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We use resonant Raman scattering to investigate the frequency difference between the longitudinal-
optical phonon modes seen in dipole-forbidden and dipole-allowed polarization geometries in
Al„Ga& As alloys. This splitting is studied as a function of laser photon energy, aluminum mole frac-
tion x, and the indirect versus direct nature of the electronic band gap. Resonant Raman scattering,
through the electron-phonon interaction, is a sensitive microscopic probe of the effects of short-range al-

loy disorder. For x in the indirect-gap regime, the dominant intermediate resonant state is a I -valley
hole plus an X-valley electron that becomes effectively localized because of its short inelastic lifetime.
Raman scattering via this state is described by a calculation of the Raman susceptibility that considers
the random-alloy potential generated by local concentration fluctuations.

I. INTRODUCTION

Al Ga1 As alloys are the most studied of semicon-
ductor alloys because of their usefulness in heterostruc-
tures with GaAs, to which they are closely lattice
matched. For small x the material has a direct energy
gap which increases with x and becomes indirect for x
near 0.4. Resonant Raman scattering (RRS) is a sensitive
probe of the direct band gap and related properties. It
examines the electron-phonon interaction and efFects of
alloy disorder as the conduction-band minimum, depen-
dent on the Al concentration x, changes from the zone-
center I point to the zone-edge X point.

Tsu, Kawamura, and Esaki' performed the first de-
tailed Raman study of Al Ga1 Ga. They identified the
two-mode behavior of the longitudinal-optic (LO) phonon
over the entire range of composition, a result confirmed
by Kim and Spitzer. Jusserand and Sapriel studied the
concentration-dependent asymmetric broadening of LO
modes. To explain their results, they applied a spatial
correlation model, refined by Parayanthal and Pollack,
with correlation length scales of 100 A. This model has
since been challenged by Kash et a/. , who have shown
through nonequilibrium anti-Stokes Raman scattering
that the alloy phonons are essentially nonlocalized bulk-
like modes, at least on the 0—1000-A scale.

Regarding resonance Raman scattering, Shah et al.
performed an unpolarized RRS study and observed a
strong resonance for the first- and second-order scatter-
ing of the LO modes when the outgoing photon energy
equaled that of the resonant electronic state, which they
identified as a intermediate exciton associated with the
direct gap. In agreement with studies of indirect GaP,
they found no resonance feature to associate with the in-
direct gap.

We have studied Al„Ga1 As alloys grown by
molecular-beam epitaxy (MBE) via RRS. Figures 1 and 2
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FIG. 1. GaAs-like dipole-allowed LOl and dipole-forbidden
LOl phonons for Alp 4lGap 59As with a resonant laser energy
below the direct gap. Note the LOl is shifted to higher energy.

show the Raman spectra for the "GaAs-like" (denoted by
subscript 1) and "A1As-like" (denoted by subscript 2) LO
modes under resonant excitation with laser photon ener-
gies close to the direct (Eo) band gap. The unexpected
feature of these spectra is the small but definite shift in
peak position of the phonon line between the spectrum
taken in the dipole-allowed polarization geometry
wherein the electron-phonon coupling occurs via
deformation-potential scattering [z (x,y)z geometry
(unprimed)] and the spectrum taken in the dipole-
forbidden geometry wherein the coupling occurs via in-
traband Frohlich scattering [z(x,x)z geometry (primed)].
Defining b,co =coo(forbidden) —coo(allowed), we find at 1.94
eV for the Alp 41Gap 59As sample that Aco, =1.0 cm ' for
the GaAs-like mode (LO, ) and b,co2= —1.6 cm ' for the
A1As-like mode (LOz). These shifts vary and change sign
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FIG. 2. A1As-like dipole-allowed LO2 and dipole-forbidden
LO2 phonons for Alo 4&Gao»As with a resonant laser energy
below the direct gap. Note that LO~ is shifted to lower energy.

from alloy scattering. Generated by the random group-
III element mixing, the scattering potential V may be
defined as the local deviation from the average potential
made in the virtual-crystal approximation. More precise-
ly, V must be defined as the random potential remaining
after configurational averages of one-electron propaga-
tors are taken, using, for example, the coherent-potential
approximation. However defined, the effect of the
random-alloy potential is designated in the literature as
"extrinsic. "

Section II describes the details of the Raman experi-
mental apparatus and the Al„Ga& „As samples. Section
III discusses our measurements, specifically the role of
the directness of the gap in Sec. IIIA, the resonance
profiles in Sec. III B, and the slope of shifts in Sec. III C.
We outline our model to explain the shift in Sec. IV with
the motivation discussed in Sec. IVA. In Sec. IVB we
calculate the Raman susceptibility to second order in the
disorder potential. Section IV C treats a similar random-
alloy potential calculation to first order, and Sec. IVD
evaluates our results. We summarize in Sec. V.

II. EXPERIMENTAL METHODS

as the laser photon energy is tuned through the direct-
gap resonance. The presence and strength of this effect
depends upon whether the fundamental gap is direct,
near crossover, or indirect. Beserman et al. and
McGlinn, Klein, and Morkog where the first to observe
this shift. Sela et al. later analyzed it using the concept
of local Al concentration Iluctuations occurring in the
effective electron-phonon interaction volume.

Resonant Raman scattering by LQ phonons involves
both a short-range (deformation potential) and long-
range (intraband Frohlich) component of the electron-
phonon interaction. The deformation-potential and in-
terband Frohlich (also known as the electro-optic contri-
bution) interactions are independent of phonon wave vec-
tor q and lead to the usual allowed q=0 zone-center
selection rules observed in z(x,y)z scattering geometry.
The q-dependent Frohlich interaction appears in the
z(x, x)z geometry and has a Raman-scattering efficiency
proportional to q . For an intrinsic first-order process,
this essentially vanishes in the q=k kz =0 approxima-
tion of allowed scattering. Here kI z are the wave vec-
tors of the laser and scattered photons. Martin' showed
that nevertheless one obtains a strongly resonant intra-
band Frohlich Raman efficiency that can be important in
spite of the s~all value of q . Gogolin and Rashba" pro-
posed an additional mechanism that in effect replaces the
kinematic q=—kL —kz by a larger quantity due to impuri-
ties. They considered a higher-order perturbation where
the intermediate electron-hole pair scatters twice, once
through an electron-impurity interaction gaining wave
vector q from the impurities and once through an
electron-phonon interaction yielding wave vector q to the
LO phonon. Though of higher order in perturbation
theory than the intrinsic mechanism, this term is free
from the restriction to small phonon wave vectors, and it
actually dominates over the intrinsic scattering in alloys,
where the relaxation of wave-vector conservation results

The Al Ga& „As alloys were grown by MBE on Si-
doped (001) GaAs substrates. A 0.3 —1.0-pm GaAs layer
bM'ered the 1 —2-pm-thick alloy layers. The higher-Al-
concentration samples were capped by a final 200-A
GaAs layer to retard oxidation. The nominal concentra-
tions were x =0.26, 0.41, 0.42, 0.45, 0.68, and 0.77 as
determined through luminescence and Raman measure-
ments. The A10 26Ga0 74As and A10 42Ga0 58As layers
were grown at 620'C, and the other samples were grown
at 700 C. Compositional uncertainty is not critical to
our analysis, since the key features are that
Alp 26Ga0 74As is a direct-gap sample and A10 4& Ga0 59AS
is an indirect-gap sample slightly past crossover.

