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We show that in polar semiconductors near a quantum we11 a mixed phonon-plasmon vibration can be
localized. The dispersion of the vibration is investigated for the simple case where one can neglect the
difference of the lattice properties within and outside the well. The magnetic-field dependence of the
dispersion law is discussed. Under the same conditions, we have analyzed penetration of a longitudinal
electric field of a polar optical vibration into a quantum well. It appears that dynamical screening de-
creases considerably the field within the well. We give physical reasons for the decrease and come to the
conclusion that in most cases of interest the localized vibrations are more effective scatterers of the con-
duction electrons of the quantum well than the bulk optical phonons. This can explain the observed
shift of the magnetophonon resonance in the quantum wells.

I. INTRODUCTION

The purpose of the present paper is to investigate
theoretically dynamical screening of polar optical pho-
nons by the electrons of a quantum well. Knowledge of
the details of this screening is of basic interest for under-
standing many physical phenomena. Among these one
may name transport phenomena both in the absence and
especially in the presence of an external magnetic field,
and various aspects of the hot-electron problem.

In this paper we shall investigate two effects brought
about by the interaction of a two-dimensional electron
gas (2DECs) with polar optical phonons. We shall show
that the interaction between bulk optical phonons and
20 plasmons leads to the localization of coupled
phonon-plasmon excitations in the plane of the quantum
well. The frequency of such a coupled excitation differs
from the limiting frequency of a longitudinal optical pho-
non QI. A brief discussion of this effect has been given by
the authors in Ref. 1.

Another effect of by no means less importance is the
variation of the space-coordinate dependence of an opti-
cal vibration within the region of a quantum well. There
is no alteration of the frequency of such a vibration due
to interaction with the electrons, as the electrons are as-
sumed to occupy only a small part of the whole volume.
We shall see, however, that as a result of the interaction
the scattering of the electrons by the bulk optical pho-
nons can be substantially suppressed.

In the present paper we are going to discuss these two
effects in detail. We shall exploit the simplest model that
permits us to investigate these effects. We assume that
the lattice properties of both components of the hetero-
structure are the same. It means that the phonons in-
teract only with the electric field produced by the elec-
trons of the quantum well. This means that we disregard
another possible mechanism of localized phonon forma-

tion. By that we mean formation of localized phonons
near a border between two different substances that have
different dielectric and lattice properties, or phonon
confinement between such borders.

II. POLARIZATION OF AN ELECTRON GAS
IN A QUANTUM WELL

Working out a theory of dynamical screening of an op-
tical vibration one should make allowances for the ab-
sence of homogeneity in the system. Let us consider a
response of the electrons to an external perturbation
whose potential has the form

y(r) =P(z)e

Here the z axis is assumed to be perpendicular to the
plane of the quantum well xy, whereas the wave vector q
and vector r~ are within the plane of the quantum well.

The unperturbed states of an electron in a quantum
well are characterized by the one-particle wave functions

(2)

Here S=L„L is the normalization area, and g, (z) are
orthogonal and normalized wave functions describing
electron motion across the well.

We confine ourselves to the first approximation in the
electron-electron interaction. In this approximation the
excess electron density due to a potential cp is given by

5p(r)=e g ( j~P(z)~i)P,*(z)g (z)II, (co, q)e

Here ~i ) =—g, (z), and llz(q, co) are elements of the 2DECx
polarization operator matrix. In the absence of a mag-
netic field the matrix has the form

8825 1991 The American Physical Society



8826 V. L. GUREVICH AND K. E. SHTENGEL

2[n, (k —q) —n (k)]d k
II; (co, q)= j [Ei(k ) —E;(k —q) —fico —i 5 ](2ir )

(4)
1 ik„x

+i,N, k (r)= 0 (z)Xiv(y yo)e
x

where n;(k) and E;(k) are the occupation number and
the energy in the state ~ik), respectively. The expression
for II»(q, co), the polarization operator of a 2DEG, for
the case of Fermi statistics is well known (see, for exam-
ple, Ref. 2).

Here we shall be interested in the case of Boltzmann
statistics. In the region q «qr —=+2mkii T /iii we have

where pic(y) is the wave function of a harmonic oscillator
with the quantum number N, yo = —l k, l =&cfi/eH.

The polarization operator for a 2DEG is in this case
given by

II;.(q, co)

(i) 2

II;;(q, co) = — for q «co/ur,
mco

n (i)

II;;(q, co) = for q ))co/u&,
k, T

(Sa)

(sb)

0 ~ o fico& ( M N) +6 i fi( co + i 0 )

Here n; N is the occupancy of the Nth Landau level be-
longing to the ith subband:

where n," is the 2D electron concentration in the sub-
band i. The full 2D electron concentration is in this case
given by

M!F ( ) QN
—M —Q[LN M(Q)]2 f—or N &~

+f
FM+(q) =+~M (q) for N & M

LM ( Q) are the generalized Laguerre polynomials,
Q=q l /2.

