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Exciton polaritons in thin films
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When excitons are coupled to light in the band-gap frequency region, they form exciton polaritons.
Dispersion relations are calculated for s- and p-polarized exciton polaritons in thin films. The film is as-
sumed to be isotropic, with a response function governed by a single excitonic resonance. Solutions are
generated and interpreted in terms of limiting cases for an idealized material. The solutions are investi-
gated for two additional boundary conditions u=0 and n Vu=O, where n is a vector normal to the
boundary and u is the excitonic field, and numerical results are presented for a free-standing film. The
method of attenuated total reflection (ATR) is suggested as a means of detecting thin-film exciton polari-
tons. A semiclassical approach is presented to calculate the reflection coefBcient in such an experiment.
Both s (TE) and p (TM) polarizations are considered. We also generate the associated dispersion curves
for an asymmetric geometry so that a comparison can be made between the two sets of calculations. The
film is assumed thick enough to have isotropic bulk properties and attention is restricted to a single exci-
tonic resonance. We apply the theory to a film of GaAs on a substrate of Nap, with a vacuum on the
other side of the film. The prism in the ATR calculations is assumed to be ZnS. The additional bound-
ary condition required for the problem is taken to be Mu+NBu/Bz=0, where u is the excitonic field
and the normal to the interfaces is in the z direction. The theoretical results are presented in the full
form of the additional boundary condition but we investigate numerically the extremes u=O and
Bu/Bz =0.

I. INTRODUCTION

The coupling of light to excitons in semiconductors has
been the subject of intensive study for many years. Pe-
kar, ' Hopfield, and Hopfield and Thomas ' dealt with
the polariton modes formed by exciton-photon coupling
in a bulk material, and in particular showed that spatial
dispersion leads to significantly different behavior from
the simpler case of phonon polaritons. Later, Maradudin
and Mills developed a theory of surface exciton polari-
tons and demonstrated that due to spatial dispersion the
surface mode is leaky, with energy loss into the continu-
um of bulk exciton polaritons of the same frequency. In
this paper we deal with exciton polaritons (EP's) in a film
of finite thickness. We use a macroscopic form of the ad-
ditional boundary condition (ABC), and for this reason
the results are strictly applicable only for a »a~, where
a is the film thickness and az is the excitonic Bohr radius,
typically of the order 10 nm.

Although the results are designed in the first instance
for films, it is hoped that they will give some preliminary
insight into Ep formation in quantum wells (QW's). Due
to the confinement of electronic wave functions, excitons
in QW systems have markedly different characteristics
from those in bulk semiconductors. The experiments of
Dingle and the theoretical results of Greene, Bajaj, and
Phelps, on the behavior of excitons in
GaAs/Al Ga& As layered materials both indicate that
bulk excitonic properties, e.g., binding energies and oscil-
lator strengths, remain relatively unaltered for layers of
GaAs down to widths of a =5az, where az is the Bohr
radius in GaAs. Absorption spectra for multiple-

quantum-well (MQW) systems below this limit show
higher principal resonances together with their associated
light-hole and heavy-hole resonances. These appear with
increasing resolution for decreasing well width. In addi-
tion, well-width reduction produces an increase in energy
at which resonant absorption occurs. This process
reaches a maximum when a =a~; below this point the ab-
sorption peaks shift back down the energy scale, tending
to the absorption spectra for Al Ga, „As, the material
of the cladding layers. Since our calculations in any case
assume a »a&, we believe them to be applicable to wide
QW's.

EP s exhibit the effects of spatial dispersion, that is, a
wave-number dependence of the dielectric function. The
simplest relevant form of the dielectric function is

e(k, to) =e +S/(to, +Dk to ttoI ) . — —

Here e is the background dielectric constant and S is
the dipole strength of the exciton, co, is the band-gap fre-
quency less the binding frequency, and D =A'u, /M,
where M =m, +m& is the exciton mass. Finally, I is a
phenornenological damping parameter, which will mainly
be neglected in what follows. Equation (1) differs from
the corresponding phonon form by the spatial-dispersion
term Dk .

The bulk EP dispersion relation is found by solving
Maxwell's equations with the use of the dielectric func-
tion (1). The result is

e(k, co)[k —e(k, co)co /c ]=0 .

This gives a longitudinal mode if e(k, co) =0 and a trans-
verse mode if the second factor vanishes. The dispersion
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FIG. 1. Schematic bulk exciton-polariton curves.
transverse modes; ———longitudinal mode. Regions (i)—(iv)
correspond to different signs of the quantities K „K2, and KL
defined subsequently: (i) K& &0, K2 &0, KL &0; (ii) K& &0,
K2 +0& KL, &0& (iii) Kl &0& K2, &0& Kl, +0& (iv) Kl )0& K2 )0&

Kl )0.

curve for the transverse mode, which together with the
longitudinal is shown in Fig. 1, resembles that for the
phonon polariton, except that the lower branch bends up
for large k. This is due to spatial dispersion, and the
asymptotic form of the lower branch is cu =co, +Dk .
The most important qualitative change is that there is no
stop band in the dispersion curve; there is at least one
propagating mode for every frequency co. A useful way
to look at (2) and Fig. 1 is that for a given co there are
three roots k: one real and two imaginary for co &coL,
and three real for co )coL .