The Raman spectra were recorded by a Spex model
1400 double monochromator with 1800-line/mm holo-
graphic gratings outfitted with a photomultiplier tube in
photon-counting mode. Some of the resonance profiles
were made using a Spex 1877A Triplemate
monochromator/spectrograph accompanied by a Pho-
tometric s CCD camera system. The samples were
mounted in a Janis Super Vari-temp liquid-helium cryo-
stat in a pseudobackscattering configuration. Most of the
measurements were made at room temperature. A polar-
ization analyzer was placed at the entrance slit of the
spectrometer to distinguish between scattered light polar-
ized parallel ( [z (x,x )z ] ) or perpendicular ( [z (x,y)z ] ) to
the polarization of the incident laser light. Ar+ and Kr+
cw ion lasers and an Ar+-pumped Coherent model 490
dye laser with Rhodamine 590 or DCM served as light
sources.

III. EXPERIMENTAL RESULTS

A. Directness of gap

We found no observable shifts in purely direct-gap
samples, i.e., A~

&

——Aco2 =—0. The Raman signal was
swamped by luminescence for laser photon energies
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FIG'. 3. Alp g~ Gap 59As phonon frequency difFerence of the
dipole-forbidden modes from their dipole-allowed counterparts
as a function of laser energy.

below Eg" for the Alp 26GaQ 74AS sample, but at a laser
photon energy 20 meV above E there was no shift for
LO1 or LO2. There is also no observable shift at the
Ep +kQ resonance in AlQ z6GaQ 74As. However, in an in-
direct alloy just past crossover, AlQ 41GaQ 59As, the shifts
persisted for laser energies EL 70 meV above the direct
gap at 1.98 eV, as shown in Fig. 3. Figure 4 shows that
the effect persisted in the AlQ42GaQ 58As alloy for laser
photon energies 100 meV above E = 1.99 eV. The
A1Q 68GaQ 32As and A1Q 77GaQ 23As samples, much more
indirect than the others, demonstrated a shift for
E &E".

The reproducibility of the value of the energy of the
scattered photon for the two polarizations was

insufhcient to clearly establish in a single run whether the
nonzero value for the shift A~ was due to a dependence
of the photon frequency coo(forbidden) or coo(allowed) on
laser photon energy. Statistical analysis of the peak posi-
tions of many runs indicated that the coQ spectrum cou-
pled via the Frohlich interaction [z(x,x)z] is laser energy
dependent. LO-mode frequencies vary with Al concen-
tration x approximately linearly, the GaAs-like mode de-
creasing and the A1As-like mode increasing versus in-
creasing x. We note that the peak due to the Frohlich in-
teraction is higher (lower) in energy than that due to the
deformation potential for the LOi (LO2) mode for in-
cident laser energy below the gap E". The opposite is
true for laser energy above E". The observed behavior of
bco versus laser photon energy is consistent with the no-
tion that the Frohlich-mediated scattering occurs
predominantly in local GaAs-rich regions for EL &E"
and in A1As-rich regions for El &Eg. This picture is
supported by observations of Sela et a/. for the dipole-
forbidden intensity ratio of LO, to LO2. This ratio was
found to be greater than unity below the direct gap,
whereas above it was less than unity, a result we have
confirmed.

B. Resonance yrofiles

Figure 5 displays the resonance profile for the
AlQ45GaQ 5~As sample versus the resonance energy. The
forbidden z(x, x)z profile, shifted by the 47 meV energy
of the LO2 phonon, shows an outgoing resonance at the
gap energy 2.03 eV. The allowed z(x,y)z profile, shifted
by 23.5 meV, shows an unresolved superposition of an in-
coming and outgoing resonance at 2.03 eV. Figure 6
shows similar profiles for the LO, mode of the same sam-
ple. The forbidden profile has been shifted 34 rneV and
the allowed by 17 meV. Finally, the z(x, x)z resonance
profile is shown in Fig. 7 for the AlQ 41GaQ 59As sample
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FIG. 4. Alp4zGap 58As phonon frequency difference of the
dipole-forbidden modes from their dipole-allowed counterparts
as a function of laser energy.

FIG. 5. A1As-like resonance Raman profiles for the dipole-
allowed z(x,y)z and dipole-forbidden z(x,x)z geometries. The
forbidden profile is shifted —47 meV and the allowed is shifted
—23.5 rneV to reveal the resonant energy E~"=2.03 eV. Accu-
racy: intensity, +15%;energy, +0.5 meV.
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TABLE I. Experimental widths of the resonance profiles for
the LO2 phonon (dipole-forbidden Frohlich mechanism).

Alp 4)Gap 59As
Alp 45Gap 55As
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70 meV

185 meV
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FIG. 6. GaAs-like resonance Raman profiles for the dipole-
allowed z (x,y)z and dipole-forbidden z (x,x )z geometries. The
forbidden profile is shifted —34 meV and the allowed is shifted
—17 meV to reveal the resonant energy E"=2.03 eV. Accura-
cy: intensity, +15%;energy, +0.5 meV.

for its LO2 mode, LO& mode, and the second order
difference mode LO2 —LO, . Shifting each profile by its
respective phonon energy identifies the direct energy gap
at 1.995 eV.

The out resonance found for the z(x, x)z polarization
is consistent with our expectation of an extrinsic forbid-
den intraband Frohlich mechanism. In their study at the
ED+ b,o gap of CxaAs and (Cd,Hg)Te, Menendez, Cardo-
na, and Vodopyanov' showed that first-order extrinsic
scattering resonates at El =E"+Acro, representing an
outgoing resonance. Such behavior is expected from the

scattering mechanism discussed earlier wherein the inter-
mediate exciton scatters both through interaction with
disorder and via phonon creation. The restriction to
small phonon wave vectors is relaxed in this case. The
intrinsic one-LO-phonon resonance peaks at
EL =E~ +%coo/2, halfway between an ingoing and outgo-
ing resonance. The reason is because alloy and thermal
broadening effects prevent resolution of the separate in-
going and outgoing peaks.

