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Theoretical analysis of the thermal conductivity of YBa2Cu3Q7 5 single crystals
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We analyze the in-plane thermal conductivity of single-crystal YBazCu307 z. Our theoretical fit pro-
vides an excellent description of the experimental data throughout the temperature range 10 K & T & 200
K. From this fit, we can extract information about the lattice microstructure and the electronic contri-
bution to the total thermal conductivity. Our calculations indicate that long-wavelength phonons, with

mean free paths of the order of the crystal thickness, contribute significantly to the thermal conductivity

up to -75 K. The phonon-electron coupling strength A, for the phonons which dominate in the heat-
conduction process is calculated to lie in the range 0.03 &A, &0.08. In addition, we extract a value of
(1.6+0.3)6&cs for the superconducting energy gap.

I. INTRODUCTION

The thermodynamic and transport properties of Cu-0
high-T, superconductors have been extensively investi-
gated in the past few years. The thermal conductivity K

is among a small group of transport measurements that
provide a nonvanishing signal even below the supercon-
ducting transition temperature T, . Heat conduction in
Cu-0 plane superconductors is typified by a dramatic in-
crease in the thermal conductivity as the temperature is
lowered below T, . Initial measurements on sintered sam-
ples indicated a peak in K near T, /2, with a value ap-
proximately 20% higher than the value at Tz. More re-
cently, this increase has been shown to approach 100% in
single crystals. ' Interestingly, the characteristic peak in
K is seen only when the temperature gradient is applied
parallel to the ab plane. As of yet, no observable change
near T, has been detected when the heat Aow is parallel
to the c axis. Tewordt and Wolkhausen have present-
ed a model that attempts to describe the thermal conduc-
tivity of Cu-0 superconductors in the context of the BCS
theory. Using this model they fit, with moderate success,
thermal conductivity data from sintered samples. Floren-
tiev et al. applied a similar model to their single-crystal
thermal conductivity data and found good agreement be-
tween theory and experiment for T & T, . In a later publi-
cation, Tewordt and Wokhausen extended their model
to include the possibilities of strong coupling and d-wave
pairing, and considered the effect of the structural anisot-
ropy on K.

In this paper we present a detailed analysis of the

thermal conductivity of single crystals of YBa2Cu307
measured recently. From a theoretical fit, we derive use-
ful information about the lattice and electronic transport
parameters. The lattice thermal conductivity dominates
the total thermal conductivity, and we illustrate graphi-
cally the relative contribution to the lattice thermal resis-
tance by the different phonon scattering centers, e.g. ,
crystal boundaries, lattice defects, electrons, and other
phonons (Urnklapp processes). Variations in the theoreti-
cal coe%cients from sample to sample are shown to corre-
spond to qualitative differences in the crystal microstruc-
ture. Perhaps surprisingly, we find that long-wavelength
phonons, with A-100 A at 77 K, dominate the heat
transfer process. Using the expression derived in Ref. 7,
the electron-phonon coupling strength of the phonons re-
sponsible for the heat conduction is found to be much
smaller than previously reported for Cu-0 superconduc-
tors, and we indicate reasons for this discrepancy. In ad-
dition, we suggest that the thermal conductivity is
enhanced by superconducting fluctuations near T, . Fi-
nally, we extract a value for the superconducting energy
gap.

II. THEORETICAL MODEL

The total thermal conductivity of a superconductor is
the sum of an electronic contribution K, and a lattice con-
tribution K:

K —Ke+K

The lattice contribution is expressed by the equation

k~
ic (T)= 2' U

3
OD /T

T3 dx

where

'(T, x,g)=8+D T x +D,fT x +ETxg(x, y)(1 —
g )

~ + UT x (3)
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Here r '( T,x, g ) is the total phonon relaxation rate, OD
is the Debye temperature, v is the phonon velocity, x is
the reduced phonon energy irido/k~ T, and y is the reduced
superconducting energy gap b, (t)/kti T, where t =T/T, .
The coeScients 8, D, D,f, E, and U describe the magni-
tude of the phonon scattering by boundaries, point de-
fects, sheetlike faults, electrons, and other phonons (Um-
klapp scattering), respectively. We have employed the
calculation by Tewordt and Wolkhausen in which they
take into account the anisotropy of the Cu-0 supercon-
ductors in deriving tr. The integration over g, where
g=cos8 is the polar angle with respect to the c axis, in-
corporates the anisotropy of the phonon-electron interac-
tion and momentum conservation in the ab plane. As de-
scribed in Ref. 7, the coefficient E (related to the
coefficient y of Ref. 7) is directly proportional to the
phonon-electron coupling constant, and the function
g (x,y) contains the information regarding the supercon-
ductivity of the sample.

