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Dependence of the electron-inelastic-scattering rate on disorder
and temperature in a strongly disordered superconductor
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The electron-inelastic-scattering rate, 1/~;„, is studied in superconducting amorphous-composite indi-
um oxide films over substantial ranges of resistivity p42 (1.4~p4&~9. 8 mQcm), sheet resistance R
(0. 17 ~ R& ~ 1.8 kQ), and reduced temperature T/T„(0. 17 ~ T/T„~0.6), using an electron tunneling
technique. 1/~;„(T) is obtained by a phenomenological analysis of the data. The main result is that
1/r;„=2.8X10' s '[p4& (mQcm) T„(K)] ~ (T/T„) . That 1/r;„~p4~z, as opposed to 1/r;„~R, indi-
cates the films are three dimensional (3D) rather than 2D for inelastic scattering. A recent theory ex-
plains this result as inelastic electron-phonon scattering that is enhanced by disorder that is strong
enough to suppress the normal-state density of states at the Fermi energy significantly.

I. INTRODUCTION

In a previous paper, ' tunneling measurements of the
inelastic-scattering rate 1/r;„( T) in amorphous-
composite indium oxide films (a -InO ) found
1/r;„cc ( T/T„) even at low reduced temperatures,
T/T„=0. 17, where 1/r;„« the order parameter b, /i)l

so that it is a small perturbation. This result was surpris-
ing since the dominant inelastic-scattering process was
expected to be electron-electron scattering, which was
predicted to be proportional to exp( —6/kT) at low tem-
peratures T ((T„. A measurement of quasiparticle re-
laxation times in weakly disordered 2D Al films was con-
sistent with this rapid decrease.

Reference 1 discusses numerous measurements of
1/~;„ in the normal state and at or just below T„,which,
in agreement with theory, ' demonstrate that disorder
enhances electron-electron scattering while it reduces
electron-phonon scattering in the normal state. Theory
of electron-electron and electron-phonon scattering in su-
perconductors has been discussed recently by Devereaux
and Belitz. ' The basic picture is that in weakly disor-
dered superconductors, such as amorphous 3D Pb-Bi, the
electron-phonon scattering rate, as opposed to the recom-
bination rate due to phonon emission, is proportional to
(T/b, ) /, and all other electron-phonon and electron-
electron processes are exponentially small at low temper-
atures. However, because of the small coherence factor
for scattering of quasiparticles at E=6 to other states
near E=A, the electron-phonon scattering rate is so
much smaller than the recombination rate near T„ that
it becomes larger than the recombination rate only at
very low temperatures where both are too small to ob-
serve. In somewhat more disordered conductors, the
electron-phonon coupling decreases as the electron mean
free path decreases below the wavelength of a typical
thermal phonon, while electron-electron scattering in-
creases due to the reduction in screening of the Coulomb
interaction between electrons, as first discussed by

Schmid. ' Thus, we expected electron-electron scattering
to dominate in our experiment.

Very recently, Devereaux and Belitz' ' have found
that for very disordered superconductors, the reduction
in screening of Coulomb interactions increases electron-
phonon coupling and modifies quasiparticle states enough
to remove the coherence factor bottleneck for electron-
phonon scattering. These effects are concurrent with a
substantial reduction in the normal-state density of states
at the Fermi level due to increased electron-electron in-
teractions. ' Our a-InO„ films show this large suppres-
sion. ' For T/T„«1, they calculate the imaginary part
of the electron self energy at E=6, which is closely relat-
ed to the inelastic scattering rate from our experiment al-
though the exact relationship is unclear. They find that
electron-phonon scattering, enhanced by disorder, has
the xnagnitude and temperature dependence which we ob-
serve, as described below.

In the present paper, we further test the theory by ex-
tending our study to a wider range of sample disorder
and film thickness than in Ref. 1. Also, more details
about the properties of the a-InO films and about the
phenomenological data analysis are presented than in
Ref. 1. Even more details can be found in Ref. 17.

The idea of the experimental method is to obtain an
effective rate 1/~;„ from modifications that inelastic
scattering makes in the superconducting density of states,
measured via electron tunneling. The main difhculty is
that disorder also makes large modifications in the energy
dependence of the norxnal-state electron density of states,
N„(E). To get the energy dependence due to supercon-
ductivity alone, we must divide out N„(E) from the den-
sity of states N, (E) measured below T„where N„(E) can
not be measured directly. [Critical magnetic fields are so
large that they would alter N„(E).] As explained below,
this division can be done with measurements of
the differential conductance 6 of high-resistance
superconductor-insulator-normal metal (SIN) junctions
as a function of not only bias voltage and temperature,
but also of supercurrent applied in the a-InO strip.
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II. EXPERIMENTAL DETAILS