The resonance profiles were found to broaden and
weaken as the samples become more indirect. The full
width at half maximum (FWHM) for the forbidden LO2
mode is 40 meV for Ala 41Gao 59As, 70 meV for
A1045Gao 55As, and 185 meV for Alo 68Gao 32As, as listed
in Table I. This broadening is comparable to that ob-
served by Bosio et a/. ' in an optical transmission study
of five samples from Alo 36Gao64As to Alo 6,Ga039As.
They measured about a factor of 5 increase in linewidth.

A typical z(x, x)z Raman spectrum near resonance is
shown in Fig. 8 f'or Alo 4,Ga059As, a sample near cross-
over. In contrast to the direct-gap case where the
luminescence is intense, the Raman signal is easily ob-
served. If the laser photon energy remains in resonance
near the direct gap, as the Al fraction x increases into the
indirect-gap region, elastic-scattering channels are
opened for electrons, first to the X valleys and then to the
L valleys.

We next show in Fig. 9 the Eo+Ao resonance profile
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FIG. 7. Dipole-forbidden z(x, x)z GaAs-like, A1As-like, and
their di6'erence-mode resonance Raman profiles for
Alp 4~Gap 59As. Since these are outgoing resonance, each Profile
has been shifted down by its characteristic energy to reveal
Eg = 1.995 eV. Accuracy: intensity, +15%;energy, +0.5 meV.
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FIG. 8 ~ Alp 4]Gap 59As Raman sPectrum illustrating the Pho-
non modes atop a broad room-temperature luminescence, a sig-
nature of the outgoing resonance.
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FIG. 9. Alo 26Gao 74As dipole-forbidden z(x, x)z LO& and
LO2 Raman profiles in resonance with the split-off gap. Accu-
racy: intensity, +15%;energy, +0.5 meV.

FIG. 10. Alo 68GaQ 32As frequency shift between the dipole-
forbidden LO2 mode and its dipole-allowed LO2 counterpart vs
laser energy at room temperature. These data show a constant
—0.5-cm ' shift at high energies away from the resonance peak
at 2.40 eV or below.

for Alp 26GaQ 74As. Since this is a resonance with the
spin-orbit gap, there is significant lifetime broadening and
only weak luminescence.

C. Slope of shifts

The "shift slopes" ddt/de =dcoLo(Frohlich)/dE'
of the shifts are tabulated in Table II. For LO2 they de-
crease as the Al concentration increases. The LO& mode
was too weak to track in the Alp 68GRQ 32As and
Alp 77Gap p3As samples. Figures 3 and 4 show the shift
Ace as a function of laser energy for the Alp 4,Gap 59As
and Alp 42Gap 58As alloys. The slopes of the straight-line
portions of the curves differ sharply, with a change from
32 to 10cm '/eV for the LO2mode. We observe a simi-
lar drop in the LO, mode from —25 cm '/eV, for
A104&Gao 59As to —10 cm '/eV for Alo 42Gao ~sAs. We
did not pursue a detailed measurement of the
Alp 45Gap 55As slopes other than to establish their pres-
ence. The high-resolution Raman work was best per-
formed on the scanning spectrometer, whereas the mul-
tichannel system produced most of the resonance profiles.

In the more indirect samples, the shift slopes of the
LO2 modes are 7 and 8 cm '/ev for Alp 77GRQ 23As and
Alp 68GaQ 32As, respectively. Figure 10 shows the shift

A10.68 G 0.32 A 4K L02 Profiles

m
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versus energy for AlQ 68GRQ 32As. We repeated our mea-
surements for Alp 68GRp 32As at 4 K to better tune the
resonance to the Ar+-laser lines, and the profile is shown
in Fig. 11. The shift for Alp 68GRQ 3/As at 4 K also levels
off at about —0.5 cm ', and these data are shown in Fig.
12.

A simple picture for the variation of the phonon fre-
quency coo(Frohlich) with E~ starts with the assumption
that local Auctuations in the alloy Al mole fraction x pro-
duce local LO-phonon energy values coo(x) and local
band-gap values. At the outgoing resonance, light is
emitted from regions having local gap values obeying
Eg (x)=EL —A'coo(x). Within this picture the laser tracks
the direct gap, and we may approximate the slope

TABLE II. Experimental shift slopes in cm '/eV.

~ H

5

Sample

Alo 4]Gao 59As
A10.42Gao. s,As
Alo. 68Gao. 32As

A1Q 776aQ 23As

LOi

—25.1
—10.2

LOq

31.6
10.5
7.4
8.1

6.4
6.8

Temperature

300 K
300 K
300 K

10 K
300 K

10 K

'+H

0
2.45

I I

2.55 2 ~ 65
Laser Energy (eV)
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FIG. 11. Alo 68Gao»As LO& resonance Raman profile at 4
K. The gap has been temperature "tuned" to the energies of the
Ar+ laser. Accuracy: intensity, +15%%uo,' energy, +0.5 meV.
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Physical parameters
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y.', (-.'=0.5)
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(xo =0-7)
y „(xo=0.7)
mr (mo)
mxl
mz,

36.25 —6.55x + 1.79x
44.63+8.78x —3.32x 2

1.333+1.525x
1.850+0.250x
1.244+ 1.673x
1.794+0.343x
0.005
0.075
0.050
0.200
0.067+0.083x
0.257 —0.067x
1.8 —0.7x

FIG. 12. Associated LO2 shift for the Alo 68Gao 32As reso-
nance profile shown in Fig. 11. Again, we observe only negative
values for this highly indirect sample.

40,

Phonon- Shift Slopes

20-

0-
42%

42%

68% 77%

-20

-40
0.35

LQ2

O.45 0.55 0.65
Al Concentration

0.75 0.85

FIG. 13. Experimental phonon shift slopes compared to a
simple model which assumes that the incident laser tracks the
direct gap, that is, dcoo/dEJ is dcoo/dx divided by dE~ /dx.

dcoo/dEI as just dcoo/dx divided by dE /dx. This argu-
ment generates the two solid curves in Fig. 13. We have
used Adachi's' expression for the x dependence of the
phonon frequency and the work of Lee, Juravel, and
Wooley' for the x dependence of the alloy energy gaps.
We chose the values of Lee, Juravel, and Woolley for a
complete set of expressions for Es (x), Es (x), and Eg (x).
Table III shows the x dependence of the LO&- and LO2-
phonon energies as well as the linearized expressions for
the energy gaps near x =0.5 and 0.7.