More specifically, g(x,y) is equal to the ratio of the
phonon-electron scattering times in the normal and su-
perconducting states, w", /H, . It is the dramatic decrease
in r~, /H~, that leads to the marked increase in the
thermal conductivity of high-T, superconductors as the
temperature is lowered below T, . This ratio has been de-
rived by Bardeen, Rickayzen, and Tewordt for BCS-type
s-wave pairing and more recently by Tewordt and
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Wolkhausen for the d-wave pairing case. The latter au-
thors suggest that thermal conductivity data can be more
closely fit with the d-wave model. We find, however, that
the s-wave model provides an excellent description of our
data and is the form that will be used throughout this dis-
cussion. As in Ref. 7, we employ a scaled superconduct-
ing energy gap, h(t) =yhBcs(t), where y is a constant.

We can gain insight into the form of the electronic
contribution to the thermal conductivity by examining
the electrical resistivity p. In high-T, superconductors,

p in the normal state is a nearly linear function of T.
Thus, by invoking the Wiedemann-Franz law, we can ap-
proximate the temperature dependence of the electronic
thermal conductivity to be a constant above the super-
conducting transition temperature. Below T„however,
the charge carriers condense into Cooper pairs, which do
not transfer heat. The temperature dependence of K, for
T & T, is very different depending on whether the elec-
trons are scattered predominantly by defects or predom-
inantly by phonons. " We cannot fit our data if we as-
sume the former case (Eq. 1.5 of Ref. 11), which yields a
more gradual decrease in K, below T, than the latter
scenario. We adopt, then, the description where phonons
are the dominant electron scatterers. This case has been
investigated in detail by Tewordt' and Geilikman,
Dushenat, and Chechetkin, ' and they derive expressions
for the dependence of K, on T, which are very similar to
one another. In our study we have employed the results
of Geilikman, Dushenat, and Chechetkin' in which they
have tabulated K', /K,",the ratio of the electronic thermal
conductivity in the superconducting state and normal
states, as a function of the reduced temperature. As with
the lattice contribution to K, we employ a scaled energy
gap, where b, (t)=yAacs(t). The electronic contribution
is then estimated as

K, T&T,

TABLE I. Coefficients of Eqs. (2), (3), and (4) used to fit sam-
ples 1, 1A, and 2 as shown in Fig. 1.

Sample

0 50 100 150 200
T(K)

FIG. 1. Experimental data and theoretical curves showing
the thermal conductivity of three YBa3Cu307& single crystals.
Fitted coefficients are given in Table I. We have removed a
large portion of the experimental data in order to show the
trace of the theoretical curve more clearly.

where E is a constant.
We combine Eqs. (1)—(4) in order to fit the data, and

we find excellent agreement between the theoretical curve
and experiment. The results are illustrated in Fig. 1, and
the respective fitting coe%cients are listed in Table I.
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III. DISCUSSION

The details of the experimental technique are presented
in an earlier publication in which we also describe the
effects of a magnetic field on the thermal conductivity.
Sample 1 and sample 2 correspond to identically desig-
nated samples in Ref. 2. Sample 1A is sample 1 after a
large strain has been applied to it. (Sample 1 actually
broke in a large magnetic field, while rotating the field.
Fortunately, the break was at the base of the sample, and
we were able to remount it, labeling it sample 1A.)

For T)T, the fit rejects the slow decrease in ~ due to
the increase in phonon-phonon Umklapp scattering as
the temperature is raised. The curve, however, lies
slightly below the data for T) —170 K and for
T, & T & —125 K. This deviation can be explained in the
following way. For T) —170 we expect the data to
difFer from the true value of the thermal conductivity due
to radiation effects. By wrapping a resistive wire around
the sample radiation shield, we were able to vary the tern-
perature difference between the sample and the sample
surroundings. In so doing we found that, in our experi-
mental configuration, radiation effects become noticeable
near 170 K and lead to about 10% error in a at 200 K.
This process is reflected in Fig. 1, where the data, un-
corrected for radiation loss, lie artificially high due to the
radiation contribution above —170 K.