For a nondegenerate electron gas our calculation gives
For oF-diagonal elements II;, (q, co) we have, for i (j,

kii T « b ... q « qr, and q «
~ D,J @co~ /—uzi',

n (i)

II; (q, co)=
lj

(i) —Xa (j) Na

II; .( q, co ) =exp( —Q cotanha )
b, ;.—fi co —¹o,(6a)

—5),. /k~ T
n, = gn,"=n,"'pe " where b,; =E E; . —.

n (i)

II;(q, co) =
Aij +Aco

(6b)

One can see that for kii T &(b,&, II; (q, co) are exponen-
tially small as compared to II&J(q, co). Under this condi-
tion the induced charge density can be written as

5p(r)=e g (j~p(z)~1)p&(z)itj (z)II& (q, co)e
J

XIN
sinha

(10)

4n()
II;;(q, co) = exp( —Q cotanha)

where a=Am, /2k~T, co, =eH/mc. For i =j we have

where

No),
X g sinh(Ncr )IN

N=& X CO CO sinhc

II»(q, co) = II»(q, co), II».(q, co) = II&, (q, co)+IIJ,(q, co) .

In the presence of external magnetic field H~~z the elec-
tron wave function in the Landau gauge A=(Hy, 0,0) is
given by

The case of degenerate electrons has been considered in
Refs. 3 and 4. It is interesting to compare Eqs. (10) and
(11) with the corresponding equations for a 3DEG (see
Refs. 13 and 14):

2n
ImII(q, co) =&sr exp —Q~cotanha—

2
qz . %co

sinh N
2g T 2k' T N sinhcx

exp
(Nco, —co)

2 2
gz VT

(12a)

ReII(q, co) = exp( —Qicotanha) g e IA" . [II'(x+ )+ W(x )] .
sinhc

(12b)
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Here

q fl A'q, /2m+co+ Nco,

Iq, Iv,
X+=

W(x)=exp( —x )f exp(u )du .
0

It is worthwhile to note that in the 2D case, in contrast
to 3D one, there is no Landau damping of plasma oscilla-
tions. In other words, the polarization operator is real.
This is due to the fact that the average electron velocity
along any direction vanishes for a 2DEG. At the same
time in the absence of magnetic field at q =—co/vz the po-
larization operator has a considerable imaginary part.

Note also that in the presence of magnetic field for
ql «1

n "q l co,
II,;(q, co) = ~ q

fi(co, —co )

i.e., it is proportional to q as in the absence of magnetic
field. The quadratic dependence at small q is due to the
term I,(Q/sinha). The term with Io(Q/sinha) vanishes
as it enters along with sinh(Na). For the same reason
II; (q, co) IEqs. (12)] are finite at q=0 as this time the term
with N=O is also finite.

III. COUPLED PHONON-MAGNETOPLASMON MODES:
CONFINEMENT OF THE COUPLED MODES

NEAR A QUANTUM WELL

A. Phonon-plasmon excitations at 8=0
We wish to investigate principal characteristics of

dynamical screening of polar optical phonons by a quasi-
two-dimensional electron gas. For this purpose, we shall
investigate the simplest model where the lattice proper-
ties of the two crystalline substances making the hetero-
structure are the same. In this way we completely disre-
gard, in particular, phonon localization due to the
different dielectric properties of the substances (see Refs.
5 —8). We take into account the interaction of the electric
field of an optical vibration with the plasma vibrations of
the electrons of the quantum well. We shall be interested
not only in the dispersion relation of the coupled modes,
which has been studied in Refs. 9—11, but also in spatial
distribution of the electric field.

If we disregard the region of very small values of
1

q-co/c (c being the light velocity), i.e., disregard retar-
dation, then the potential of the electric field y should
satisfy the Poisson equation

Ay= —4m.6p+4m divp . (13)

e(co)b,p= 4rr5p —. (14)

To solve the equation we shall make one more
simplification. Let us assume that %co is smaller than the
energy gap between the two lowest subbands fico «62„
and that the electrons have an appreciable concentration
only in the lowest subband (k~ T &(hz, for a nondegen-
erate case). This means that (as already indicated) we can
use for 5p Eq. (7) instead of Eq. (3).

Let us assume further that the contribution of virtual
transitions into higher subbands is negligibly small (in
spite of the fact that the corresponding matrix elements
of the polarization operator are relatively large, so that

I 11&J. I
))

I 11» I
). In what follows we shall give reasons for

this assumption. Then we are left with only one term in
Eq. (7) instead of the whole sum over the subbands.