A. Sample preparation and characterization

Samples are high-resistance Al-A10 -InO„ tunnel
junctions. Sample configuration and wiring are illustrat-
ed in Fig. 1. 2000-A thick Al (plus 1 wt. %%uoMn ) isdepos-
ited on a glass substrate through a mechanical mask from
a thermal evaporation source and exposed to air for
about 30 minutes to form the tunneling barrier. (1 wt. %
Mn lowers the superconducting transition in Al to below
0.5 K, the lowest temperature available in this work. )

Then 1500-A SiO is vapor deposited to define the junc-
tion area. Finally, the a-InO film is deposited at room
temperature on the top of oxide barrier by reactive ion
sputtering in the presence of a partial pressure of oxy-
gen. ' The nominal junction area and normal junction
resistance are 300X300 pm and 0.5—1 kQ. The junc-
tions are very durable under many thermal cyclings, and
the junction resistance changes only a few percent after
being exposed to air for a week. Several junctions are
made on the same a-InO strip to check the reproducibil-
ity of the junctions, which is very good. The normalized
conductances, G ( V)/G ( V=O), of all junctions on a sin-

gle film agree within a percent.
We make our films following the technique described

by Fiory and Hebard. ' Hebard and Nakahara have ex-
amined the microstructure of such films and find them to
be amorphous indium oxide with occasional small crys-
tallites of In203. We believe that our films have a similar
microstructure because their electrical properties are
similar. Our films have a mean-field transition tempera-
ture T„which decreases linearly with room temperature
resistivity p&, as seen by Hebard and Fiory ' (Fig. 2). T„
is measured by fitting the conductivity above T„ to the
formula of Aslamazov and Larkin and from the critical
current. Our T„'s are a little larger than those of He-
bard and Fiory, but this difference probably involves
small substrate effects.

The normal-state conductivity cr(T) of our films shows
a strong T dependence due to electron localization and
electron-electron interactions. Like the films of Fiory
and Hebard' ours have o(T)=a(0)+aT'~ from near
T„ to room temperature. The inset in Fig. 3 shows the
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FIG. 2. Dependence of T„on room-temperature resistivity

p&. Inset: T„vs the corresponding room-temperature sheet
resistance 8&. Open symbols are from Ref. 21 and solid symbols
are our data. The open circles, triangles, and squares corre-
spond to film thicknesses 100, 200, and 400 A, respectively. The
filled circles, triangles, and squares are 2000, 180, and 350 A.
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trend that cr(0), the conductivity extrapolated to T =0,
goes to zero when T„goes to zero. The linearity be-
tween cr(0) and cr(295) is also consistent with those of
Hebard and Kotliar, as shown in Fig. 3, except for the
systematic shift of our data upward. Selected samples
with d =350 A are marked in the figure, showing that the
disorder of the samples reported here is not very close to
the metal-insulator transition which occurs for p&=6.6
mAcm (o, =150 0 'cm ') . This value is 20% larger
than the value 5.3 mQ cm of Hebard and Kotliar.

Hence we conclude that our films are amorphous com-
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FIG. 1. Schematic sample configuration and wiring.

FIG. 3. Conductivity o.(0) vs o(295 K). Open symbols are
from Ref. 24. Denotation of symbols is the same as Fig. 2.
o., =150 0 ' cm ' marks the metal insulator transition. Inset:
o.(0) vs T„.
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TABLE I. Film thickness d, sheet resistance R& (4.2 K), resistivity p4 &, mean-field transition tem-
perature T„, zero-temperature order parameter b,(0), fitted and calculated critical current I,(0).
N {0)= 1.7 X 10 eV m is calculated from n =4 X 10 cm (Ref. 19) for calculating I,(0).

Sample d
(A)

350
350
350
350
375
350
180
840

R~
(kQ)

2.80
1.74
1.60
1.16
0.88
0.68
1.00
0.17

p4. 2

(mQ cm)

9.8
6.0
5.6
4.0
3.3
2.4
1.8
1.4

CO

(K)

1.37
2.20
2.38
2.60
2.95
3.28
3.37
3.77

5(0)
(meV)

0.30
0.41
0.45
0.53
0.59
0.63
0.65
0.67

Ifit(0)

(mA)

4.2
9.2

11.4
16.0
23.3
33.5
16.7

119

Ica&(0)

(mA)

4.0
8.4
9.6

14.5
20.1

24.5
15.1
86

a(0)/k, r,.
2.55
2.18
2.18
2.35
2.30
2.23
2.24
2.07

posite, based on the all these data which show similar
electrical transport properties to previous studies (Figs. 2
and 3). Furthermore, we emphasize that broadening of
the resistive transition below T„observed on these films
is well explained with a Kosterlitz-Thouless type of phase
transition without attributing it to inhomogeneity.
Reasons why we believe that inhomogeneities are unirn-
portant are discussed in Ref. 1.

