviations from the standard parameter set of Table II.

Parameter

U~d=l eV
6=2.5 eV

tpp =0
Ud, U —+ oo

—0.44
—0.4
—0.45
—0.26
—0.27

0.18
0.17
0.19
0
0.17

0.24
0.17
0.32
0.08
0.05

0.024
0.018
0.044
0
0.005

0.40
0.40
0.46
0.26
0.40

—0.10
—0.10
—0.13

0
—0.10

Cuz07

2.0
2.6
1.6
2.6
3.1

Cu, O,

2.0
2.6
1.5
3.0
3.3

ter, corresponding to the insulating materials, is just the
superexchange J. The Cu208 cluster calculation yields
the next nearest-neighbor superexchange ( JNNN ) and the
diagonal hopping integral t', describing the next nearest-
neighbor hopping of the singlet. If one neglects the oxy-
gen bandwidth (t =0), then this term is found to be
quite small and is due to the finite amplitude of the oxy-
gen Wannier states on nearest-neighbor Cu04 units. The
large value of t, however, gives a direct hopping matrix
element between singlet states on the next nearest-
neighbor Cu04 units. The values found from this rnap-
ping are given in Table III. For details we refer to Ref.
26. The value found for the singlet hopping t closely
resembles the results found in Ref. 25. However, the
value of t' found there is about a factor of 2 smaller than
our t'. This difference is due to the nonorthogonality of
singlets on neighboring Cu units. This nonorthogonali-
ty leads to a competing channel for next nearest-neighbor
singlet hopping via nearest-neighbor Cu units. In our
opinion the value to be used for t' depends on whether or
not one assumes the Zhang-Rice singlets to be orthogonal
in the further treatment of the problem. If we assume
them to be orthogonal, the value in Ref. 25 should be
used.

The important questions are: how good is the mapping
in the Cu207 cluster for both the even and the odd corn-
binations mentioned above on the exact lowest energy
states, how much Zhang-Rice triplet character is present
in the two states, how much other than x —y (i.e.,
3z r) orbital char—acter is present, and how large is the
dispersion of the Zhang-Rice singlet? The two lowest en-
ergy states in the Cu2O7 cluster are the states of A and
B,„symmetry (Dzi, point group). The amount of singlet
and triplet character is determined by the overlap in-
tegrals of the wave functions ~E, 1' ) and ~O, f ) for singlet
and triplet Zhang-Rice states with the exact eigenstates.
These values are given in Table IV together with the
amount of d 2 & in the exact eigenstates ( ( g. s.

~
in

Table IV denotes the exact numerical ground-state wave
function and (1~ the first excited state). The exact calcu-
lations are done for the full set of orbitals and also for the
reduced set of only the d & 2 and p orbitals (three-bandx —y
model). The mapping on the reduced basis is found to be

extremely good (overlaps as much as 98%). Using the
full basis we, however, find that for the excited state [an-
tibonding singlet state (0) or a k value near the Brillouin
zone boundary] the overlap is only 80%. This is due to
the admixture of the d & 2 orbital, found to be occu-
pied by about 10%.

The mapping of the trial wave functions onto the exact
eigenstates of the cluster can be visualized by calculating
their special distribution. This means evaluating the fol-
lowing spectrum or Green's function (in case of the bond-
ing singlet-spin combination)

I(co)= g [(f~B, l,s) ('S(~—Ef)
f

=1=—1m[(8, 1,S ~
0(co) ~B, g, S )],

where f denotes all possible three-hole final states. The
Green's function is evaluated by first evaluating the
three-hole Hamilton matrices numerically and then ex-
pressing the equation above as a continued fraction. In
a similar manner also the spectra distribution of the sing-
let antibonding and the triple trial-wave functions, as weH

as the photoemission spectrum are evaluated. The result
of this calculation is shown in Fig. 9. Figure 9(a) shows
the photoemission spectrum up to 12 eV below the Fermi
level for comparison. As can be seen, the singlet-doublet
(S D) bonding tr—ial wave function (b) gives a very good
representation of the lowest energy state found in the
photoemission spectrum (a). The admixture of triplet
character into the ground state is very small as can be
seen from Fig. 9(d). The small shoulder in (b) is due to
3z —r admixture. According to Table IV the singlet-
doublet antibonding wave function has only 80% overlap
with the second energy level in Fig. 9(a). This is evident
from (c) where quite some weight goes into the second
subpeak. This peak has 3z —r character and corre-
sponds to the Bi state in Fig. 1. From Fig. 9(e) it can be
seen that there is a small admixture of the ZR triplet in
the first excited state in (a). The last two curves show
that the triplet-doublet states do not represent eigenstates
of the Hamiltonian, as the spectral weight is found to be
distributed over many eigenstates. This is also found for
the reduced basis set. The corresponding 2

&
peak in
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TABLE IV. Overlaps between the trial wave functions themselves and between the trial wave func-
tions and the exact ground state lg. s. ) and first excited state

I
1 ) of the Cu, O, cluster. The last two

numbers give the occupation of the 3z —r orbital on a Cu site for the exact states.