Figure 1 brings out a major point of interest. Suppose
s-polarized light is incident from vacuum on the surface
of an excitonic medium. Two transverse modes of wave
numbers k& and k2, say, can propagate in the medium. It
should therefore be possible to evaluate two transmission
coefficients T& and Tz as well as a reflection coefficient R.
However, Maxwell's equations provide only two bound-
ary conditions, so an ABC is required. The need for an
ABC was first recognized by Pekar, ' and has been a re-
current problem since then. Helpful discussions and
references are given by Maradudin and Mills, So
et al. , ' Halevi, " ' Nkoma, ' Matsushita, Wickstead,
and Cummins, ' Del Sole and D'Andrea, ' and Basilev, '

among others. The most frequently adopted view, as
summarized by Halevi, ' is that just below the surface, at
z =0 say, there is an exciton-free, or dead, layer of thick-
ness aD in which the exciton polarization P, is zero. On
the other side of the dead layer at z = —a~, P, satisfies
an ABC most often taken as P, =0 (e.g., Pekar, ' Hopfield
and Thomas ' ) or BP, /Bz =0 (e.g., Ting et al. ' ). The
most recent use of the ABC P, =0 is by Ivchenko and
Kosobukin, ' who use it to calculate the dispersion rela-
tion for an infinite superlattice. Halevi, ' following
Agarwal, Pattanayk, and Wolf and others, made use of
the parametrized combination

P, +gBP, /Bz=O, (3)

which obviously includes P, =0 and BP, /Bz=0 as spe-
cial cases. Del Sole and D'Andrea' employ a microscop-
ic model to refine the dead-layer picture. In their model,
there is a transition layer of between 0.Saz and a& at the
surface, where az is the effective Bohr radius within the
semiconductor, typically of the order 10 nm. Within the
transition layer the behavior of P, is complicated, but the
behavior of P, as z~0.5aD is described by the ABC(3).
The relation between their approach and the coherent
wave model of Basilev' is discussed by Del Sole and
D'Andrea. ' This picture, of complicated microscopic
behavior within a transition layer leading to a relatively
simple macroscopic ABC of the form (3), is similar to
what is found for the proximity effect in superconductivi-
ty (de Gennes ').

For p-polarized incident light the situation is some-
what more complicated. In addition to the two trans-
verse modes, a longitudinal mode is excited. The ABC
(3) now has two components, so that altogether there are
four boundary conditions. The number of boundary con-
ditions is now sufficient to determine the reQection
coefficient R, two "transverse" transmission coefficients
T& and T2, and a "longitudinal" transmission coefficient
TL . Expressions for the reQection and transmission
coefficient in both s and p polarization with the ABC (3)
are given by Tilley and Nkoma. '

The use of a differential formulation of Maxwell's
equations together with standard boundary conditions
and an ABC is the commonest way of treating exciton-
photon coupling. Alternatively, the constitutive relation
between D and E, or between P and E, can be written as
an integral equation. In this case the integral kernel
e(r —r', co) is effectively the Fourier transform of e(k, co),
but the ABC is already included within the integral for-
mulation. The equivalence of an integral formulation to
a differential equation together with an ABC is demon-
strated explicitly elsewhere for some simple examples.

The theory of the surface EP was first given by Mara-
dudin and Mills. An important qualitative difference be-
tween this case and the surface phonon polariton is that
there is no stop band in the bulk dispersion curve. Even
in the interval co, & co & coL a bulk mode exists, as seen in
Fig. 1; its origin is clearly in the spatial dispersion term
Dk2 of (1). This means that although something like a
surface mode exists in ~, & co & coL, even in the absence of
damping [I =0 in (1)], the dispersion relation does not
have solutions with real co and k . For real co, k is com-
plex: if a mode is launched along the surface, it decays
with an attenuation length 2m. /Im(k, ). Physically the
field energy of the mode is transferred to bulk modes of
the same frequency, so that the surface EP is leaky.

In the present work we extend the study of Maradudin
and Mills to a film of thickness a. In a film, the bulk-
mode continuum is replaced by the guided-wave spec-
trum. The energy transfer then leads to mode mixing be-
tween the surface and guided modes, so that in the ab-
sence of damping we expect to find undamped normal
modes that have mixed surface and guided character. In
this sense, the film presents a simpler problem, at least
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P =(ep')'i u+eo(e„—1)E (5)

in which the first term on the right-hand side is the exci-
tonic polarization P, . Elimination of u between (4) and
(5), together with the use of the definition eoE+ P =eoeE,
gives the dielectric function (1). Equations (4) and (5) are
the extension to the excitonic medium of the well-known
Born-Huang treatment of dielectric properties in the
reststrahl frequency region. As the boundaries of the film
we apply the dead-layer, or transition-layer, model with
ABC (3). As discussed above, the dead layer has thick-
ne s aD —aa and therefore QD a The dead layer is an
exciton-free region, so from the electromagnetic point of
view it behaves as a thin cladding of an ordinary dielec-
tric. Since k&)aD, A, being the free space wavelength
(typically aD =5 nm and A, =700 nm), the dead layer has
negligible efFect on the polariton properties to be dis-
cussed. Inclusion of the dead layer would greatly compli-
cate the algebra without afFecting the results significantly;
we therefore omit it and apply the ABC (3) at the bound-
ary surfaces z=+a/2. The boundary condition (3) is
taken in the equivalent form

Mu+L. auras ——0

and for simplicity we restrict attention in numerical work
to the extreme cases M =1,I. =0 and M =O, L, = 1.