This simple picture has several shortcomings. It yields
slopes with magnitudes consistently higher than experi-
ment, and the shift does not fade with increased Al con-
tent. The LOz shift in the two more indirect samples
displayed only negative values. The Alo 4&Gao 59As shifts
crossed zero at the gap energy, the A1042Gao 58As shifts

crossed zero 50 meV above, and the Alo &8Gao 32As shift
never crossed zero. Most importantly, however, this pic-
ture does not explain the fact of no observable shift at the
direct gap.

IV. MATHEMATICAL MODEL AND DISCUSSION

A. Introduction

We believe that a theory of "forbidden" resonance Ra-
man scattering in alloys must use breakdown of wave-
vector conservation due to alloy fluctuations (Gogolin
and Rashba, " as discussed in the Introduction) as an
essential ingredient. A formally correct theory of the ob-
served coupling between the phonon energy seen via the
Frohlich mechanism and photon energy must also in-
clude (i) the effect of correlated scattering from the same
fluctuation in alloy concentration of both the virtual
electron-hole pair and phonon and (ii) propagation of the
electron-hole system to include both elastic and inelastic
scattering. Elastic scattering could lead to localization
effects. Inelastic scattering could be real, due to phonon
scattering, or, in the case of electrons in the I valley,
"effective" due to alloy-induced elastic scattering of the
electron to an indirect valley, Xor L, where it would sub-
sequently suffer a fast inelastic-scattering event, thus los-
ing temporal coherence. To avoid extra complexity, we
choose to neglect Coulomb (exciton) effects. We know of
no correct method to include (i), in reality a complicated
vertex effect, but we believe that a crude correction might
suffice if inelastic scattering dominates under (ii). When
the inelastic lifetime is shorter than the elastic lifetime,
localization effects can be neglected, as self-energy and
vertex corrections are dominated by simple inelastic life-
time broadening. Fluctuations in alloy concentration are
decoupled if they are spatially separated by a distance of
more than the inelastic mean free path, but within this
distance there will be a coupling between the local value
of the energy gap and phonon energy.

We use a model for the Raman susceptibility that ac-



RESONANT-RAMAN-SCATTERING STUDY OF DISORDER. . . 8611

counts for the role of fluctuations in alloy concentration
x. This method utilizes a weighted averaging of the pho-
non frequency as developed by Sela et a/. who assigned
a Gaussian distribution to the Auctuations in x. In that
work the resonance profile was treated crudely as a sole
ingoing resonance at the local energy gap. It incomplete-
ly explained the energy shift between the allowed and for-
bidden modes. We believe the resonant processes to be
much more complex: The scattered photon is resonantly
emitted after a phonon is created by an X-valley electron.
Because of the short inelastic mean free path A of this
electron, its band gap (and the energy of the phonon it
emits) depends on the local value of x, averaged over a
volume equal to A .

The laser-energy-dependent shift is seen only in alloys,
and it is present only in indirect-gap samples. At first
glance this indirect-gap restriction suggests a lifetime
effect —the shortened effective inelastic lifetime, a conse-
quence of indirect valley scattering channels —subjects
the electron's reduced interaction volume to greater com-
positional Auctuations. But no experimental shift was
found for resonance Raman scattering at the split-off
direct gap, where the inelastic lifetime is also short. We
believe that even a short inelastic lifetime is insufficient to
produce a measureable shift at the direct gap. The small
electron mass at the direct gap yields a relatively long in-
elastic mean free path, averaging out alloy fluctuations.

The averaging effect is diminished at the indirect gap,
where the electrons are heavier and hence slower. We ar-
gue here that for indirect-gap alloys the fate of electrons
excited by light in resonance with the direct gap is dom-
inated by elastic (effectively inelastic) scattering into the
indirect valleys. I uminescence work by Sturge, Cohen,
and Logan' has shown for Alo 46Gao 54As that the rate
for disorder scattering, evident from no-phonon transi-
tions, dominates over the phonon-scattering rate, visible
from phonon sidebands. The presence of no-phonon
luminescence and absorption in indirect alloys demon-
strates the strength of the random potential. Dingle, Lo-
gan, and Nelson' showed that the direct valley state can
serve as a virtual intermediate state with large transition
moment provided E"—E =0. The alloy disorder poten-
tial mixes k states from near the zone center with those
near the zone edge. Such random mixing by the short-
range potential causes the no-phonon absorption transi-
tions for photon energies at E . ' These precedents sup-
port our argument that the intermediate Raman-state
electron does indeed scatter to the X valley.

Near crossover, kinematical considerations give a
much shorter inelastic mean free path in the X valleys
than in the I valley. This inequality persists even consid-
erably above crossover.

We assume, then, that the inelastic mean free path is so
short that different values of x with their different local
values of band gap and phonon energies are sampled in
our experiments. In this picture the most probable pho-
non frequency seen via the forbidden Frohlich process is
determined by a weighted average over composition

f dx coo(x)I(x, EL )

&~o(E, ))= (l)
dx I(x,EL )

0

MA: Electron Scatters Phonon

E

EC

X
EC

Va]ence Band

p px

where x is the alloy concentration, coo(x) is the
concentration-dependent phonon frequency, EI is the in-
cident laser energy, and I(x,EI ) is the Raman-scattering
efficiency. I(x,EL ) is proportional to the square of the
Raman tensor and describes the relative LO-phonon-
scattering probability at concentration x for laser energy

B. Second-order calculation via the Ivalley

We calculate using perturbation theory in which the
electron-hole pair is created and eventually annihilated

MB. Hole Scatters Phonon

I
EC

X
C

V alence Band

px

FIG. 15. Complement resonant Raman process Mz to that
shown in Fig. 14. In this case the hole emits the phonon.

FIG. 14. Resonant Raman process M& wherein the
electron-phonon complex exhibits local alloy properties. The
electron-hole pair is created at the direct valley in {1),the elec-
tron is scattered by the alloy potential disorder to the indirect
valley in {2), a phonon is emitted in (3), the electron returns to
the direct valley in (4), and recombination leads to photon emis-
sion (5).
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by photon absorption and emission. The electron scatters
twice off the random potential, and either the electron or
hole emits a LO phonon via the Frohlich interaction.
There are six terms in the Raman susceptibility from this
process. We calculate the two most resonant and most
relevant terms, Mz describing electron-phonon scatter-
ing in the indirect valley and Mz describing hole-phonon
scattering at the direct gap. Figures 14 and 15 illustrate
the M~ and M~ processes. We ignore the four other
time-permuted orderings. These describe two cases of
phonon emission in the direct valley by a lifetime
broadened electronic state and the two complementary
processes for phonon emission by a lifetime-broadened
hole state. The negative experimental results for the shift
of the phonon frequency with photon energy at the split-

off gap of the direct alloy justify our neglect of their con-
tribution.