I «, t, slL, t,s & I'

I &It, t,sII., t, r &I'

I&I«, t, TIl., t, r)l'

I & ~, t,si»l'
I &&, t, Tlg. s. ) I'

l&w, t, rli)l'
&g. s. In (d. . .)lg. s. )

& «in(d. . .)li)

Full basis
0.80
0.007
0.011
0.013
0.094

0.019
0.012
0.008

Reduced basis
0.98
0.008
0.014

«» I » I « I «» « I I I.«« I «««« I » «

d spectral wei

Fig. 1 is found at about the same average energy. An im-
portant point is that these triplet states are about 3.5 eV
higher in energy as the singlets, as already mentioned.

V. DISCUSSION

— (~)
S-D bond.

I—
C3
LLJ

S—D antib.

l—
Ld
CL

T-D bond.

T—D antib.

l I I I ) l I l I ) l l I I ) I I I ( ) I I I I ) I I I I ) I I I I

—12 -'IG -8 —6 —4 —2 0 2
E~ERGV (eV)

FIG. 9. The spectral distribution of the trial wave functions
for the Cu207 cluster as explained in the text. The singlet-
doublet bonding and antibonding spectral distributions are
shown in (b) and (c), respectively. The triplet distributions are
shown in (d) and (e). For comparison the d spectral weight
(photoemission spectrum) is shown in (a).

Let us first summarize what we found up to now. For
the Cu04 cluster we found a lowest energy singlet state
resembling the Zhang-Rice singlet in character and sym-
metry. As ZR also remarked, the corresponding triplet
state lies much higher in energy (about 3.5 eV). Figure l,
however, also shows that between the singlet and triplet
state there is a manifold of other symmetry states, where
the lowest is a triplet state involving a 3z —r hole. This
state is separated from the singlet by about 1.5 eV.

The influence of the large oxygen bandwidth ( = 5 eV)
was investigated using an impurity approach. Here we
found that, due to the large Cu-0 hybridization strength
the singlet is still stabilized by about 1 eV with respect to
the oxygen band edge. The internal structure of the oxy-
gen band was shown to be very important in this respect.

For the three-band model the spin and symmetry of the
low-energy states in the clusters containing two Cu atoms
were found to correspond to what is expected in a t-J
model. The dispersion of the singlet was estimated and
found to be very large (t =0.4 eV). We argued that the
t-J model, as a realistic model for the high-T, com-
pounds, needs an extension to a t-t'-J model, as t' is
found to be large because of the oxygen dispersion. The
mapping on the many-band model led to less good re-
sults, due to the admixture of 3z —r orbitals.

Returning to the amount of 3z —r character. Note
that there are two effects that we did not discuss here. In
the first place we neglected the crystal-field splittings be-
tween the different Cud orbitals and all c. energies were
taken to be the same. The strong stabilization of the
x —y orbital is in our calculation due entirely to the
large value of tpd The inhuence of orbitals other than
Cu 3d and 0 2p tends to favor the x —y orbital energeti-
cally even more, ' placing the 3z —r orbital about 0.5
eV higher in energy. In the second place we chose to
focus on the Cu02 planes, thus neglecting the apical oxy-
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gens, in order to keep the discussion general. These apex
oxygens have the opposite effect of stabilizing the 3z —r
orbitals. ' In the limit of a cubic surrounding of the
Cu, the point symmetry group of a Cu06 cluster is 0&
and the x2 —y and 3z r—orbitals are degenerate (e
orbitals). These effects will depend strongly on the posi-
tion and number of apical oxygens, and thus will be
dependent on the materials. Another important point is
that the x —y and 3z —r bands are mixed in the real
solid (which was symmetry forbidden for the small CuO~
cluster). This mixing will be strongest for k values close
to (m, O). For e&(x —y ) =e&(3z r) an—d along the line
k=(0,0) to (m, O), we have

n(d 2 p) r (x —y )

n(d3. 2 „2) tpa(3z' r')—
This would mean the 3z r is a—dmixed by about 25%
in the one-particle Bloch states for k values close to
(n, O). Grant and McMahan have recently shown, us-
ing a Hartree-Fock approach with limited configuration
interaction, that these 3z —r orbitals could be of quite
some importance for states close to the Fermi level.

Emery and Reiter (ER, Ref. 39, for related papers see
Refs. 49—51) have argued that especially the spin proper-
ties of the single-band model are not equivalent to those
of the three-band model. Their point is illustrated with
an exact solution of one oxygen hole propagating in a fer-
romagnetic lattice of Cu spins, in the limit of Uz, 5—+ ~
and ( Uz b, ) /t z larg—e. The solution consists of
Fourier-transformed local singlet states made out of a Cu
spin and a hole on the four oxygen sites surrounding the
Cu (states P; ). Therefore singlet states on neighboring
Cu units are not orthogonal to each other. ER show that
this solution consisting of nonorthogonal singlets can be
written approximately as a sum of (orthogonal) Fourier-
transformed ZR singlet and ZR triplet states and that
this mixing between singlets and triplets is as large as
50% for k=(n, m. ). This mixing of singlets and triplets
will then give rise to a finite spin (and nonzero spin-spin
correlation functions) on the oxygen, as opposed to the
zero-spin contribution from the singlet states in the one-
band model.