In the range T, & T & 125 K we are assuming in our
model that the electrical resistivity varies linearly with
temperature. A closer analysis of resistivity measure-
ments, however, indicates that for T & —120—150 K, the
resistivity lies somewhat lower than a linear extrapolation
from higher temperature values. ' This is attributed to
superconducting fluctuations in which a small fraction of
the electrons condense into Cooper pairs even above T, .
Although this process will act to decrease the electronic
contribution to the thermal conductivity, the large in-
crease in ~ below T, attests to the fact that the removal
of conduction electrons from the system leads to an in-
crease in the total thermal conductivity. This is due to an
increase in the phonon mean-free path, and hence an in-
crease in the lattice thermal conductivity. By ignoring
fluctuation effects in our model we can then expect the
theoretical curve to underestimate the data in this range.

Below T„ the model describes the data extremely well.
As the sample enters the superconducting domain, two
competing contributions determine the slope of the in-
crease in ~. The electronic contribution will fall steeply
as the temperature is lowered below T„while the lattice
contribution will increase rapidly. To successfully fit the
data, there is a window of values that the coefficients
which affect the shape of the theoretical curve in this
temperature range, K, E, and y, may have. A large K,
corresponding to a large electronic contribution,
lowers the slope of the increase in ~ below T, . We find
that a significant electronic contribution is required to fit
the data, for example, K =4.4+1.1 W/m K for sample 1,
or -30% of the total thermal conductivity. Invoking
the Wiedemann-Franz law, this implies an electrical
resistivity p=60+20 pQ cm, which is consistent with the
directly measured value of p for similar specimens.
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FIG. 2. Theoretical fits for sample 2 illustrating the depen-
dence of ~ on the values of the coefficients: (a) g and (b) E. The
solid line is determined by the coefficients in Table I, while the
dashed and dot-dashed lines are obtained by varying the
coefficients as indicated in the figures.

The theoretical curve is very sensitive to the scaled en-
ergy gap coefficient g. With a larger gap, the electrons
condense more rapidly with decreasing temperature. As
indicated in Fig. 2(a) this leads to a steeper increase in ~,
a wider hump below T„and a shift in the peak to higher
temperature. We place bounds on the value of g to satis-
factorily fit our data at y=1.6+0.3. The magnitude and
nature of the superconducting energy gap is at present a
subject of great interest. For instance, Kresin and Wolf'
propose that there are two distinct energy gaps in
YBa2Cu307 & caused by the presence of overlapping ener-

gy bands. They cite a number of investigations, which
have demonstrated the presence of two gaps. For exam-
ple, Knight-shift studies indicate' superconducting ener-
gy gaps associated with the chains and planes of the or-
der 25,&/k&T, =3.5(g= 1) and 2b, &/k&T, =5+1
(g=1.4+0.3), respectively. Anlage et al. ,

'7 using a mi-
crostrip resonator technique, find that their data is well
described by a single energy gap for T) T, /2 with a
value of 2b, /kzT, =4.5+0.25 (y=1.3+0.07). In the
context of Ref. 14 this large gap value would be associat-
ed with the Cu-0 planes. Similarly, our study, where the
theoretical curve is sensitive to the value of g for
T) —T, /2 [see Fig. 2(a)], indicates that the phonons re-
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sponsible for in-plane heat transport couple most
effectively to electrons whose superconducting gap ener-

gy is approximately 2A/kz T, =5.6+1.1.
Our fit suggests that phonon-electron scattering, as

refiected in the term ETxg(x, y), is large for T )T, and
then falls off rapidly for T & T, as the carriers condense
into Cooper pairs until the contribution is negligible near
T, /2. The magnitude of E thus determines the relative
increase of the thermal conductivity below T, as com-
pared to the value at T, [see Fig. 2(b)]. E is directly pro-
portional to the electron-phonon coupling constant A, ,
and ideally one can extract k from a theoretical fit of this
type. Tewordt and Wolkausen derive the following
equation to relate E and A, (adjusted for the different nor-
malization of the phonon-electron scattering rate
coefficient used in this study):

2 a
A, =—t—E,

v
(5)

where a is the unit cell length, t is the effective hopping
matrix element for a two-dimensional tight-binding band
of electrons, and v is the phonon velocity. Obtaining A,

from E in this manner is complicated by the fact that
there is more than one combination of parameters that
yields an acceptable fit of the data, and, as a result, each
coefficient has a range of possible values. For sample 1A,
we find that E can vary from 1.3X10 K ' sec ' to
3.1X10 K ' sec '. Using a=4 A, v=5000 m/sec, '

and t =5000 K in Eq. (5), this corresponds to a coupling
strength in the range 0.03 & A, &0.08.