M„represents a five-step process: (1) creation of the
direct-gap electron-hole pair, (2) electron scattering to
the X valley, (3) X-valley electron-phonon emission, (4)
electron scattering back to the I valley, and (5) direct-
gap electron-hole pair recombination. The calculation of
M~ is based on Martin's model, ' under the following as-
sumptions: zero photon momentum, alloy disorder
scatters only the electron with matrix element V(p), and
the Frohlich interaction scatters either the electron, with
matrix element cF/q, or the hole, with matrix element—cF/q. We disregard excitonic effects in this calcula-
tion; this matter will be addressed below in the discussion
section. The expression for Mz is given by

0 E,„V(px —p)(A ' c~/q) V( —px+q+p)
(Eg +p /2pr EI. )(Eg +—px/2mx+p /2m', EI.)—

(px —q)'Ex+ +
2m~ 2mI,

2

E + +%co —E
2pr

(2)

where Vz is the sample scattering volume, 0 is the unit cell volume, E„ is a product of two interband optical matrix
elements, p describes the crystal momentum of the electron in the direct (I") valley, px is the crystal momentum in the
indirect valley (X), q is the phonon momentum (A' is suppressed for notational simplicity), c~ is the Frohlich constant,
E =E"(x) the concentration-dependent direct energy gap, Eg =Eg (x) the concentration-dependent indirect energy
gap, p„ is the reduced mass at the direct gap, m& is the hole effective mass, m~ is the indirect-valley electron effective
mass, and Aco0 is the phonon energy. Mz is a nearly identical process to M& except that the hole scatters the phonon. It
is given by

0 E„V(px p)(Q '~—cF/q ) V( —px+q+p)

p p (Eg +p /2pr EL)(Eg +p—x/2mx+p /2mp, El.)—
2E"+ +%co —Eg 2 0 LPr

2 2

E + + +A' E-
2m& 2m&

(3)

To obtain the Raman tensor, we set I/mi, equal to zero and collect M~ and M~ over a common denominator, yielding

0 E,„V(px —p)(Q '~ c~/q) V( —px+q+p)
~+ii q + 2 2 ~ 2 2 ~ 2 2

V~ pp» [p p rI. (x)+"Yr][px pxr. (x)+"Y~ ]Ip p rs(x)+'pr]

X(2mr) (2mx)
I:(p —q)' —p' (x)+is ]

1

[Px —Pxs«)+ &1'x]
(4)

Damping has been introduced explicitly via E~ = E~+i y&, and the following quantities have been defined and appear
in Eq. (4):

~n—:2~n~e

p rl (x ) =p „I(x,El ) =2m r [EI— Eg"(x )], —

pxI. (x) pxL(x EI )=2mx[EI —E —(x)],
prs(x) =prs(x~EL, ) =2mr [EI. Eg (x) &~o]

and

pxs(x)=pxs(x, EL ) =2mx[EL E(x) ficoo] . — —
The weakly energy-dependent electronic widths y& are assumed to be independent of the electronic momentum. The
data of Trallero-Giner, Gavrilenko, and Cardona have provided the direct-gap broadening values.
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The Raman-scattering efBciency for the frequency shift coo is

dR =&IMQ+ g(q)l &(~p(q)2

d coo
(10)

where cop(q) represents the dispersion of the LO phonon. However, the random-alloy potential necessitates proper ma-
nipulation of the Raman tensor M„+~. Since it is the fluctuations in V that generate the scattering, we must take a
configuration average

I (q) = (M~+ii(q)M„*+ii(q) ).
M~+~(q) is written as a product of the random potentials and a catchall function f (q, p, px ) to produce

(2 X X f~q P Px~P ~Px P~P~ Px+P+Q~f ~q P Px~&*~Px P ~& ~ Px+P +Q~l .
I~» &x»x

(12)

To compute the matrix element V(p ) for the electron scattering from k to k+ p, the electronic wave functions are taken
to be plane-wave states, giving

V(p)=(k+p~ V(r)~k ) = Jd r gu(r —R)V&e
1

R
(13)

where the sum is over the set R of Bravais lattice points. V& is a discreet random variable with zero mean, and we
make the simple assumption that u (r)=1 if r is the unit cell at the origin and u(r)=0 otherwise. The real-space in-
tegration of u gives approximately ap/4, the volume of a unit cell. Thus V(p) becomes

V(p) =—g Vae
R

(14)

where N is the total number of unit cells, that is, Nao/4= V, . Assuming uncorrelated occupancy of the two types of
atoms (Ga or Al) on different sites, we use

«(k)V*(k'))= ' «,'),
where Vp = Va p and where ( Vp ) is the mean square of the potential fiuctuation at a single site. Applying this expres-
sion to Eq. (12), we obtain, for qAO,

«(px —p) V( —px+p+q) V'(px —p') V'( —px+p'+q) )=, (5. . .+, +~, ,+, +, , ) ~

By neglecting p and p relative to px in evaluating the f functions, we find that the Raman intensity I (x,E~ ) reduces to
an integral over q of

( V2)2
I(q)= g.g[f(q p px)f (q p px)+f(q p px)f (q p q px)1

P» Pg
N'2 (17)

The sums are converted into integral expressions using

V,
QF(p) =

3 f d p F(p),
P

(18)

and the squared Raman matrix

E2
I(q)=(2mr) (2mx) 0

element is

(p' pr L, +&)'r)(p' p—rs+ rr)—
1

X dPx
[(p —q) —p +i) I

1

(px pxr. +&rx)—[(Px —q)' —Pxs+ i~x ]

1

(px pxs+ 'Yx )
(19)

We now describe the procedure for averaging over x. [Recall that prL, prs, pxL, and pxs depend on x via Eqs.
(6)—(9).] The total Raman efficiency is proportional to the integral over q of I(q) =I(q, x,EI ), multiplied by a weight-

ing factor to describe the relative probability of finding composition x if the mean composition is xo. This we assume to
be given by a Gaussian. Thus
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I(x,EI )=- Jdq 4vrq I(q, Es,EL )exp—
' (x —xo)'

~x ]