Sample parameters, measured directly or obtained
from fits to tunneling data, are listed in Table I.

B. Measurement technique

A conventional four-terminal ac modulation technique
is used for measuring the dynamic conductance
GJ.( V, T)= dI ldV

~ z and —the current voltage characteris-
tic I ( V) of the junctions. The operating frequency is 100
Hz and the voltage resolution is about 10 nV. All the
data are acquired by a computer-controlled system. Mea-
surement is done with a He probe between 0.5 and 1.3 K,
and with an immersion-type He probe above 1.2 K. The
effect of the geomagnetic field is checked by doing the
same measurements with a Dewar protected by dual-
layered p-metal shield (maximum ambient field inside the
Dewar is less than 10 mG). No quantitative difFerence is
found when compared to the data obtained without the
shield.

The change in the junction conductance 5G. induced
by a supercurrent in the a-InO film is measured as a
function of supercurrent I, at a given temperature and dc
junction current I. Using a wiring scheme depicted in
Fig. 1, the dc and ac junction currents are fixed and the
change in ac junction voltage 5V is monitored as I, is
swept from zero to nearly the critical current. 5V is al-
ways kept small enough that instrumental smearing is
negligible.

The supercurrent applied along the a-InO„ films is uni-
form across the film thickness d and width of the junc-
tion, since the magnetic penetration depth A. =2 pm is
much greater than film thicknesses (d ( 1000 A), and the
measured perpendicular magnetic penetration depth
Xp k /d is on the order of mi 1limeters, and the filrn
width is about 1 mrn.

5GJ ~ I, is observed even when I, is large enough to in-
duce a slight voltage in the a-InO strip, so long as the

slight voltage is small enough that it does not affect the
current distribution through the junction. Very near the
critical current, the voltage increases rapidly and limits
the useful current range. Specifically, the dynamic sheet
resistance of a-InO„ films at I, up to about 80% of the
directly measured critical current is less than 10 mQ,
which is 6 orders of magnitude smaller than the junction
resistance. For stability, a Keithley 220 programmable
source and mercury batteries are used for the sources of
dc junction current and I„respectively.

Care is taken to avoid effects of heat dissipation from
the resistive InO strip for I, near I, when the He probe
is used. This is checked by monitoring the drift in T of
the sample while ramping I, up to near I„after T was re-
gulated at a certain value with I, =O. From this pro-
cedure, we set a limit on I„which turns out to be about
0.7I, (T).

There is a nontrivial technical issue that makes it at-
tractive to measure 56. vs I, at fixed junction current I
rather than voltage V. Since the dependence of V on I
depends on I„and the junction is current biased, a feed-
back circuit for I could in principle keep V constant as I,
is varied. This is not possible when the supercurrent in-
duces a voltage in the strip because then the measured dc
voltage is the junction voltage V plus the voltage in the
half of the a-InO strip in the voltage-measuring circuit
(see Fig. 1). Rather than restrict our measurements to
I, ((I„where a feedback circuit could be used, we mea-
sure at fixed I. Note that the measured ac voltage, which
is proportional to 5G., is unaffected by a slight dc voltage
in the film because the ac voltage is measured in a true
four-terminal way. Conversion of 5G measured at fixed
I to 56~ at fixed Vis described in the Appendix. For sim-
plicity, in the rest of the text, 5G means 5G. at fixed
voltage V.

III. THEORETICAL MODEL

To illustrate the effects of disorder qualitatively and to
motivate our experimental method, Fig. 4 shows Gj( V)
measured at the same reduced temperature,
T/T„=0.38, for samples 1, 3, and 6. As p increases, the
suppression of the normal-state density of states X„(E)at
EF grows and results in a severe deformation of the fa-
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T=0.38Tco

volume, N, (E), below T„ is the product of a dimension-
less superconducting density of states N, (E), similar to
the familiar BC S form, and the disorder-suppressed
N„(E), so that G. ( V, T) is given by

6 (V)=Cf dENi(E)N„(E) Bf—(E—e V)
aE

0.5

0.0
0.0 0.5 1.0

v(rnv)
1.5 2.0

FIG. 4. G, (V)/G, (2 mV) vs V for samples 1, 3, and 6 at
T/T„=O. 38.
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FIG. 5. G, (V) vs V at T=4.2, 2.9, and 2.1 K. p42 of the
InO film is 7.7 mAcm; T„=2.1 K. Strong T dependence of
G~( V) for V(1 mV is evident.

miliar horn-shaped superconducting structure observed
in conventional superconductors. It is not possible with
sufficient accuracy to estimate N„(E) below T„and
below 2 mV by extrapolation of the measured N„(E)
from either T & T„or V&2 mV because of the anoma-
lous energy dependence of N„(E) (Ref. 16) and because of
its strong temperature dependence (Fig. 5), which is
stronger than that observed for a disordered normal met-
al, Ag. Thus, we are led to our more complicated pro-
cedure which requires the following model to obtain the
important parameters 1/r;„, b., and I, (0).