Let us look for the potential y in the form of Eq. (1).
Then Eq. (13) will have the form

d'
e(co) —

q P =4me ( II/II)II), (q, co)g, (z), (15)Z'

whereas the spatial distribution of the field will be given
by

P(z)=P f dz'g, (z')e (16)

For a rectangular potential well of the width a with
infinitely high walls we have

g&(z) =+2/a cos (17)

In this case the space distribution of the potential given
by Eq. (14) can be written as

Here 5p is given by Eq. (3), and P is the lattice polariza-
tion. Neglecting the intrinsic space dispersion of the op-
tical vibrations we can set P=I e(co) —1]Vp/4n where
e(co) is given by

67 Q2 2
1

e(co) =e„
co Q

Then one can present Eq. (13) in the form

exp X 1+ cos —z —coshqz, IzI &—qa 2 7T a
2 277 a 2

sinh X exp q
——IzI

qa a
2 2 2

Izl) —' .
(18)

The coordinate dependence of E and E, is plotted in
Fig. 1. It is worthwhile to note that there is a phase shift
n/2 between E„and E,. This means that outside the
well, the electric-field vector performs a circular motion.

The field is localized within the well and falls o6'exponen-
tially over the length q outside it. This conclusion has
been made in Ref. 12 for the model of electron density
uniformly distributed within the well. We shall see that
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FIG. 1. Coordinate dependence of the amplitudes of x and z
components of the electric field for the case of an infinitely deep
rectangular potential well. The vertical lines indicate the boun-
daries of the well.

FIG. 2. Dispersion curves for the mixed modes in the ab-
sence of a magnetic field. The quantum well is assumed to be
rectangular, with the infinitely high walls. The values of the pa-
rameters for GaAs correspond to n, =10' cm, T=100 K,
a=100 A. The regions of the strong damping are shaded. The
dotted lines represent the spectrum of the plasma oscillations in
the absence of the interaction, and the frequencies 01 and 0,
(the horizontal dotted lines).

taking into account the true electron density distribution
does not change this conclusion. Making use of the equa-
tion for 6p in the self-consistent-field approximation, we
obtain the following dispersion relation:

e(co)+ Ili, (co, q)f (q) =0 . (19)

Here f (q) is given by

f (q)= I dz~@i(z)~ f dz'~g, (z')~ e (20)

(21)

where

277e Plg

co~ = qf (q)
E ~PPZ

or

co =cope~/6O, co+ =0i+cop(1 E~/60)

for co& ((QI
2 ~2 2 ~2 g2+~2

(22a)

(22b)

(cf. with Ref. 13 and see Fig. 2). One should remember
that these equations are valid provided q (qz and

q (co/UT. If the last condition is violated, there is the

while for II»(q, co) we have Eq. (4).
In the limit qa(1 the dispersion relation does not

di6'er in principle from that obtained in Ref. 9 for a
plasmon-pho non excitation and in Ref. 10 for a
magnetoplasmon-phonon excitation. To visualize it let us
insert in Eq. (15) the explicit expressions for e(co) and

Ilii(q, co). Then in the absence of external magnetic field

we get for the frequencies of the coupled excitation

2 2 2 2 2 1/2
Q)+ 0, +

CO+ = + Q~ co

Landau damping for the plasma vibrations which may re-
sult in a strong damping of the coupled modes. Further-
more, in the region q ))co/vr there is only the phonon
mode with the frequency given by

IIi+0,f (q)/qR,
1+f (q)/qR,

where

e k, T
2&e n

B. Phonon-magnetoylasmon excitations

In the presence of magnetic field perpendicular to the
layer, the spatial distribution of the electric field and the
dispersion relation for the coupled vibrations are given by
Eqs. (15), (17), and (19) with the only modification that in
this case one should insert Eq. (11) for the polarization
operator into Eq. (19). However, the physical situation
changes significantly. Instead of a single branch of plas-
ma vibrations there is a set of magnetoplasmon branches
starting at q=0 from co=Km„where N =1,2, . . . . In
this case there is strong interaction between electron and
phonon systems provided the optical-phonon frequency is
almost equal to a multiple of the cyclotron frequency
0& ——¹o,. These are the magnetophonon-resonance con-
ditions (see Ref. 14). If ~Nco, —Qi~ &&co„ i.e., near the
Xth resonance, we have obtained the following dispersion
relation for the coupled vibration:
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cop(q) = QI +CO mp +
2 2

'2
~mp

I /2

Here, as above,

2me n,
co = qf(q), Q=

+(II2 II2)( 2 N2~2)

(23)

Here co is the frequency of the Nth magnetoplasma
branch which is given by

2Nco
ro =N co, + exp( —Q cotanha)

The dispersion curves for the coupled excitations for
various values of the magnetic field are given in Fig. 3 (cf.
with Ref. 10 where such curves are given for Fermi statis-
tics). It is interesting to note that if the cyclotron fre-
quency is equal to the transverse-optical-phonon frequen-
cy Q„one of the coupled branches appears to be disper-
sionless and has the frequency 0, [see Fig. 3(c)].