(2O)

The variance o.„ofcompositional fluctuations is given by

xo(1 —xo)
ox (21)

where xp is the mean concentration and N, is the number of unit cells within the e6'ective electron-phonon interaction
volume. We assume that this volume A is equa1 to the cube of the inelastic mean free path A of the X-valley electron.
We thus express A as

A=px/(mxr;„), (22)

where ~;„ is the inelastic lifetime. We further assume that for the electron in the X valley the relevant value ofpx in Eq.
(22) is not the (virtual) integration variable in Eq. (19), but rather is given by the following expression obtained by treat-
ing the intermediate state as real and obeying energy conservation:

px ——+2mx[E,"(xo)—E:(xo)]

We therefore obtain

(23)

3
Qp

0'x —xo(1 xo )
[2m [E"(x ) E~ (x )—] ]

'~

+in
Plx

(24)

The inelastic lifetime in Eq. (24) is related to the inelastic electronic broadening parameter in the X valley via the gen-
eral relationship y'=A'/2r, and our fitting parameter becomes yx;„. The total broadening parameter yx appearing in
Eq. (5) [and hence in Eq. (4)] obeys yx=yx;„+yx, ~. The elastic scattering rate y,'& is assumed to be dominated by
scattering to the X valley and therefore to be the same in both X and I valleys. Numerically it should be somewhat
smaller than yx;„. In the model yr is the direct-gap broadening. For the I valley we assume that yz;„&&y,'&, i.e., we
assume that the electron scatters elastically from I to Xbefore it has time to emit a LQ phonon in I . Thus we shall use
yz =y,', m Eqs. (4) and (5).

We return io the evaluation of Eq. (19) and the I -valley integration over momentum I„. Application of residue
theory yields

, - '(I „,+y, ) +(I „+y„) —2(pi, +y„) (pis+y, ) cos—t,„—4 2 1/2 4 2 1/2 4 2 J/4 4 2 ]/4 1 I yr
&

yr
w 2 2 2I PrL Prs

(25)

The X-valley integration is outlined in the Appendix. We de6ne the following quantities to discuss those results:

(pxL, +'Vx) «—s~xl. ~

b=(S'xL, +yx)» ~xl.

c:(pxs +yx ) «—s()xs2 2 1/4

d:—(pxs+yx)»n6xs

(27)

(28)

(29)

1
xs =—tan

2

wx .=.2PPlxi6QPp

yx

5'xs,

yx

SxL J

(30)

X, =-tan -' 2 b

g +wx 2Q'Q
+tan (33)

2qd

g wx 2gc
+tan 2gd

g l8x +2gc
(34)
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Ab =tan
2y~+2qb 2y~ —2qb

+tan '
q +N~+ 2qa q +w~ 2qa

(35)

= tan
2y&+2qd

q
—m~+2qc

2y~
+tan '

wx 2qc
(36)

and

2y~ —2qd 2yg +2qd
h~ =tan —tan '

q
—2qc q +2qc

(37)

2yx —2qb, 2y&+2qb&b=tan-' —tan '

q
—2qa q +2qa

The result of the X-valley integration I times the valley multiplicity is

(38)

a+c b —d+
2yx tL'x

6 IT' LU~
3I = (Xi +Xq)—

~4yx(wx+4yx)

6m 4 24
z 2 ( i+ ~)+

wx(wx+4yx) wx+4'Yx

(q —wx+2qc) +(2yx+2qd)z (q +wx —2qa)2+(2y» 2qb )2—

Pwxyx (q —wx —2qc) +(2yx —2qd) (q +wx+2qa) +(2yx+2qb)
(39)

C. First-order calculation via I

To compare to this above-outlined process that was of second order in the random potential V, we now calculate a
Raman amplitude that is 6rst order in V for electron scattering in the I valley. This is the dominant process in direct
III-V alloys. Since the Raman e5ciency is proportional to q, this disorder-assisted process prevails over the intrinsic
one because relaxed momentum restrictions allow larger wave vectors. By analogy, scattering to the X valley enables
even larger wave vectors. Two of the four perturbative terms are shown in Fig. 16 and described below. This scattering
calculation is based on our earlier model, although it is one order lower in the random potential. M& describes a four-
step process: (1) creation of the electron-hole pair, (2) electron scattering in the I valley by V( —q) the random-valley
potential, (3) electron-phonon emission, and (4) direct-gap electron-hole pair recombination:

E„V(—q)(Q '~ c„/q)0
(E +p /2pr EI ) Eg +(p+q) /2mr+ EI. (E~"+p —/2pr+&~o EI. )

2mI,

(4O)

M2 is identical to M& except that steps (2) and (3) are interchanged:

Q E,.V( —q)(& ' 'c~/q)
[Eg"+(p+q) /2pr+&oio EI ][Eg"+(p+q) /2m„+p /2mr+ficoo E~ ][Er+(p+—q)2/2pr E~]—

(41)

(42)

M~ is equal to M3 with steps (2) and (3) reversed:

Q E,„V(—q)(Q '~ c—~/q )

[E~"+(p+q) /2pr+ficoo EL ][E~"+(p+q) /2m—i, +p /2mr+Acoo EL ](Eg"+p /—2pr EI)—(43)

We suin these four expressions, extract the leading term in 1/m&, then set that quantity to zero in the other factors, and
introduce broadening via yz to produce

M3 consists of ( 1 ) electron-hole pair creation at the direct gap, (2) electron scattering in the I valley by V( —q ), (3)
hole-phonon emission, and (4) direct-gap electron-hole pair recombination:

0 E,„V(—q)(A 'i—cz/q )

(Eg +p /2pr EI ) [Ez +(p+q) /2mr —+p /2m& EI ][Ez"+(p+q) /2IJr+f—italo EL]—
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(q +2p q) 1
Mt+2+3+4 q X 2 2 . 2

[P —Prs«)+~ Yrl I:(P+q) —Prs«)+iYrl
1

I:(P+q) Prt. (x)+&Yrl'

(q +2p q) 1

P . P rl. (x)+ t'Yr 1 I.(P+ 9) P rL(x)+i Yr]
1

[(P+q) P rs(~)+'Yrl
(44)

where G(q) is designated by

c~ (2mr )
G(q)= E,„V(— ) 0

V.
"

2mhmr
(45)

The sum over p is converted into an integral which is evaluated by residue theory. We take a configurational average of
IMI to obtain the Raman intensity:

I (q) =
& M t+2+3+4(q)M 3+2+3+4(q) & (46)

CFI(q)=E' n
CV

q

The final expression for the Raman susceptibility in the I valley is

(V2, & ~2 64~4m'r
6 m2mg

(prL, 'YL) (prs 'Yr) I(prI. 'Yr) +(prs 'Yr) ll q' 2q'—(prL +prs —2t Yr)+tv' l

(47)

The calculated Raman cross sections for the first- and
second-order disorder-potential-mediated scattering have
the expected leading-order q functional dependence.
This is explicitly evident in the first-order calculation of
Eq. (47). The symmetry of the second-order result [Eq.
(39)] dictates that all odd-powered terms in q must be
zero, and the q and q terms exactly cancel.