Values of A, -0.5 and 0.6 have been reported by
Tewordt and Wolkhausen for sintered YBa2Cu307 &

and
by Morelli et al. for single-crystal La2 Sr CuO, re-
spectively. These values are clearly much larger than the
value that we report for single-crystal YBa2Cu307 &. We
have, however, reevaluated the data used in the above-
mentioned investigations and arrive at significantly lower
values. For sintered YBa2Cu307s (the data of Uher and
Kaiser, ' also fit in Ref. 7), we find 0.04(A, (0.34. This
range is found by setting the coefficient for the electronic
thermal conductivity w„and the Umklapp scattering
term U to zero (corresponding to the situation of Ref. 7)
and allowing all other coefficients to vary until a curve,
which describes the data qualitatively as well as that re-
ported in Ref. 7 is achieved. In Ref. 7, the value of the
boundary scattering limited mean free path Lb at which
the authors arrive is an order of magnitude smaller than
they expect. To accommodate this, they decrease the
coefficient in the equation of the lattice thermal conduc-
tivity, Eq. (2), by a factor of l0 to obtain a different value
for the boundary-scattering term, which corresponds to
their desired Lb. Such a modification, in turn, increases
the value they derive for A, by a factor of 10. We note,
however, that, as described below for the single-crystal
data, we find that the coefficient 8 for the ceramic data
has a large range of acceptable values. We also note that
there is a broad distribution of crystallite sizes, which will
lead to uncertainty in the extraction of the boundary-
scattering-limited mean free path. Because of these other
possible sources of error in Lb, we do not believe that a
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FICx. 3. Lattice thermal resistance (solid line) of sample lA.
The numbered curves indicate the lattice thermal resistance re-
sulting when the following individual phonon-scattering terms,
removed: I boundaries, II point defects, III sheetlike faults, IV
electrons, and V other phonons (Umklapp scattering).

modification of Eq. (2), such as made in Ref. 7, is neces-
sary, and we do not modify it in our analysis. For the
La2 Sr„CuO„single-crystal data of Ref. 5, we find
0.004& A, &0.01, also much smaller than the value origi-
nally reported.

Reanalysis of the sintered YBa2Cu307& and single-
crystal La2„Sr„CuO„data thus leads to values of the
electron-phonon coupling strength that are much smaller
than originally reported, and these values are consistent
with the coupling strength we calculate for single-crystal
YBa2Cu307 &. We stress that this value, 0.03 & A, &0.08,
is associated with the phonons responsible for the heat
transport, i.e., with longitudinal-acoustic phonons of long
wavelength, as will be shown below. We also note that
the magnitude of I, is dependent on the applicability of
Eq. (5).

One of the goals of this study is to determine which
types of scatterers are most prominent in our crystals.
By observing the form of the thermal resistance with a
given scattering center removed, we are able to examine
the relative importance of the various scattering mecha-
nisms in different regions of the temperature range. Such
a process is indicated in Fig. 3. Here the total lattice
thermal resistance of sample 1A, fit with the coefficients
given in Table I, is shown by a solid line. We then illus-
trate what the lattice thermal resistance would be if vari-
ous phonon scattering centers were totally removed, thus
indicating their relative contribution to the total lattice
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thermal resistance. In this manner-we find that (I) point
defects are a dominant phonon scatterer in the entire
temperature range; (2) electrons are a major phonon
scatterer, second only to point defects above T„and
inAuence the Aow of phonons at temperatures as low as
40K; and (3) boundary scattering is significant up to
T-75 K. We note that we did not find it necessary to in-
clude a tunnelling-state ' scattering term in order to ob-
tain a good fit in the temperature range investigated.

For T & —T, /2, phonons are scattered predominantly
by the crystal boundaries and lattice defects. Hence the
coefficients B, D, and D,&

determine the shape of the
theoretical curve in this temperature range. These
coefficients are determined by the microstructure of the
sample, and thus their magnitudes provide insight into
the degree of perfection of the crystal. For boundary
scattering

where L is the smallest dimension of the crystal. We are
able to obtain excellent fits to the data using values of B
that correspond to the thicknesses of the various samples.
It should be noted that of all the adjustable parameters B
has, for a given sample, the widest range of acceptable
values. This suggests that a large crystal with a greater
concentration of defects can yield a thermal conductivity
curve nearly identical to that of our smaller crystal with
less defects.