C. The limits of applicability

X sinh(Na )Iz
sinha

Now we should justify the assumption that one may
neglect the high-subband contribution. To do this we
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FIG. 3. Dispersion curves for the mixed modes in magnetic field. The dotted lines represent the spectrum of magnetoplasmal os-
cillations in the absence of the interaction, and the frequencies of the bulk longitudinal and transverse optical phonons, QI and 0, .
The values of the parameters for GaAs correspond to n, =2 X 10"cm, a= 100 A. (a) T= 100 K, co, =0, ; (b) T= 300 K, co, =0; (c)
T= 100 K, co, =Q„ the lower branch coincides with 0„' (d) T= 100 K, m, =BI /2, which corresponds to the second maximum of the
magnetophonon resonance.



8830 V. L. GUREVICH AND K. E. SHTENGEL

write the full Eq. (14) where p is given by Eq. (7),
r

e(co) —
q P

d
dz2

u= —Q u+Q(e —e )/4nQ E—P V(V.u) —P b.u

P=Q(eo e—„)/4nQ, u+[(eo e— )/4ir]E .

(28a)

(28b)

=4 e y & j~y( )~1&y, ( )tP ( )11,(q, ei) (25)

This equation can be transformed to the form

(('(z) = ' y & jig(z) ~1&ll„(q,~)
qe(co)

X f dz'P, (z')g (z')e (26)

A'(co, —co )

ci), (b,3,
—Ace) 4~2/2

(this estimate is valid for N= 1, i.e., ~co,
—co

~
((co, ). Note

that even if it is necessary to take into account the next-
subbands' contributions the general conclusion concern-
ing the localization of the phonon-plasmon mode may
still remain valid: it may be sufficient that f,(z) be well
localized within the well to arrive at such a conclusion.

Now we turn to the discussion of the limits of applica-
bility of the theory. It is natural to expect that in the lim-
it where the electron concentration vanishes the coupled
vibration should be delocalized. However, the derivation
given above does not seem to demand a limitation on the
electron concentration. The limitation will appear if we
take into account the dispersion of the optical vibrations.
To do this let us introduce into the equations of motion
for the lattice the terms that are the second derivatives of
the displacement by coordinates. For simplicity, let us
consider these terms as isotropic. We have the following
set of equations for the vector u proportional to the rela-
tive displacement of the sublattices and for the lattice po-
larization P (see Ref. 7):

As P(z) enters the right-hand side under the sign of the
summation it is dificult to obtain the explicit coordinate
dependence of P(z). However, it is possible to get order-
of-magnitude estimates of the contribution of the terms
with j&l using as the zeroth approximation P(z) [Eq.
(16)] calculated without regard to these terms.

The term due to subband j is proportional to

11,(q, )g, ( )f g, (u)g, (u)du, (27)

where

g, (z)= f f,(z')P, (z')e ~~' ' 'dz' .

One sees immediately that for spatially symmetric
quantum wells only the subbands with odd values of j
give contributions. For a rectangular potential well with
infinitely high walls the contribution from the nearest
subband of the same parity is as small as

g2 2

Q2 f2 2
31

for H=O. For nonvanisbing magnetic field H this contri-
bution is as small as

Q2 p2 2 p2 2/ 2 ( 2(Q2 p2 2+p2 2/ 2 (31)

In other words, these inequalities determine an interval of
frequency variation where the spatial variation of P(z) de-
viates from that given by Eq. (16) and, at the same time,
can be described by our theory. However, even in this re-
gion one can discard the second pole term in Eq. (30) pro-
vided ~k2~ ))k, ~, and we are still left with Eq. (16) ob-
tained above (for more details see Appendix B).