In the Cu207 8 clusters we compared the exact states
with nonorthogonal singlet and triplet trial wave func-
tions, a construction very similar to the exact eigenstates
found by Emery and Reiter. These states were found to
be a very accurate description of the low-energy states
and the admixture of (nonorthogonal) triplet states was
found to be very small (Table IV and Fig. 9). These re-
sults suggest that after inclusion of correlations on the
oxygen, the oxygen-oxygen hopping t and the effects of
the strong hybridization t z (leading to a significant redis-
tribution of charge from the Cu to the oxygen), the exact
eigenstates are still fairly well described by a wave func-
tion consisting of nonorthogonal singlet states in a spin
lattice, and thus very similar to the wave function found
by ER. This demonstrates the large stabilization energy
of the singlet states for a large part of parameter space.
Note that the "spin" state is now a strongly hybridized
wave function

I(((1),1& =~Id. 2 2 1&+Pl ,'(p-i+p2+p3+p4) 1&

and the singlet state also involves d and d ' L
configurations.

To study the amount of ZR triplet character (orthogo-
nal oxygen states) in the exact eigenstates, we also investi-
gated the Emery-Reiter limit U&, 6—+ ~ and
( Uz b)/t~z—large and t»~ =0. In this limit the hybridi-
zation is negligible and one can construct orthogonal
wave functions similar to the Zhang-Rice construction by
starting with orthogonal oxygen states (P;,i = 1 or 2) lo-
calized on the left (1) or right (2) Cu unit and then creat-
ing singlet-doublet trial wave functions with these. The
overlap of these states with the exact eigenstates is again
found to be very large ()98% ZR singlet
bonding/antibonding character for the ground/first ex-
cited state). The admixture of ZR triplets in the exact
low-energy states is very small in both cases (=1%).
The same good correspondence holds for the spin S, on
the central oxygen site in the cluster. For the nonorthog-
onal trial wave functions one finds S,= —1/18 for the
bonding state and S,=1/14 for the antibonding com-
bination. For the Zhang-Rice construction this is
S,= —1/20 and 1/20, respectively. This shows that also
the spin is not very different for both states in the cluster.
In general for the Cu207 cluster both the Zhang-Rice and
the nonorthogonal trial wave functions give an excellent
description of the low-energy states, in contrast with the
results of ER for large k values for the infinite lattice.
The reason for this is that in the Cuz07 cluster there is
only one neighboring Cu unit instead of four in the Cu02
plane. This means that singlets on neighboring sites feel
the orthogonality constraint only in a largely reduced
manner. Even without the central oxygen site one can
still construct a singlet state with a large stabilization en-
ergy using only other three 0 atoms around the Cu. To
our opinion these small clusters are therefore not suited
to estimate the amount of ZR triplet admixture.

As is shown above, the Zhang-Rice construction also
leads to a finite spin value on the oxygen site. A more in-
structive number is the spin divided by the occupation.
This is —1/6 for the bonding function and 1/2 (or maxi-
mal!) for the antibonding state for the central oxygen.
(Note that the spin of the orthogonal oxygen states P,. is
zero. ) Thus ZR singlets are not singlets in the sense that
all spin values and spin-spin correlation functions are
strictly zero) The reason for this is the nonorthogonality
of the P; states, leading to singlets which are not
separated in space. Therefore the spin operator S, will
couple singlet states on nearest-neighbor Cu units. This
also holds for the infinite plane. Using Eq. (8) of Ref. 39
which describes a normalized Fourier-transformed
Zhang-Rice singlet state

~ Pi, &, we find

cos( k, ) —cos( k» )

8N 2+cos(k )+cos(k )

&y Is.(p, )lg &= —
&P~ I~.(p. )lp& & .

Here p is the O2p orbital on one of the oxygens in the
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three-band model pointing towards the Cu and p~ the or-
bital on the second oxygen site. Thus apart from the ad-
mixture of triplets the ZR singlets themselves may lead to
a spin on the oxygens. The actual charge and spin distri-
bution behind the Zhang-Rice construction is far more
complicated than that suggested by the t-J model.

In conclusion, we have shown that "singlets" seem to
be the dominating objects for the low-energy physics, but
that one cannot speak of a clearly separated singlet band.

The high-energy states in the one-band model will over-
lap with states with symmetries other than x —y and
the admixture of 3z —r could be important. The states
of a three-band model (triplet excitations) that are not de-
scribed by the t-J or t-t'-J model are found to be very
high in energy and a manifold of other symmetry states
are found in between the singlet and triplet states. This is
why we would say that if single-band Hubbard is not ap-
propriate then neither is a three-band model.
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