The existence of significant boundary scattering for
T) 10 K may, at first glance, seem surprising. A quick
calculation of the phonon mean free path (MFP) I using
the kinetic equation for the thermal conductivity of a gas
to describe the lattice thermal conductivity,

(7)

and using specific heat data of other investigators yields
0.007 pm&i &1 pm for 10 K& T & T, . This value of l is
orders of magnitude less than the crystal width, and
hence one might naively assume that K should be
unaffected by the boundaries of our crystal. This
discrepancy can be explained as follows. As Fig. 3 indi-
cates, point defects are the major source of scattering in
our single-crystal specimens. Because the frequency
dependence of the MFP for scatterers of this type is very
strong, l ' ~ ~, phonons of high frequency are dispro-
portionately afTected, leaving a large part of the heat con-
duction to long-wavelength phonons with larger mean
free paths. By evaluating the integrand of Eq. (2), the
wavelength of the phonons that dominate the heat trans-
port process can be calculated, and we find at 77 K a
value of —100 A. The MFP of these phonons is -5 pm,
in contrast to the value of 0.01 pm, which one derives
from Eq. (7) at this temperature. In addition, phonons
with MFP's as large as 50 pm make a non-negligible con-
tribution to the integral. The "average" mean free path
derived from Eq. (7), then, does not reIIect the impor-
tance of long mean-free path phonons. A thorough dis-
cussion of this phenomenon was presented by Savvides
and Goldsmid in a study of the thermal conductivity of

irradiated silicon.
Ideally, one can extract the concentration of point de-

fects and sheetlike faults from the values of the
coefficients D and D,&, respectively. However, the appli-
cation of theoretical models predicting the magnitude of
~ as a function of the concentration of defects is normally
fraught with difficulties and estimates of this kind are
typically not reliable. ' It is, however, interesting to look
at the changes in D and D,&

from crystal to crystal, since
these coefficients are proportional to the point defect and
sheetlike fault densities. ' As discussed above, sample 1A
is sample 1 after a large strain has been applied to it.
Given the planar nature of the single crystals, we expect
that a large strain will introduce sheetlike faults
throughout the crystal. The theoretical fits of the data
for samples 1 and 1A support this proposition. To suc-
cessfully fit the data for sample 1A, all the coefficients
from sample 1 can be retained except for the term that
describes the scattering of phonons by sheetlike faults
(Table I). Only by increasing the coefficient D,r can we
decrease the thermal conductivity by the appropriate
amount throughout the entire temperature range. Note
in the figure that the shift of the maximum value of ~ in
the data to a higher temperature is also perfectly
matched by the adjustment of D,&. Such consistency be-
tween the theoretical fit and the microstructure of the
crystal provides further confirmation of the applicability
of the model.

We see the same sort of consistency in the parameter
D, which characterizes point-defect scattering. Sample
2 is a specimen with an oxygen content of 6=0. 16, slight-
ly higher than the value of sample 1, where 6=0.1. We
thus expect greater point-defect scattering in sample 2.
This is evident in both the generally lower thermal con-
ductivity of sample 2 and the value of the coefficient D,
which is larger for sample 2. Of course other defects, for
example disorder in the cation layers and missing atoms
from atomic sites other than the oxygen sites, will also
contribute to phonon-point-defect scattering.

IV. CONCLUSION

In summary, we have described the thermal conduc-
tivity of single-crystal YBa2cu3O7& exceptionally well
with a theoretical expression based on the model intro-
duced by Tewordt and Wolkhausen. Small deviations be-
tween the data and the theoretical curve are attributed to
superconducting fluctuations and radiation losses. We
show the relative importance of the diA'erent scattering
processes [boundaries, point defects, sheetlike faults, elec-
trons, and other phonons (Umklapp scattering)j in the
temperature range 10 K & T & 180 K. Perhaps surpris-
ingly, we show that the thermal transport is dominated
by long-wavelength phonons and that phonon-boundary
scattering is significant up to T-75 K. The phonon-
electron coupling strength for these phonons is calculated
to lie in the range 0.03 & X & 0.08, and we believe the pre-
vious estimates of X derived from thermal conductivity
studies are an order of magnitude too large. In the con-
text of an s-wave pairing mechanism, we find a significant
electronic contribution to the thermal conductivity



THEORETICAL ANALYSIS OF THE THERMAL CONDUCTIVITY. . . 9513

(-4.4 W/m K or about 30% of the total thermal con-
ductivity at T, ) and find that the dominant electron
scatterers are phonons. Finally, we arrive at a value for
the superconducting energy gap of (l.6+0.3)b,Bcs( T).
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