In regard to the electron concentration these con-
siderations give the limitation

n &n, ,

where for H=O

n =. ~p'
C C

e a

(32)

(33)

(here e, '=e ' —eo '). In a magnetic field for N=1, i.e.,
provided the first Landau subband is involved, we have

The dispersion relation for the longitudinal optical
phonon appears to be co (q) =QI —p q, where

p p, +pb. (For CraAs according to Ref. 7, p=4. 7X10
cm/s, i.e., it is of the order of the sound velocity. ) Making
use of Eqs. (13), (28a), (28b), and the approximations in-
troduced above for the electrons, instead of (15), we end
up with the equation

Q&
—co —P (k +q )

Q, —co —P (k +q )

4~e2&—1 lyl 1 &llii(q, ~)f "e'"'1(2i(z)dz (29)

Here Pk is the Fourier component of P(z).
Transforming Eq. (29) we get

P(z)= &1~$(z)~l &II„(q,m)
e co +-, +- dk e'"" '
X dz'fi(z')

k +q
Q, —co —P (k +q )

QI —co —P (k +q )

(30)

The integrand in the integral over k in Eq. (30) has four
poles, k, =+iq, k2=+i[q +(cu QI )/p—)'~ Calcu. lat-
ing the residues one should take into account only the
poles corresponding to the values of k that are modulus
much smaller than n/ao (ao be. ing the lattice constant),
which corresponds to the limits of applicability of expan-
sion (28a). This condition actually concerns the second
pair of poles +k2, which gives the following limitation on
the frequency co:
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mp +i ~c
7l =E

ea Q&
(34)

IV. PENETRATION
OF A BULK OPTICAL VIBRATION

INTO A QUANTUM WELL

To consider this problem one should take into account
the spatial dispersion of the dielectric susceptibility from

(for a more general case, see again Appendix B).
The condition given by Eqs. (32) and (33) practically

coincides with the estimate of our paper' obtained by
qualitative considerations. For a typical quantum-well
width 100 A, the estimate gives, for H=O, 10' —10"
cm

It is worthwhile to note that, comparing Eqs. (33) and
(34), the minimum electron concentration sufficient to
bring about localization of the excitations may be much
lower in the vicinity of the magnetophonon resonance
than far from the resonance.

co (q)=Qi —p (qi+q, ) . (35)

We wish to emphasize that this relation neglects small
corrections proportional to the ratio of the quantum-well
width to the linear dimension of the whole specimen. In
other words, its validity presupposes a smallness of the
relative volume occupied by a quantum well (or by quan-
tum wells if there are several such wells unconnected to
each other). Then one can write Eq. (30) in the form

the very beginning. Physically this is due to the fact that
an energy transfer by a bulk vibration is determined ex-
clusively by the dispersion.

The electrostatic potential of an optical vibration
should satisfy Eq. (30) considered above. One should
take into account, however, that in contrast to the local-
ized excitations a bulk excitation has a z component of
the wave vector. To stress this point, let us replace q by
qi in Eq. (30) and take into account that the bulk phonon
dispersion is given by

4 2 ik(z' —z) II2 2 2(k2+ 2)
P(z)= '

&1~&(z)~1&II„(q,a)) f '"dz P', (z )
f+"d" '

(36)

The optical vibration frequency is assumed to be quite
near QI, i.e.,

p2 2 ((II2 II2

where q =qz+q, . Therefore one can discard the term
with P in the numerator of the integrand and at the same
time retain it in the denominator because there it
represents the poles of the integrand.

The integration gives (see Appendix C)

2'lTe QI —0,2 2

y(z) = —
& 1 ~y(z) ~1&ll„(q,~)

p2q 2

X f dz'P, (z') e—oo

optical vibration is

P(z) = Ae ' +Be
2~e ~Q2)

, ,
'

& 1 ~y(z) ~1&ll»(q, ~)
p2q 2

X f dz'P, (z') e—oo qg

] —iq, )z -z'f+ e
q,

(39)

—iq, /z —z'/+ e
q,

(37)

We have obtained a particular solution of the Poisson
equation (14). One should add to this a general solution
of the homogeneous equation

(38)

Obviously, one should set C =D=O because otherwise
the last two terms cannot be bounded in the whole inter-
val of z variation. We wish to underline that, in the prob-
lem thus formulated, there are no other boundary condi-
tions. The general equation for the potential of a bulk

We are interested in an optical vibration falling from
the space region z(0. It means that at z —++ ~ we are

Iq z
left only with a solution e ' . The minus sign in the ex-
ponent means that the group velocity of the optical vibra-
tion is antiparallel to its wave vector as the dispersion is
negative. In other words, the energy is transferred in the
direction —q. Therefore we shall set 8=0.