It is worth clarifying the relationship between our
model and that proposed by Schultheis and Ploog in
connection with their results on the reflectivity of single
and double QW's. They employed thin wells, a =aii, and
therefore postulated a dielectric function of the form (1),
but with k as the in-plane wave vector. This is appropri-
ate, since the motion transverse to the well is quantized in

conceptually, than the semi-infinite medium. The results
apply directly to a thin film of an excitonic medium such
as GaAs or Cu20, say, which have been used in experi-
mental studies of the kind mentioned above. In addition,
it is hoped that they contain the essential physics of EP
propagation in QW systems. In a QW, GaAs in
Al Ga& As say, the well is contained within a cladding
material which has a larger band gap. The more rigorous
discussions of ABC' s, such as that by Del Sole and
D'Andrea, ' deal with a free surface rather than an inter-
face with another semiconductor. However, it is likely
that a model based on transition layer together with ABC
(3) will continue to apply, so that our results should be
relevant for QW's of thickness a &)aii. In fact, experi-
mental results on reflectivity and photoluminescence by
Tuffigp et al. and by Schultheis and Plppg show clear
structure due to confined EP's of the kind to be de-
scribed. Similarly, the reflectance experiments on thin-
film CdSe by Kiselev et al. Razbirin, and Ural'tsev
show clear structure.

It is convenient to reformulate (1) and (3) by introduc-
ing an excitonic field u, following Tilley. The field equa-
tion for u is taken as

u+I'u=DV u co,u+(e—P')' E,
where E is the macroscopic electric field. The macro-
scopic polarization P is related to u and E by means of

a thin well, and so there is no transverse wave-vector
component. Consequently, there is no spatial dispersion
transverse to the well, and hence no need for an ABC.
As already emphasized, we are considering the opposite
limit a ))az.

There have been many experimental studies of bulk ex-
citon polaritons, including reflection, transmis-
sion, and Auorescence spectroscopy (Knox, Kuper and
Whitfield ); resonance Raman scattering (Washington
et al. ); and perhaps most successfully resonant Bril-
louin scattering, first proposed by Brenig, Zeyher, and
Birman and subsequently investigated by %'eisbuch and
Ulbrich, ' Hermann and Yu, Sermage and Fishman,
Tilley, and So et al. , ' among others.

The major technique for study of electromagnetically
couple surface excitations is attenuated total reflection
(ATR), first applied in this way by Otto. The early ap-
plications of ATR were to surface phonon and plasmon
polaritons, in which the efFects of spatial dispersion are
usually unimportant. The technique was later applied to
surface exciton polaritons in a number of materials:
CuBr (Lagois and Fischer ), ZnO (Lagois and Fischer ),
CuBr (Hirabayashi, Tokura, and Koda ), and ZnSe
(Tokuru, Hirabayashi and Koda ). Much of the theoret-
ical work for semi-infinite spatially dispersive materials
has been carried out by Maradudin and Mills, Rimbey,
and Lagois and Fischer.

Thin films of spatially dispersive materials have been
observed with normal-incidence reAection/transmission
measurements on CdS and CdSe crystals
(Kiselev et al. ' ' ); retlectance experiments on
GaAs/Al„Ga, „As quantum-well structures (Zheng
et al. ); retlectance, excitation, and luminescence spectra
of GaAs/Al Ga, As quantum wells (Schultheis
and Ploog, ); and photoluminescence spectra of
thin-layer heterostructures of the type
Cd, Zn Te/CdTe/Cd, Zn„Te (Tuffigo et al. ).
Yang, Sambles, and Bradberry have applied ATR to
prove the existence of a long-range coupled surface exci-
ton polariton in a thin vanadium film. However, they de-
scribe the mode under study as an exciton polariton be-
cause the strong resonance from which it arises is of in-
terband character, and they do not find it necessary to in-
clude spatial dispersion. Similarly, Kohl et al. ' analyze
their results on photoluminescence from grating-coupled
exciton polaritons in MQW structures without the in-
clusion of spatial dispersion.

Of particular relevance to this paper is the photo-
luminescence study on GaAs thin films carried out by
Kusano et al. They deal with films of thickness 99 and
201 nm, which are thick enough for the excitons to be of
three-dimensional (3D) character but which are at the
same time thin enough for quantization of the exciton
transverse motion to lead to discrete photoluminescence
peaks. This is the range of thickness that we are consid-
ering. Kusano et al. estimate values of k (effectively k, )

from a simple quantization argument in which a dead
layer is included at each surface. The (co, k) values for
the ten or so photoluminescence peaks they observe fit
very well to the known bulk exciton-polariton dispersion
curve ' for the thicker film, but for the thinner film there
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is a systematic discrepancy, perhaps due to the inhuence
of film thickness on the excitonic parameters. The model
invoked by Kusano et al. is exactly the one that is ana-
lyzed in detail here.

In view of the importance of the ATR technique, we
have calculated ATR spectra corresponding to our
theoretical thin-film exciton-polariton dispersion curves;
the results are illustrated for a GaAs film on a NaF sub-
strate.