D. Evaluation and discussion of theoretical results

1. Second-order impurity scattering via X valleys
versus erst order scatterin-g in the I' val/ey

The complicated q dependence of the analytic Raman
expressions motivates a numerical comparison over a

discrete range of laser energies and values of q appropri-
ate to the resonance. Prior to the integration over Al
concentration, we calculate the ratio of the q integrands,
Isecond order ~Ifirst order %e evaluated this quantity for
laser energies equal to E" plus nkcoo, where n =0, 0.5,
1.0, and 1.5 and for momentum values Aq from 0 to
+2mxcoo. The density-of-states effective mass used was
given by Mx = (m~, mxt )', geometrical mean of longitu-
dinal and transverse X-valley masses. Table III lists these
values and their x dependence for this calculation. Fig-
ure 17 shows typical results for Alo 5Gao 5As and
Alo 7Gao 3As evaluated at the peak of the outgoing reso-
nance. Nate that the second-order process is stronger

Direct —Gap Scattering ISP

E 100

EC 4 50

Ev--

p+ q

Ev--

p+q k

00.0
I

0.6
I

0.8 1.0

FIG. 16. Two perturbative terms of first order in the random
potential V contributing to the Raman scattering. M, shows
the creation of an electron-hole pair in (l), the electron is scat-
tered by the alloy potential in (2), a phonon is emitted in (3), and
recombination occurs in (4). M3 is equivalent to M& save the
phonon is emitted by the hole.

Phonon Momentum (42 m„too)

FIG. 17. Ratio for the calculation of the intensity of the
second-order disorder-potential scattering to the first-order
random-alloy scattering vs phonon wave vector. The solid line
corresponds to Alo, Gao 5As, the dotted line is for Alo 7Gao 3As,
and pertinent parameters are listed in Table III.
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than the first-order process by a factor of about 10 for
small q. Note that the q range in Fig. 17 is roughly dou-
ble the maximum value of q for the direct gap, which is
given by +2mrtoo; the q,„„a for the indirect case is at
least +2m~ltoo. We varied the parameters y~;„, xo, and
EL and produced similar results. The intensity ratio
ranged from 10' to 10 . Uncertainty in the crossover
concentrations is compensated for by examining several
fixed values for E"—E . Figure 17 has E"—E equal to
2AcoQ for AlQ 5GaQ 5As and 8AcoQ for AlQ 7GaQ 3As. As ex-
pected, the shift effect weakens as crossover is ap-
proached.

Alo 5 Gao 5 As Model: Profile and LO&'

—-- Phonon Frequency
389.0-

Rarnan Intensity
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PJ ~

o 388.6 8 F)

388.2 4

387.8
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2. Calculation of the dependence
ofphonon frequency on 1aser photon energy

The calculation of (too(EL ) ) [Eq. (I)] involves numeri-
cal integration over q and x for appropriate laser energies
in order to generate the resonance profile and shift behav-
ior. We show a sample calculated resonance profile and
shift result for the dipole-forbidden LO2 mode in Fig. 18.
Two shortcomings of our model are immediately evident
upon attempting to match Fig. 18 with the experimental
results. The peak energy of the calculated resonance
occurs near E + —,'h~Q, and the resonance profile full
width at half maximum is very wide, in fact too wide by a
factor of 2 for the samples near crossover. These
difficulties are rooted in the use of a free-electron —hole
pair model. As demonstrated by Trallero-Giner, Can-
tarero, and Cardona, excitons play a decisive role in the
one-phono n Frohlich-mediated Raman process. The
discrete-to-continuous transitions, that is, phonon pro-
cesses connecting a discrete exciton with an exciton in
the continuum, are the most important transitions. They
provide the asymmetry between the ingoing and outgoing
resonances; the large excitonic oscillator strength shar-

pens spectral features. However, an excitonic calculation
that would include disorder in a meaningful way exceeds
the scope of this paper and merits its own full theoretical
investigation. Thus a detailed comparison between
theory and experiment on our part is unwarranted. In-
stead, we emphasize that we have demonstrated theoreti-
cally that the second-order scattering process via the X
valley is dominant over the lower-order I -valley case.

Recent work of Trallero-Giner et al. examined the
dipole-forbidden resonance profiles of indirect
Al& Ga„As alloys. They accounted for the disorder-
induced dipole-forbidden LO-phonon scattering by multi-
plying the intrinsic Frohlich polarizability by an adjust-
able parameter. They noted discrepancies in their model.
Although their treatment includes the contributions from
both discrete and continuous excitonic states, it does not
account for the shift which we have extensively discussed
here.

Although our model is unable to provide a quantitative
fit, it does account for the functional dependence of the
resonance on the lifetimes. The one arbitrary fitting pa-
rameter in the model is the X-valley inelastic lifetime.
We observe both experimentally and theoretically that
the resonance profiles broaden and the shifts weaken as
y,'&, the elastic-scattering rate, increases. The sharp
change in slope between the AlQ 4,GaQ 59As and
AlQ 42GaQ 58As samples may be caused by a large
difference in the elastic scattering; we observe much less
luminescent intensity in AlQ 42GaQ 58As than in
AlQ 4&GaQ 59As. Of course, this change might also be at-
tributed to different magnitudes of compositional Auctua-
tions. Enhanced effective localization caused by an in-
creasing y&;„, the inelastic broadening parameter, gen-
erates larger shift slopes and a broader resonance profile.
In the case of the AlQ 5GaQ 5As model, application of the
uncertainty principle leads to an estimate of the X-valley
electronic inelastic lifetime of the order of 10 fs.

We also note the additional complication introduced
by the presence of the L valley; this has not been included
in this calculation. In fact E, the indirect gap at the L
point, crosses the direct gap just above the crossover of
E~ and E . In addition, we have ignored coo(q) disper-
sion, which can produce a unidirectional negative shift in
frequency as the dominant value is increased by raising
the photon energy farther above the direct gap. This
effect would appear most strongly when scattering high
in the X valley, i.e., when the sample is strongly indirect
and wave vectors of large magnitude are expected to
dominate. Examination of the GaAs dispersion curve ob-
tained from neutron data shows detectable shifts for wave
vectors about one-quarter of the way out of the
Brillouin-zone edge. This might explain the absence of
positive hcu s for the A1As-like Inode in our indirect sam-
ples A1Q 68GaQ 32As and AlQ 77GaQ 23As.