The remaining terms in Eq. (39) have a simple physical—iq z
meaning. The term Ae ' describes the ingoing optical
vibration while the integral term describes the response
of the electron system. In order to find its relative val. ue,
i.e., to obtain a relation between 2 and & 1~$(z) ~1 &, one
should formulate the condition of self-consistency. It
reads
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A & lie "'l 1 &=& lip(z)l 1 &

2me AI
X 1+ II»(q, co)

e,Pq
f qi .f iqz

+E (40)

P(z)=$0 e ' —y f dz'g, (z')

—q~Iz —z'I
X e

qg

—iq Iz —z'I+ e
q,

(41)

where

We wish to emphasize once again an important
difFerence in treatment of the localized excitations and
the bulk ones. In the first case one needs the condition of
self-consistency to obtain the dispersion relation. In the
second case the dispersion relation is considered as given,
and one needs the self-consistency to find the constant A

describing the response of the electron system. to the bulk
excitation. Such an excitation does not exist in the first
case for the dielectric susceptibility e(co) does not vanish
at a frequency of the localized excitation. %'e feel that
these physical considerations might be of a more general
nature than the model of two components of heterostruc-
ture with the same lattice properties we are treating here.

Finally, for the potential of the bulk optical vibration,
with regard to the screening, we have

(44a)

q
(44b)

It is also interesting to discuss, though briefly, the op-
posite limiting case of a layer filled with a classical elec-
tron gas. This corresponds to a large number of sub-
bands of spatial quantization filled with the electrons. It
appears that if the parameter P q /co is small enough for
the reAection and transmission coefficients of the long-
wavelength phonons, we get the same formulas (44). The
amplitude of electric field within the layer appears to be
smaller than outside, in proportion to this small parame-
ter. This result can be visualized as follows.

Relatively small space-dispersion correction to the
optical-phonon frequency means that the ion vibrations
in the adjacent cells are almost independent. Therefore,
as the screening shifts the eigenfrequency considerably so
that it difFers substantially from the frequency of a bulk
phonon, the energy transfer from cell to cell also goes
down considerably. The small parameter proportional to
P q /co is a measure of how much the ions screened by
the electrons are out of resonance.

The limiting expressions (44) themselves can also be
understood easily. The electrons move freely within the
xy plane under the action of an ac electric field. As a re-
sult, the corresponding field component is screened and
does not take part in the excitation of the optical vibra-
tion behind the other side of the barrier.

At the same time in the limit q, a (&1 the electrons do
not move freely in the z direction and therefore cannot
screen the z component of the field. As a result, the
transmission coefficient appears to be proportional to

2 2

y=&ll. "'I»
2~e'n', 11»(q,~)

f qi .f iq.+l+q, +
q,

These relations are, however, rather complicated. It is
easier to understand the physical meaning of the equa-
tions for the transmission and reAection coefficients of an
optical vibration, T and R, that are given below. They
can be obtained directly from Eq. (41). Let us assume
that the electron concentration is so large that is satisfies
the inequality (32). Then one may neglect the first term
in large parentheses in the preceding equation for y and
we have

iq, l& lie "''ll &l'

q,f (qi)+iqif (iq, )

iqil& lie "'I»l'
R=

q2f (qi )+iqif (iq, )

(42)

(43)

For the long-wavelength phonons (q, a (&1,qua &(1)
the form factors in the denominators. and the matrix ele-
ments in the numerators equal 1 and these equations take
an especially simple form

V. THE KI.ECTRON-PHONON INTERACTION

Scattering of a 3D electron by an optical phonon is de-
scribed by the Frohlich matrix element

l&k'la, ,„li &l'=c's„, „+ . (45)

gl &k'lH, hlk& l
=c f (qi)5k k+q (46)

2Me QIQ2-
Vq g,

while Vis the normalization volume.
To treat transport phenomena in quasi-2D systems a

model is usually considered where the electrons are scat-
tered by the bulk optical phonons. The motion of the
latter is assumed to be unhindered by the existence of the
well (see, for instance, Refs. 15 and 16). [We do not dis-
cuss here the papers where the boundaries between the
components of a heterostructure were taken into account
and the scattering by interface and film modes was con-
sidered (see, for example, Ref. 8)]. Then the scattering
probability within the first subband would be given by
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where VI. DISCUSSION AND CONCLUDING REMARKS

c',f (q)

2~e1+ II„(a),q)f (q)
E'

2 ~k', k+q ' (47)

Comparison of this equation with the former one reveals
an extra factor that is quite similar to the corresponding
substitution taking into account the screening for the 30
case (see Refs. 13 and 14)

C

1+ 11(~,q)
4~e

e A'q

In our case taking into account the screening of a bulk
optical vibration by the electrons of a quantum well re-
sults in the following substitution under the sign of sum-
mation in Eq. (46):

C —+
2me AI f (qi) f (iq)

II~i(q, co) +l
132q 2

q qz

(48)

One can easily derive this from Eq. (40) as the renormal-
ization of the interaction is determined by the ratio

The ratio P q /0
&

is of the order ( qa o ), where a 0 is the
lattice constant. For typical values of q the inverse pa-
rameter is very large. Therefore in the majority of typical
situations the interaction with the bulk optical phonons is
substantially suppressed.