The plan of the paper is as follows. In Secs. II and III
we calculate dispersion curves for s- and p-polarized
modes, respectively. In order to present the results sim-
ply as graphs of real frequency versus real wave vector we
omit damping in these sections. The corresponding ATR
spectra are derived and illustrated in Sec. IV. Con-
clusions are presented in Sec. V.
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II. DISPERSION CURVES: s POLARIZATION

We take an excitonic film characterized by (I) in—a/2&z &a/2 with isotropic media having dielectric
constants e, and e3 occupying the regions z) a/2 and
z & a /2. The x axis is taken as the propagation direction,
so that the electromagnetic fields in all three media have
the common factor exp(ik x

idiot

—). In s polarization the
electric fields are in the y direction, and we write them in
the form

Eiexp[ —a, (z —a/2)], z )a/2

[E, exp(K.z)+E2 exp( —Kjz)],
j=1,2

E ='

E3ex [pv ( 3z+a /2)], z & —a /2
2 2

(7a)

(7b)

(7c)

Here K1 and K3 are given by

Ki kx ~iso /c2 2 2 2

and both must be real in order that the mode be localized
on the film. The two constants K, and E2 are given by
the condition that the second factor of (2) vanish with k
in the form (k„,O, iK ); it is seen f. rom (I) that this equa-
tion is a quadratic in K .. , so that it does indeed have two
roots.

The dispersion equation for the modes is found by ap-
plying the standard electromagnetic boundary conditions
together with the ABC (6) to the fields in (7). This pro-
duces a 6 X 6 determinant since there are six field ampli-
tudes in (7), but this determinant can be written in a
somewhat simpler form. The general result is given else-
where; the result for the simpler case of a symmetric.47

geometry F1=@3 is given in Appendix A.
An example of the dispersion curves for the symmetric

geometry is shown in Fig. 2. In discussing these curves it
is helpful to refer to the regions (i) to (iv) marked in Fig.
1, which as the caption makes clear correspond to vari-
ous combinations of surface-type (X real) and guided type
(K imaginary) behavior within the film. The values
chosen here for D and coL are deliberately large so as to

FIG. 2. s-polarized thin-film exciton-polariton dispersion
curves for ABC u=O. The dielectric function parameters are
e&

= 1, e„=10, D = 10 c, coL /co, = 1.18, and the film thickness
is a =c/co, . —-—-—-, even modes; ———,odd modes.
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FIG. 3. s-polarized thin-film exciton-polariton dispersion
curves for a 0.1-pm CraAs film on a NaF substrate with ABC
u =0.

bring out important qualitative points. For the ABC
u=0 (L =0) used in Fig. 2, (Al) reduces to a product of
two determinants corresponding to modes of even and
odd symmetry as indicated in Fig. 2. The parts of the
dispersion curves lying in regions (i) and (iii) are essential-
ly excitonlike: they correspond closely to solutions of (4)
with S=0 and the ABC applied at the film surfaces.
They are standing-wave excitons within the film, and cou-
pling to the electromagnetic field is of little importance.
In the guided-wave region (i), however, each dispersion
curve passes through excitonlike and polaritonlike parts.
The curves in this region have the character of standing
excitons superposed on guided-wave (standing) polari-
tons, with crossings between modes of the same symme-
try removed by the coupling.
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The more practical case for experiments is the nonsym-
metric geometry e,+@3. For calculations in this case we
take realistic parameters for a GaAs film on a NaF sub-
strate. The dielectric constant of NaF (Ref. 48) is 1.756,
and the parameters for GaAs are ~, = 1.51S1 eV
1 =0.035 meV, e =12.65, D/c =4.9X10,and 5/ai,
=0.133X 10 . For calculation of dispersion curves I is
set equal to zero, but the actual value is needed later for
ATR calculations.

A set of dispersion curves for the ABC u=0 is shown
in Fig. 3. Although the geometry is asymmetric the
modes do still divide approximately into evenlike and
oddlike, and it is seen that as in Fig. 2 crossings are re-
moved between modes of the same symmetry. Since we
shall subsequently discuss ATR spectra, Fig. 3 includes,
as the right-hand member of the three nearly vertical
dashed lines, the ATR scan line k„=@~ (co/c)sin8 for a
Zns prism (e„=5.616) and angle of incidence 8=40. 1'.
Also shown are the vacuum and substrate light lines
k„=co/c and @3~ co/c.

We have also calculated dispersion curves for the
ABC Bu/Bz=0. These have a generally similar charac-
ter to those shown in Figs. 2 and 3, but the mode an-
ticrossing gaps are much less pronounced.

III. DISPERSION CURVES: p POLARIZATION

In this case the E field is the x-z plane and takes the
form

(1,0, ik, /~, )E,exp[ —x, (z —a/2)], z (a/2 (9a)

E= E)+E2+EL, —a/2 &z & a/2 (9b)

(1,0, ik /a—3)E3exp[x3(z+a/2)], z & —a/2 .

Here the component transverse and longitudinal fields in
the film are

E = ( 1,0, ik„ /K )Ei
.exp( —Kjz )
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FIG. 4. p-polarized thin-film exciton-polariton dispersion
curves for ABC u=O even modes. The parameters are film
thickness a =c/m„~L, /co, =1.18, D =10 c'.

curves may be seen as resulting from mixing of exciton-
like and polaritonlike modes. As might be expected, the
polariton —transverse-exciton mixing is considerably
stronger than the polariton —longitudinal-exciton mixing.
In the pure phonon-polariton case, with no spatial disper-
sion, a distinguishing feature of p polarization is the oc-
currence of an even and an odd surface mode within the
bulk stop band ~~ &co &mL. The analog of these modes
can be discerned in Figs. 4 and 5.

