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Effect of the nonparabolic mass on the electron confinement in arbitrarily shaped quantum wells
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A numerical technique for the calculation of electron eigenstates in one-dimensional potential profiles
has been improved by including the nonparabolicity of electrons and the material dependence of effective
mass in heterostructures. The method is demonstrated for GaAs/Al„GaI As quantum wells, showing
its effectiveness and excellent agreement with experiment. It was found that the magnitude of the
effective mass and the nonparabolicity have a significant inAuence on the confinement energy, especially
for narrow wells.

Over the past few years, considerable interest has
developed in semiconductor quantum-well (QW) and su-
perlattice structures because of their physical properties
and the potential for electronic and optoelectronic device
applications. The physics of quantum-well devices
strongly depends on the position of localized states, as
well as transitions between confined states and their
response to outer fields. The corresponding wave func-
tions are governed primarily by the shape of the paten-
tial, but also the electronic structure of the material in
the well and barriers. In real device structure the poten-
tial shape as well is usually modified by an applied elec-
tric field or optic excitation.

In the epitaxial growth of a heterostructure the physics
behind it is reduced to thicknesses and compositions of
the material layers. Small deviations from the desired
structure due to Auctuation in growth parameters intro-
duce a modification of the wave functions. Therefore ac-
curate calculation of eigenstates for quantum wells with
arbitrary potential profiles is needed not only to relate the
growth of a layered structure to the position of confined
levels, but also to model devices. Furthermore, it is desir-
able to avoid heavy computer calculations, which are
necessary for first-principles calculations. In this paper
we employ a numerical method to calculate the wave
function and relate confined levels in an arbitrarily
shaped quantum-well structure using a material-
dependent effective mass including electron nonparaboli-
city effects.

Several theoretical models, such as variational, '
transmission matrices, ' Monte Carlo, and phase-shift
techniques, ' have been applied to find the confined lev-
els in wells subject to an applied field. The variational
method of Bastard is widely used, but its accuracy and
region of validity have been questioned. ' Monto Carlo
calculations used by Singh are also based on the varia-
tional principle. Although ground states can be calculat-
ed by the variational methods, they are not convenient
for excited states. Recently, a numerical technique was
developed by Bloss. He converted the Schrodinger equa-
tion into a set of first-order differential equations, which
easily can be solved numerically. But a constant effective
mass was used in his calculation for the whole structure
of QW's, despite the fact that he has mentioned that

position-dependent masses can be incorporated in his nu-
merical procedures. In reality the effective mass should
not only depend on the constituent layers, but also in-
clude nonparabolicity effects' of electrons in the conduc-
tion band, especially for narrow quantum wells.

To calculate the confined levels we start from the
efFective-mass equation within the envelope function
framework, "

—(th' /2)[(l /m*)g']' +V(z)Q=EQ,

with the boundary condition g and lb'/m * being continu-
ous at the interfaces. Here the effective mass is position
and energy dependent, m *=m *(z,E), and V(z) is an ar-
bitrary one-dimensional potential. By defining Y&=g
and Yz=f'/m ", we convert Eq. (l) into two first-order
differential equations

Y'] =m*Y2,

Y2 =2[ V(z) —E]Y, /R

(2)

m*/mr* =(I+aE), (4)

where m i- is the effective mass in the I point, a is a con-
stant, and E is the energy above the conduction-band
(CB) edge. In Bastard's three-band calculation, ' Kane's

The potential V(z) = Vo(z)+eFz where Vo(z) is an arbi-
trary potential and F is an applied electric field. To cal-
culate the eigenenergies and eigenfunctions we solved this
set of equations by the standard numerical procedures
used by Bloss; here /=0 at boundaries which are
sufficiently far away from the well so that the position of
the boundaries do not inhuence the confined levels. A
calculation was made for a square GaAs/Al Ga& As
single quantum well (SQW), using the mass to be de-
scribed in Eq. (5) and F=O. The result obtained was
found to be the same as for the three-band Bastard mod-
el. ' The calculation is shown in Fig. 1, illustrating a
SQW structure with confinement energies and the square
of the wave functions

~
g(z) ~

.
In the evaluation of quantum-well electron

confinement energies, nonparabolicity effects have been
included in the effective mass for the well material m ' in
different ways. The lowest-order correction is
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FIG. 1. The conduction and valence band for a
GaAs/Al Ga& As single quantum well. Electron and hole
confinement energies and the square of the ground-state wave
functions are shown. The parameters used in the calculation
are shown in the figure.

the whole structure as Bloss. As shown the error is
significant (one example of the error shown by Kim, Gus-
tafson, and Thylen' for a single GaAs/Ale 3Gao 7As QW
with a well thickness of 100 A is consistent with our re-
sult), especially for narrow wells. However, the energy
differences obtained by different position-dependent
masses are small. Equations (4) and (5) as well as the sim-
ple parabolic mass can be used with good accuracy for
GaAs/Al„Ga, ,As QW's. Evidently, Eq. (6) creates a
result that is significant for narrow quantum wells, more
than 2-meV correction for wells below 50 A. For a QW
composed of other narrow-band-gap materials where the
nonparabolicity effect is more significant, Eq. (6) is ex-
pected to create a result having an obvious difference
from that given by other mass formulas.