This is due to the fact that the limiting phonon fre-
quencies within and outside the well differ very much.
As a result, a long-wavelength optical vibration (i.e., a vi-
bration with qao ((1) cannot penetrate into the well be-
cause there it is out of the resonance.

For a more general model where the heights of the po-
tential wells are finite, some electron density should
penetrate outside the walls and there is some interaction
there. However, it should still be much smaller than in
the theories disregarding the discussed effect.

Me 0)2

Sq'e

Here, as indicated above, S is the normalization area.
The form factors f (qi) allow for a finite width of a quan-
tum well. For a true 2D case f (qi) —= l.

These equations, however, by no means take account of
the effect of screening discussed above. If one takes it
into account the results are as follows.

The probability of electron scattering from a localized
(magneto)plasma mode is given by the following matrix
element squared (here and below co stands for the fre-
quency of the oscillations in question):

We have investigated localized (magneto)plasmon-
phonon excitations and screening of the bulk optical vi-
brations within the quantum well using the same method.

We have discussed the model where the lattice proper-
ties of the components of the heterostructure do not
differ too much. We have shown that under this assump-
tion, provided the electron concentration exceeds some
critical value given by Eq. (33) or (34), the scattering of
electrons by bulk optical phonons is greatly suppressed.
The main contribution to the scattering is given by the
coupled excitations localized near the well.

To our opinion, the best way to observe these effects is
to do this in an external magnetic field. There are several
reasons for this. First, the restriction on the critical elec-
tron concentration is easier to meet in the presence of a
magnetic field than in the absence of the field. Second,
there is no Landau damping of the plasma oscillations in
this case. Third, the spectrum of the coupled excitations
is modified in such a way that they can be observed more
easily.

In a number of experiments a shift of the magneto-
phonon resonance maxima has been observed in
Al Ga, As/GaAs quantum wells. This shift amounts
to the apparent reduction of the optical-phonon frequen-
cy as compared to 01 (see Ref. 17). We believe that this
shift can be due to the scattering of the electrons by the
localized phonon-magnetoplasmon excitations. Although
the components of the heterostructure have, in this case,
different lattice properties, some qualitative conclusions
of our theory should remain valid even for this case. The
dispersion curves for the coupled vibrations show (see
Fig. 3) that one of the branches has frequencies that are
rather near those observed in the magnetophonon
resonance experiments. The dispersion curve variation
with the temperature is rather weak in the temperature
interval 50—300 K [cf. Figs. 3(a) and 3(b)]. This also
seems to be in agreement with the experimental data.

There is another class of systems where such effects
could be observed. These are 6-doped semiconductors.
Usually there are several levels of spatial quantization
that are occupied in these systems. However, this should
not modify qualitatively our predictions. Therefore we
consider the experimental investigation of these systems
to be very interesting.

On comparison of Eqs. (46) and (47) for the probabili-
ties of the electron-phonon transition due to interaction
with the bulk and localized phonons, an impression can
be formed that they do not differ too much. Then there
should not be much difference between the results of the
theories taking into account these two types of scattering,
although the theories themselves would look quite
different.

We wish to emphasize that this should not be so in all
cases where there is a substantial deviation of the phonon
distribution function from the equilibrium. Here we
mean both the drag of the electrons by the phonons and
various "hot-electron" and "hot-phonon" phenomena.
These phenomena are essentially determined by the
mechanisms of the phonon relaxation which, in their
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turn, depend on whether the phonon gas is two or three
dimensional.

There is a possibility of the application of various opti-
cal methods, for instance, light scattering, for the investi-
gation of the localized vibrations.

We have already mentioned that the minimum electron
concentration that can bring about localization of the ex-
citations may be lower near the magnetophonon reso-
nance rather than far away from it. In this way one can
control, by variation of the magnetic field, the Raman
scattering of light by the localized vibrations.

Finally we wish to mention that one can also expect
that confined optical phonons can be formed in the vicini-
ty of other electron structures, such as 1D quantum wires
and OD quantum dots as various, more complicated, 2D
structures in the absence and especially in the presence of
external magnetic field.