For the asymmetric case, dispersion curves for GaAs
film on a NaF substrate are shown in Fig. 6 with the
same parameters as used for Fig. 3. Comparison with
Fig. 3 shows the additional structure due to the inclusion
of the longitudinal component in the film.

For p polarization as for s polarization, the dispersion

+ ( —1,0, ik„ /K )E&iexp(K z ), j = 1,2

E~ =(1,0,KL /ik„)E, L exp(Kr z )

+(1,0, KL /ik )Ezrex—p( —KLz) .

(10)

2.0-

K, and K2 were defined previously, under (8); KL is
defined by the equation e(k, co) =0 with k (k=Oi„K, ~,).

The dispersion equation is now an 8 X 8 determinant
rather than 6X6 since the two longitudinal amplitudes
E&L and EzL are included. For the symmetric geometry
e& =e3 it reduces to the 6X6 determinant given in Appen-
dix A; the result for the general case is given in Ref. 47.

The inclusion of the longitudinal component means
that in the absence of coupling to the electromagnetic
field there are twice as many standing-exciton modes as
for s polarization. The polariton curves, with coupling
included, are therefore more complicated, so we show the
even- and odd-parity modes for ABC u =0 separately, in
Figs. 4 and 5, respectively. In the predominantly exciton
region (ii) the modes are alternately transverse and longi-
tudinal. As for s polarization, in region (i) the dispersion

V
&e

1.5-

3 4
kxc

FIG. 5. p-polarized thin-film exciton-polariton dispersion
curves for ABC u=O odd modes. The same parameters and no-
tation as in Fig. 4.
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FIG. 6. p-polarized thin-film exciton-polariton dispersion
curves for a O. l-pm GaAs film on a NaF substrate with ABC
u=o. As in Fig. 3, the two light lines k„=co/c, k =e3 co/c
and an ATR scan line k„=e~ (m/c}sin8 are shown as the three
near-vertical dashed lines.

curves for ABC Bn/Bz =0 are similar in general charac-
ter, but the mode repulsions are much less pronounced.

IV. AIR SPECTRA

FIG. 7. The prism and thin-film configuration used in the
ATR calculations. We take the prism to be ZnS, and the
prism-film separation as 0.1 and 0.25 pm for s and p polariza-
tion, respectively; all other parameters are those indicated in the
text. The scan line employed in the subsequent spectra is the
right-most finely dashed line of Figs. 3 and 6.

We now proceed to the second main calculation of this
paper, the ATR spectrum of thin-film exciton polaritons.
For a general discussion of ATR we refer to Cottam and
Tilley and Abeles. ' We present calculations for the
Otto configuration shown in Fig. 7. Fukui, Kamada, and
Toda calculated the ATR spectrum for a film of ZnO,
which has a wurtzite structure, but there the anisotropy
of the crystal structure reduced the number of fields re-
quired in the analysis, and in addition they assumed the
prism to be in contact with the film. In the following cal-
culation we retain all the fields and include a gap between
the prism and the film so that the postulated experiment

probes more accurately the modes of the thin film.
Generally, when light enters a prism and undergoes

internal re6ection an evanescent radiation field is pro-
duced at the base of the prism. If the prism is then
brought into proximity with a system, such as a thin film,
then they become coupled and energy can be transferred
from the prism to the system.

We consider the specific system shown in Fig. 7.
Media 0, I, and III are assumed isotropic with dielectric
constants e, el, and e3 all of which are independent of fre-
quency and wave number. As before, we assume the film,
medium II, to be isotropic with one excitonic resonance.
We further assume that the interface at z =d is illuminat-
ed from medium 0 with plane polarized light of frequency
co and wave number k in the x-z plane and at an angle O

to the plane normal. The in-plane component of the
wave vector is thus k =k sinO.

The principle of ATR assumes e&e, so that when
8) 8, =sin '(eI /e' ), an evanescent electromagnetic
field is generated in medium I and couples the prism to
the film. When the frequency co and in-plane wave num-
ber k of the incident light coincides with a mode of the
film, then an excitation is launched along it. This diverts
energy away from the rejected beam and into the film,
producing a depression in the reAectivity. The diverted
energy can then either remain in the film until it is dissi-
pated by damping, if there is an evanescent field in medi-
um III; or it can be diverted into a traveling wave in
medium III. The form of the field in medium III depends
on where the ATR scan line lies in the k -co plane relative
to the light line of the lower cladding medium. In this
paper we chose the scan line such that an evanescent field
is produced in medium III, since in the generation of
Figs. 3 and 6 we assumed exponentially decaying fields in
the cladding materials. The shape and sharpness of the
depressions in the ATR spectra are largely controlled by
the distance between the prism and the specimen, the an-
gle of the incident light to the plane normal O and by the
excitonic damping parameter. The prism must not be too
close to the film to produce overcoupling, but also it must
not be too far away from the film to produce undercou-
pling. The angle O is then chosen to highlight the
features of the ATR spectrum.