Figure 3 shows wave-function and confined energies
for a coupled double-quantum-well structure for the cases
with and without an applied field. Here the coupling of
the wave functions split the ground state into two levels.

1.5

bulk dispersion relation' was used to give the effective
mass

m*/m f.

=(mo/mt-)[1+ ', moP /[2/(E— +E )

1.4

1.3

1.2

+ 1/( E +Eg +b... ) ] j

(5)
1.0 parabolic

where P is Kane's matrix element' (describing the cou-
pling between the valence and conduction bands), E is

the band gap, and 6, , is the spin-orbit split energy.
Later, Ekenberg proposed a more accurate formula for
the effective mass, '

0.9

25

0.1

I I

0.2
E (ev)

0.3

m*/mr*=[1 —(1 4aE)'~ ]/2a—E, (6)

in which the parameter eo was determined' from a 14-
band k p calculation, where a= —(2mr*/R ) ao=0. 642
eV ' for GaAs. We compare these three cases for GaAs
in Fig. 2(a). As shown, the difference between them is
small at a low confinement energy, so the simple Eq. (4),
which is actually the second-order expansion of Eq. (6) by
aE (aE « 1), is good enough for E & 50 meV. At higher
energies the difference increases and is more than 5% at
100 meV above the CB edge. As shown in the same
figure, the contribution given by Eq. (6) increases strongly
above 100 meV compared to the simple nonparabolic
corrections. To illustrate the inhuence of the position-
dependent and nonparabolicity masses on the level of
electron confinement energies, we made a series of calcu-
lations on GaAs/Al Ga, As quantum wells. In Fig.
2(b) shown is the difference between the electron ground-
state energies when using (i) nonparabolic masses [Eqs.
(4)—(6)] as well as the position-dependent parabolic mass
for the well material (nonparabolicity correction for the
barrier material was neglected because of its minor con-
tribution to the final results) and (ii) a constant mass in

20 -'"'
(6)
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FIG. 2(a). Comparison of variation in the ratio m*/mz. as a
function of confinement energy E in a GaAs/Al„oa, As
quantum well. Here mz is the electron mass at the GaAs
conduction-band-minimum. Numbers refer to the equations in
the text. (b) The deviation hE of the electron ground-state ener-
gy, with reference to a position-independent mass, as a function
of the GaAs/Al„Ga& „AsSQW thickness. The numbers refer
to Eqs. (4)—(6) and the case for the parabolic mass is shown by
the dot-dashed line.
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FIG. 4. Theoretical curve (solid line) and experimental points
of the luminescence peak shift (Stark shift) for a
GaAs/Al Ga& As single quantum well (L =160 A) at a tern-
perature of 5 K, from Ref. 16. Inset: the calculated energy shift
of ground-state electron and heavy-hole confinement energies
(with reference to the midpoint of the well) as a function of the
applied electric field.

FIG. 3. The same as in Fig. 1 for (a) a coupled
GaAs/Al„Ga& As double-quantum-well structure and (b) un-
der an applied electric Aeld.

An applied field reduces the coupling and localizes the
probability distribution of the wave functions to different
sides of the wells. The infiuence on the SQW lumines-
cence peak (Stark shift) is modeled in Fig. 4, showing
good agreement between our calculation (solid curve) and
the experimental points' (open circles), where the exci-
ton binding energy was not involved because it is small.
The inset in Fig. 4 shows the shift of the ground-state

electron and heavy-hole confinement energies (E, andE„„,respectively) as a function of applied electric field.
From this we conclude that the method gives a very ac-
curate prediction of both position of confined energies
and the relative occupancy

I
%(z)

I
of an electron (or

hole).
By using the wave functions obtained f, (z) and gh(z),

the 1Sexciton binding energy can also be included in our
method by a variational treatment. ' ' Here the exciton
binding energy can be obtained by the minimization of
the variational energy E(a) with respect to a:

g2 2 4 2 2

E(a) = — f dz, f dz+x/r, (z, )@h(z+ )Iz, —
zl, I

—
I Hi(2aIz, —z+ I) —Xi(2aIz, —

zh I)]—1

where p is the two-dimensional (in-plane) exciton reduced
mass, ~ is the static dielectric constant, and H& and N&
are first-order Sturve' and Neumann functions, respec-
tively.

In summary, we have improved a numerical technique
for the calculation of arbitrarily shaped quantum wells by

including material-dependent effective masses and non-
parabolicity effects. The application of this method to a
QW subject of an applied electric field has given good
agreement between our calculation and the experimental
data, even if some factors were neglected, such as exciton
binding energy and the mixing effect of bulk I and X
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states ' ' [which has been proved to be negligible for iso-
lated wells in electric fields (0—5)X10 V/cm]. This
method is comparatively simple and effective for general
use without very extensive computer calculations. More-
over, we find that the use of a constant (position-
independent) mass causes a large error, especially for nar-
row wells. Ekenberg's mass formula, ' from the 14-band

0k.p calculation, must be used for narrow, less than 50 A
wide, GaAs/Al Ga& „AsQW's or excited states.
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