X X X X
M=O N=O E=O M=N

where a =fico, /2kii T. Then we can rewrite Eq. (A3) as

G (x)=(1—e )n ' e

—Ka K Mf)( y Q y —Ma[1 K(Q)]2
o x Kftto—, M 0 (M+K)!

ce QK co

, x Kftto,—N o (N+K)!

then we change the summation variable according to
K = ~N —M~ and take into account that for the
Boltzmann statistics

ir/2e
—Na( 1 e

—a)n (i)
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X e
—Na[L K(Q ) ]2

( 1 t ) exp-i 2zt
1 —t

2z&t
z t I

1 —t

(A4)

We can calculate the sum over M and N in the first and
second terms, respectively, using the sum rule

oo= ~, 1(N+ +1) [ (AS)

APPENDIX A

II,, (q, co)=G;(x)+G ( —x),
where

(A 1)

= 1 n; ~
G, (x)= g g FMN(q)

0 N 0 'flto (M N)+X

(A2)

x =6; —Ace. Taking into account the explicit expression
for FMN(q) [see the text after Eq. (9)] we get

r

0 N o %co (M N)+x M

)( Q
M N —

Q[ L M N( Q ) ]
—2—

fico (M N)+x N

Here we calculate the polarization operator in the pres-
ence of magnetic field. To calculate polarization operator
for a nondegenerate electron gas let us start with Eq. (9),
which can be presented in the form + oo —Jt:a

x K fico, si—nha
(A6)

Substituting it into Eq. (Al) we get Eq. (10) for the polar-
ization operator.

APPENDIX B

To understand in which way the additional pair of
poles in Eq. (29) would change the resulting equations, we
start with the simpler case 0=0. If the electron concen-
tration is su%ciently low so that co «Q, , then in accor-
dance with Eq. (21) there are plasmalike and phononlike
branches with the frequencies

CO
—

CO~ 6~ /EO
2 = 2

and

co~ =Bi+co (1— /e)e.o

where a) —1, ~t~ &1 (see Ref. 18). Applying it to Eq.
(A4) we end up with the following equation:

G; ( x ) =n,"exp( —Q cotanha )

X Q
N —

Me —
Q[1 N —

M( Q ) ]
2

(A3)

Now we change the order of the summations in the first
term in the large parentheses

The branch co is of no interest for us as it represents
mainly os cillations of the electron density and at
irP/ao «0& it obviously does not satisfy inequality (31).
This means that we need not take into account the poles
k2 doing the contour integration in Eq. (30), and are left
with the old result Eq. (16). It rellects the obvious fact
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that the plasmalike oscillation is localized near the quan-
tum well.

The situation with the phononlike branch is more intri-
guing. Calculating the integral in Eq. (30) one should
take into account also the pole

k2=i t(/q +(co 0(—)/p =—Qp q +co~@ /e,

provided, of course, that the electron concentration is not
so large that condition (31) is violated. We have

+ dk e~k~z' —~~ II, ro —P(k—+q )

2+q2 @2 ~2P2(k2+q2)

q

7T

cu —0,
6) A, co—

ql
—'I+ ' —q'I —'I

q'
FIG. 4. Contour of integration in the complex plane of vari-

able k.

(81)

where

One can see that if q'&)q, i.e., co e /e, ))p q one
can discard the second term in the large parentheses in
Eq. (Bl), which gives again the result (16). If, however,
the inequality is reversed, the second term contributes al-
most as much as the first. Then the substitution of Eq.
(Bl) into Eq. (30), making use of self-consistency and a
subsequent expansion in small parameter

gives the dispersion relation

1+ =0.
2p2q 2 (82)

This has no solution describing propagating wave at all.
This means that if

co e„/e, «p q

the localized vibration (15) having dispersion relation (21)
cannot be considered as a first approximation and the as-
sumption that the phononlike mode is localized is wrong.
Substituting the explicit expression for co into the in-
equality we get, for q = I/a, the estimate (33).

If a magnetic field perpendicular to the layer is present
it makes the analysis of Eq. (30) more complicated. The
point is that in this case, according to Eq. (22), the fre-
quency of the phononlike mode can be, depending on the
magnitude of the magnetic field, either higher or lower
than 0&. As a result, the pair of poles k2 can appear ei-
ther on the real or on the imaginary axis. One should
take this into account calculating the contour integral.
Omitting details, we shall give here only the result. The
excitation is localized near a quantum well if the follow-
ing condition is met:

Q&(con~ Nco, )
—e„

Q2 +2 2~c C

))p q (83)

For N= 1 this gives estimate (34).

APPENDIX C

To calculate the integral over k one should displace the
poles k =+q, from the real axis. One can do this if one
takes into account that function I/e(co), being a so-called
generalized susceptibility, has no singularities in the
upper half plane of the complex variable co (for a proof
see, for instance, Ref. 19). It means that one should re-
place (q, —k ) in the denominator of Eq. (36) by
(q, —k —ico6) where 5)0, 5~+0. Then for positive
values of co the poles are displaced as is shown in Fig. 4.
The value of the integral is given by the residue at
k = —q, and we obtain the result given in the text.
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