The method of ATR has been applied to many systems,
particularly to the detection of surface modes on semi-
infinite media. With a spatially nondispersive medium
what generally happens is that the incident light can cou-
ple to either a surface mode or one of the infinite bulk
modes. This produces either a decaying field or a travel-
ing wave in the semi-infinite medium, but for spatially
nondispersive materials, these generally occur in separate
frequency ranges. However, the characteristic effect of
spatial dispersiveness of the excitons is to overlap the
bulk energy bands and so remove the stop band within
which the surface excitations usually lie. The overlap of
the bands now allows bulk excitations for all frequencies
including the frequency range of the surface excitation.
Thus any excitation launched along the surface of the
semi-infinite medium is coupled to the bulk modes and so
leaks away from the surface into the bulk. Mathemati-
cally this is represented by one of the complementary
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pair cu and k of the surface excitation having to be corn-
plex even in the absence of damping. This forces the sur-
face excitation to have a decay length or decay time, thus
these modes are known as leaky modes. This point is dis-
cussed elsewhere, see for instance Maradudin and Mills
or Lagois and Fischer. In our present discussion, how-
ever, the film is finite, disallowing leaky modes and hence
leaving damping as the only mechanism by which energy
can be dissipated.

The fields in the ATR calculations are essentially the
same as in the corresponding thin-film dispersion calcula-
tion. We must, however, extend the field of medium I,
Fig. 7, to a superposed evanescent mode and include the
incident and rejected plane-polarized light in medium 0.
The film is now taken to occupy the space —a &z &0.
We take the parameters to be those of Sec. I, in addition
we take the prism to be ZnS with a dielectric constant
@=5.616 and the thickness of the gap to be d =0. 1 and
0.25 pm for s and p polarizations, respectively. In the nu-
merical calculations we fixed the angle 0 of the incident
light to be 0=40. 1' and scanned the frequency. The scan
line employed in the generation of our results is shown
with the dispersion curves of Figs. 3 and 6 as the far right
finely dashed line. We also show with the ATR results
the relevant portion of the dispersion curves for compar-
ison. As before, we generated the results for the ABC' s
u=0 and Bu/Bz =0, but only the former are shown here.

In s polarization there are only two transverse excita-
tions in medium II, —a &z &0 (Fig. 7). We therefore
take the electric fields as

X,=S, 'S2S5 '(S6S3 '
4

—1

X2 (S8S3 'S4+S9 Sio .

(21)

(22)

r(8, co) =(X,X2)21/(X1X2)», (23)

and the reliection coefficient is r r = iri . As mentioned
earlier, we keep 0 constant and scan the frequency.

The calculated ATR spectrum corresponding to Fig. 3,
the dispersion curve for GaAs on NaF in s polarization,
is shown in Fig. 8(b), with the zone-center part of Fig. 3
expanded and rotated for comparison in Fig. 8(a). It is
seen that there is indeed an ATR dip corresponding to
each mode; the coupling strength depends on the mode
parity and decreases with the order of the mode.

In p polarization there is the additional longitudinal
excitation in medium II, —a &z &0, as well as the two
transverse excitations. We take the fields in the form

0-

Both iE& and iE3& are of the form (Ed, E„) . Here,
Ed is the amplitude of the downward ( —z direction) trav-
eling wave and E„ is the amplitude of the upward (+z
direction) traveling wave. In medium 0 we assume both
incident and rellected waves thus

i
E &

=(E, ,E„) . In
medium III there is only an evanescent or transmitted
field, hence

i E3 &
= (E„O) . The amplitude reAection

coefficient, r, r =E„/E, , is therefore given by (20) to be

Eo = (0,E,exp[ ik, z )+—E„exp(ik,z),0] (0),
E,= [0,E11 exp( —K,z ) +E12exp(Kiz ),0] (I),
E2~ = (O, E2Jexp( K2jz )+E2—exp(K2. z ),0] (II),
E3= [O,E3exp(K3z)0] (III) .

(12)

(13)

(14)

E
LJ

The 0, I, II, and III of (12)—(15) refer to the media of Fig.
7 and in (14)j= 1,2.

We calculate the ATR reAectivity by an extension of
the standard matrix method applied by El-Gohary
et al. Applying the electromagnetic and additional
boundary conditions to the E, 8, and u fields we find 'l.0

s, ia&=s, iE, &,

S, l~» & =S4iE22&,

S, is, & =S,iE„&+S,IE22&,

Slo iE3 & S8 iE21 & +S9 iE22 &

(17)

(18) 0.5-

iz&=x,x, iE, &,

where

(20)

The
i Ek & are two-component column vectors whose

elements are the electric field amplitudes in a particular
medium and the S, are 2X2 coefficient matrices. Details
of the S; are contained in Appendix B. After some ma-
nipulation we find that the electric-Geld amplitudes of
medium 0, iE &, are related to those of medium III, by

1.514 1.516

hv(eV)
1.5't8

FIG. 8. ATR in s polarization with ABC u=0 for a O. l-pm
GaAs film on a NaF substrate, corresponding to the dispersion
curves of Fig. 3. {a) Zone-center part of dispersion curve, for
comparison purposes; {b) calculated ATR spectrum.
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Eo= (k„O,k„)E;exp( —ik, z )

+(—k„O„k„)E„exp(ik,z ) (0), (24)

The ~Ek ) and P; are contained in Appendix C.
The electric-field amplitudes of medium 0,

~
E ) are re-

lated to those of medium III,
~ E3 ), by

Ei = (a1,0, ik„)E1 1 exp(~iz )

+( a—1,0,ik„)E12exp(~iz) (I),
E2&

= (K2J-, O, ik„)Ezjexp(K2jz )

+(K2 , O, ik. )E2 exp(K2jz) (II),
E2L = (ik„,O, K2L )EzL exp( —K2Lz )

(26)

I
E &

= 111112IE3 &,

w~ere

II, =P, 'P P '[P II+P +P P '(P II+P )],
II,= [P„ll+P„+P„P (P, ll+P, )]-'P„,
II= [P 'P P'P —] '[P 'P P'—P ] .