Laser Energy (eV)

FIG. 18. Results of the model calculation for Ala 5Gao 5As
with the resonance profile indicated by the solid line and the
phonon frequency for LO2 given by the dotted line. The arrows
indicate the direct gap at 2.096 eV and the mean frequency at
388.4 cm

V. SUMMARY

We have described the laser-frequency-dependent shift
of phonon frequency between the dipole-forbidden and
dipole-allowed LO modes in disordered Al Ga, As al-
loys. It results from elastic scattering of the electron
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from the I valley to the X valley and back via the ran-
dom alloy potential. The heavier, more localized, mass
allows shorter-wavelength (large wave vector) phonons to
be emitted and manifests the more localized nature of
this X-valley process. A Raman susceptibility calculation
demonstrates that the magnitude of the I -X-I second-
order process is greater than its first-order I -I counter-
part. As the alloy becomes more indirect, elastic-
scattering processes broaden the electronic linewidth and
weaken both the resonance and this shift effect.

dues produces

4m.
I(px)i=

wx+4rx
(a+c) (b —d)+

2~X wx
(A9)

I (px )2 is I (px ), with px replaced by px —q. Since the in-
tegration limits are +~, the origin is arbitrary and these
two integrals are identical. The factoring of I(px)& by
partial fractions greatly simplifies the angular and radial
integrals:
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APPENDIX

27Tpxdpx
I(px)3 —

z 2 2 2l(px —pxs) +rx]
sinOd 0

I I:(vx —q)' —pxi ]'+rx]
The result of this integral is

I(px )3 g (Xb +Xd Abw kdw )
4qrx

(A 10)

(A 1 1)

The X-valley momentum integration generates 16 parts
from the integrand consisting of a product of the squares
of the difference terms [(px —

q ) —px; ]
' —(px —px; )

The mechanical details of this type of contour integral
are discussed by Martin' in his Appendix A. Applica-
tion of symmetry arguments reduces the necessary num-
ber of integrations to five from 16. We define the follow-
ing quantities to discuss our results:

where

Xb =tan 2qb

q +wx —2qa

2qb

q +wx+2qa
(A12)

1
exs =—tan

2

1
6IXL =—tan

2

VX
2 7

pxs

Vx
2

pxL

a —= (pxi +rx )'"cos~xi

(pxi +)'x —) '"»»xi
c:(pxs+'Yx)—' cos8xs ~

d = (pxs+ 3'x ) —s'n'gxs

(Al)

(A2)

(A3)

(A4)

(A5)

(A6)

and

Xd =tan 2qd

wx 2qc

2qd

q
—wx+2qc

2yx+2qb
4b =tan

q +wx+2qa
r

2yx —2qb
+tan '

q +wx 2qa

(A13)

(A14)

and

wx =—2IXA'coo . (A7)
=tan 2yx+2qd

q wx+ 2qc

I (px), is angularly independent and is given by

I(px)
47TPx dPx

l(px —pxi )'+ &x ]

1

I:(px —
pxs )'+)'x )

(A8)

We factor this into four poles, and evaluation of the resi-

2p x 2qd
+tan '

wx 2qc
(A15)

I(px)~ transforms to I(px)s by interchanging L and S
subscripted momenta. Thus we transform the previous
result by changing a to c, b to d, and wx to negative wx,
which shows that I(px)4 equals I(px)s. The next in-
tegral is I (px )s whose complex conjugate is I (px )6:

I(px)s=
2~p'xdpx2

sin0 d 0
I:(vx q)' pxL, ]'+)—'x l(—vx q)' pxs—+&1'x—](px pxs &rx)— (A16)

The sum result of I(Px)s and I(Px )b is
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2 (q —wx+2qc) +(2yx+2qd)
I(pX)5+6 ~b +~d ~b ~d )+

q(wx~+4yx) 2qwxy» (q' —wx —2qc)'+(2yx —2qd)'

(q +wx —2qa) +(2yx 2q—b)

(q +wx+2qa) +(2yx+2qb)

where we define

2/x 2qda„=tan '

q
—2qc

2yx+2qd—tan '

q +2qc

2@x—2qb
Ab =tan

q
—2qa

2 yx+2qb—tan
q +2qa

(A19)

Interchanging 1. and 5 in I (px )5+I (px )6 will give I (px )7+I (px )s, which is an identical result because of the summary
of the terms. The integrals I(px)9 to I(px), 2 transform to the integrals I(px)~ to I(px)s by replacing px with px —q.
Again, because the choice of origin is arbitrary, the sum I(px)5+I(px)6+I(px)7I(px)s is equivalent to
I(PX)9+I(PX)1o+I (Px)»+1(Px),2. The next integral is I(Px)», given by

2&pxdpxsln0 d 0
I(px),

~ » q)' pxL+ yx j(px pxL ty—x)l:(p—x q)' p'x—s px—s ty—x)—
and I(px), 4 is its complex conjugate. Proceeding with the factoring and contour integration produces

2~2
I(px)13+14 2 2 (~b+~d ~b ~d)

q (wx+4yx)

Finally, we have I(px)» shown by

2~pxdpxsinO d 8I (px)1s =
2 2 . 2 2 2 2 2 2I:(px —q) pxL +1 yx )j(p—x pxL

—1 yx—)((px —q) pxs+ 1 y—x j(px pxs t y—x)—
with its complete conjugate equal to I (px ),6. The sum of these two integrals is

=2'
1(J X)15+16 (~b +~d ~b ~d)

q~x

(A20)

(A21)

(A22)

(A23)

To account for the valley multiplicity, we assume that the X-valley minimum occurs exactly at the zone boundary. This
provides an additional factor of 3 times the result of these 16 integrations:

3I(Px) = 6& le 6~'(4yx wx )—
(Xb+Xd) — (hb +Ad„)

q4yx(wx+4yx) q4rx~x
6m. 4yx (~ ~ )

24tr a+c b —d2

qwx(wx+4yx) wx+4yx

(q —wx+2qc) +(2yx+2qd) '

(q +wx —2qa )+(2yx+2qb)
qwxyx (q —wx+2qc) +(2yx+2qd) (q +wx+2qa) +(2yx+2qb)
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