(34)

(35)

(36)

(37)

+(ik, O, —K2L )EzL exp(K2Lz) (II),
E3= ( a3, 0—, ik„)E3exp(ii3z ) (III) .

(27)

(28)

(29)

The 0, I, II, and III of (24) to (28) refer to the media of
Fig. 7 and in (26) j= 1,2.

Applying the boundary conditions to the E, D, and u
fields we find

As in s polarization, ~E) and ~E3) have the form
(Ed, E„),where Ed is the amplitude of the downward
(
—z direction) traveling wave and E„ is the amplitude of

the upward (+z direction) traveling wave. Hence
~E) =(E;,E„) has both incident and reffected waves, but
there is no upward traveling mode in medium III and so
~E3) =(E3,0) . The amplitude refiection coefficient is
r =E„/E;, and is therefore given by (34) to be

P3 ~E1) P4 ~E21 &+Ps ~E22 & +P6 IE2L &

P9 ~E2L & P7 ~E21 &+P8 ~E22 &

1OlE21 &+Pii E22&,

P16IE3) P13~E21)+P14~E22)+Pis~E2L &

(30)

(31)

(33)

r (e,~)=(II,II,)„Z(ll,ll, )„. (38)

The amplitude refiection coefficient is thus r*r =
~
r

~
. We

again take 0 constant and scan frequency co.
The calculated ATR spectrum corresponding to Fig. 6,

the dispersion curve for GaAs on NaF in p polarization,
is shown in Fig. 9(b), with the zone-center part of Fig. 6

(a)

I

E
LJ

lA
CD

H

1 1

E
LJ

(b)

1.5'l4 1.516
Tiu(eV)

1.518 1.514 1516
4A eV)

'L518

FICz. 9. ATR in p polarization with ABC u=0 for a 0.1-pm
GaAs film on a NaF substrate, corresponding to the dispersion
curves of Fig. 6. (a) Zone center of dispersion curve; (b) calculat-
ed ATR spectrum.

FIG. 10. ATR in p polarization: same as Fig. 9, but with
boundary condition Bu/Bz =0.
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expanded and rotated for comparison in Fig. 9(a). As for
s polarization, Fig. 8, there is indeed a reAectivity dip
corresponding to each branch of the dispersion curve.
The more complicated mode structure in p polarization is
rejected in a more complicated ATR spectrum.

We have also calculated ATR spectra for the alterna-
tive boundary condition Bu/Bz =0. Full details are given
elsewhere, and an example is shown in Fig. 10. The
differences between Figs. 9 and 10 are characteristic; in
general the coupling to the modes is markedly weaker for
the second boundary condition.

V. CONCLUSIONS

We have presented the analytic expressions and some
numerical illustrations for both s- and p-polarized exciton
polaritons in thin films. Since it is assumed that the exci-
tons have a 3D character, the results are applicable to
films of thickness a »a~, and within the dead-layer
model the thickness appearing in our expressions is to be
regarded as an effective thickness a —2az. The results
should also apply to wide QW's where a »a]]. In fact,
qualitative arguments with the same physical content as
our analysis have been applied to experimental results on
luminescence and normal-incidence reffectivity on QW
systems (Tuffigo et al. Shultheis and Ploog, and
Kusano et al. ). In the work of Tuffigo et al. on
luminescence spectra of CdTe QW's, the main free-
exciton luminescence peak has satellites in the high-
frequency side which are attributed to exciton polaritons
with quantized values of k, . The positions of these satel-
lites are in fact the k„=0 points of our dispersion curves.
Very recently, Chen et al. have observed a large num-
ber of oscillations in the normal-incidence reAectance of a
high-quality GaAs quantum well. Their interpretation of
the spectra employs exactly the k =0 version of the
model used here. A calculation allowing for nonzero k,
such as we have presented, gives a more complete picture
of the exciton-polariton spectrum.

Normal-incidence reAectivity measurements probe the
s-polarized modes with k =0. Much more information
is available in principle, from ATR measurements, which
can probe both s and p polarization over a range of k„
values. We therefore calculated ATR spectra as well as
dispersion curves for a film on a substrate. In Figs. 3 and
6 we see that the limiting mechanical-like exciton polari-
tons (Bco/Bk =0) and the limiting photon-polaritonlike
(Bco/Bk„)&0) exciton polaritons produce an array of
mode anticrossings and mode interactions. We see this
most clearly in s polarization, where modes of one "sym-
metry" interact only with modes of the same kind of sym-
rnetry. In p polarization we see the same effect, but it
occurs very much closer to the zone center, in fact along
the limiting p polarized photon-polariton dispersion
curve. In p polarization we also note the complications
due to the longitudinal modes in the form of coupling be-
tween all the modes. In the ATR figures we see that the
deepest resonances are caused by those modes which are
in a photon-polaritonlike state (B]o/Bk„))0) with all the
other more mechanical-like exciton polaritons
( Bc@/Bk„= 0) producing only weak resonances. The
difference between the two ABC's u=0 and Bu/Bz =0 in
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APPENDIX A: DISPERSION EQUATION

For the symmetric geometry in s polarization the
dispersion equation is

xp 8]+x]cp] xp e2+X2 ev2

M d, C] d]C,

d, $2 d2Si
X xp$2+xpe2 xptf]+x] 8]

xpe2+X2ev2 xp 8]+x]g]
+X d iX2 Z2 d2X]

d]X2C2 d2X]C]
X

XpeV2+X2 ep Xpcr] +X]e]
where

~i =(~~+gj )/2

~i= fi gJ)

f =exp(E a /2), .

gi =exp( —Kj.a /2),

=0,

(A2)

(A3)

(A4)

(A5)

the numerical analysis for the dispersion curves and in
the ATR calculations is pronounced. First, the mode an-
ticrossings occur on a much finer scale for the second
ABC than the first. Second, the higher modes are shifted
down in energy; this explains a splitting of the resonance
for s polarization for the second ABC, since a mode has
been shifted down in energy to coincide with a photon-
polaritonlike mode. Third, the coupling in the ATR ex-
periment is generally much weaker for the second ABC
than the first.

In view of this analysis we suggest that the correspond-
ing experiment would be a useful tool in determining the
actual ABC for the thin-film exciton-polariton problem.
It may be, however, that this approach is limited to films
of thickness a = 10az, where a~ is the excitonic Bohr ra-
dius, since for thicker films the energy separation of
modes rapidly decreases so that the individual resonances
of the modes would merge. It would then be difficult to
locate precisely the ABC-dependent features. Such an
effect is in fact found by Kusano et al. Their photo-
luminescence spectra contain sharp exciton-polariton
peaks for films of thickness 99 and 201 nm, as discussed
earlier, but they see no such peaks for a film of thickness
520 nm.

For thinner films, where the 20 character of the exci-
tons becomes important, a microscopic analysis is re-
quired. A major contribution is made by Andreani and
Bassani, who give a derivation of the nonlocal dielectric
kernel e(z, z', k ) in an integral formulation, and apply
the result to a derivation of the exciton-polariton disper-
sion curves in films of thickness 10 nm or less.
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2

d =1— + (k„—Ki ),
COe CO~

Xp =K]c /toe

(A6)

(A7)

(AS)X =K c/co, .

For the symmetric geometry in p polarization the disper-
I

sion equation is

—1 —2

—3 —4
0

where

(A9)

T

(6$]X]+9]8]XO)X2 (E$2X2+ l282XO)X] ESLX]X2
aC—,NX, d2 aC2—NX2d ] NCI e„XLd]d2

Nad2—Q $]X]X2 Nad—,g $2X]X2 e NSI X]X2XId]d2

(A10)

0 0 0
—CI e Md, d2 aC2Md] aC]Md2

—e MSLX]X2XLd]d2 aMQ SzX]d] aMQ2$]Xzd2

(A11)

aC,MQ X2d2 aC2MQ X,d, —CI e MX]X2XL d]d2

aMS]d2 aM$2d] —ae„M/I d]d2 (A12)

0 0 0

C I e NX]X~Xr d]d2 —aC~NQ X]X2d, —C,g X]X2d2

Natl Xr d]dz —
aN$2Xzd ] aNS]X]d~-

( ]12't'] pXO + C 2~X2 )X] (g]~]XO+ C ]eX] )X2

(A13)

(A14)

and

Here CI, ]]'I, and XL are defined by analogy with (A2),
(A3), and (A8). The other quantities are

a =S/co,

The symbols not previously defined are

AJ =M+NKz~, f2J =exp(K2ia ),
go=exp( —K2.a), a =(c /co )(k„Kzj )

—e—

g. =e +S/[co, —co +D(k„—K, )] .

APPENDIX B: s-POLARIZATION
ATR TRANSFER MATRICES

(A15) APPENDIX C: p-POLARIZATION
ATR TRANSFER MATRICES

The coefficient matrices P, are

k„g k,f—~]f]

Sik f—Z

The coefficient matrices S are

ik,g

P1=

P3=

eg sf
K1 K1

4
1 1

%21 —K21

]E]g] 16]f]
P2=

a]X] f„a]X]+g„
CX2A, 2

a2~2 f22

CX A,
+

2 2

+
~2~2 g22

1 1

x S
22 22 K2]f2] K2]g2]

f22
S9=

K22»z
T

g3 0

g22

+22g 22

S 10= 0

1 1 1 1

1 1 K —KS
21 21

fz]

+22 +22 —ik ik
P5=

P8=

. "I2 'l2

E21a1A, 1

lk~ CX1k, 1

ik„a2A, z

lkx 6'~ AL

0

K21a1A, 1
+

ik (x,1+

+ '

22+2~2

ik O.22+

~L
P9

L~ ~L +L +

K2]a]~] f2] K2]a]~] gp]

a]~] f2] ik a]~] g2]

22 2~2 f22 K22a2~2 g22
+

P 11 ]kxa2~2 f22 ]kxa2~2 g22

0
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—12p
k~ e~A, Ifl tkx E~A,L gl

Kl e~l,l fl KL e A,l+gi

K2if2i

11g21

K22f 22 K22g 22

'92f22 '92f 22

i—k„f k„gL

0 0

—
K3g3 0

e3g3 0

The previously undefined symbols are

fL =exp(Kt a/2), gI =exp( —KL a/2) .
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