We assume that the electron density of states per unit

where f (E) is the Fermi function and C is a constant
proportional to the tunneling probability of electrons
through the insulating barrier. ' For all voltages for T
near T„, or for high voltages eV ))5 at any T, super-
conducting effects are small, so N, (E)= 1 and Gi(eV) is a
thermally smeared image of N„(E).

Our goal is to normalize N„(E) out of N, (E) with data
from the same T where G is measured rather than from
T near T„. When a supercurrent is applied in the a-InO
film, the superconducting density of states, N, (E),
changes by Mt

&
and results in a change 5Gj in G . From

Eq. (1), we have

56, f dE 5N, (E)N„(E)[ Bf(E —V)/BE—]1 n
(2)fdE Ni(E)N„(E)[ Bf(E eV—)/BE]—

f dE 5N, (E)[—Bf(E)/5E~, „]
(3)f dE N, (E)[ Bf(E)/BE~—E,i ]

The step from Eq. (2) to (3) is quite accurate, based on
numerical calculations with a reasonable estimate of
N„(E) taken from GJ( V)

~ z T . Equation (3) shows that
CO

N„(E) is eliminated from 56' /GJ at any temperature.
A reasonable approach to inodeling 56 /G. would be

to use the Eliashberg equations ' to calculate N, (E) and
5 and adjust the coupling function a F(co) and pseudo-
potential p* to get the best fit to 56j/Gj This would en-
able us to obtain microscopic information from the pho-
non structure seen in the data. However, the solution of
the Eliashberg equations for the density of states is very
difBcult except near T=O and T=T„. Instead, we use
Beyer-Nielsen's weak coupling approximation to the
Eliashberg equations. In this approximation, 5 is in-
dependent of energy, and the effects of elastic and inelas-
tic pairbreaking are included through the energy-
independent normalized rates I,:fi/r, b. and—
I";„=iii/2r;„b,. For I;„=0,the model reproduces Maki's
dirty-limit theory for the effect of a supercurrent on
Ni (E). In the other limit, I,=0, the model yields
Dynes's empirical approximation

N, (E)=Re[(E+iA/2v; „)/[(E+iA'/2r;„) —. b, ]'

which successfully models inelastic scattering effects on
N, (E) in Pb-Bi, a well-understood superconductor.
Thus, the model serves as an interpolation between these
two limits. The model was used successfully in the
analysis of nonequilibrium quasiparticle charge-
imbalance relaxation measurements made via low-
resistance junctions on Sn and SnIn films by Yen and
Lemberger, and on weakly disordered Al films by Lee
and Lemberger. The model also describes measurements
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on higher-resistance junctions on Sn and Al in which
nonequilibrium effects were negligible. In all of these
measurements, a supercurrent was used to modulate the
resistance of the junction.

In the present work, elastic pair breaking has two ori-
gins; one (1/r, ,„,) comes from the externally applied su-
percurrent, and the other (1/r, ;„,) from thermal phase
Quctuations, which are intrinsic and discussed in the
next section. 1/r, ,„, is related to the supercurrent I,
through '

fi/r, ,„,=Dp, /2A

= 0. 167( k~ T„)[n, (0) /n, ( T)] [I,/I, (0)], (4)

where

I,(0) =(0.467)2N(0)b(0) (dw ) /Ap4 z .

I,(0) is the zero-temperature depairing critical current, D
is the electron diffusion constant, p, =2mv, is the
superfluid momentum, and n, is the density of supercon-
ducting electrons. The free-electron relation
1/p=2N(0)e D is used in Eqs. (4) and (5). Table I shows
the good agreement between the fitted values of I,(0) and
values from Eq. (5), even though Eq. (5) does not include
effects of strong disorder.

The theoretical model actually yields X& as a function
of E /6 for given I, and I;„,that is, it yields the shape of
the density of states. The change, 5N, (E), as a function
of absolute energy E, is calculated from

5N, (E/b ) =N) [E/5(I—, ),I, ]—N, [E/b (0),I, =0],
taking into account that 5 is a function of I„i.e., 1/r, ,„,.
We use Maki's theory to calculate b, (l/r, ,„,), since for
our samples inelastic scattering is relatively weak,
I;„&0. 1, and Maki's theory obtains for I;„=0.

For illustration, Fig. 6 shows the dependence of X, on
E/5 (solid lines), calculated for two cases: (1) no pair
breaking, I;„=I,;„„=I,,„,=O (BCS), and (2) weak in-
elastic pair breaking, I;„=0.1, I, ;„,=I, ,„,=O. The
dotted lines show the effect of a small supercurrent corre-
sponding to I, ,„,=0.02. Inset shows the change
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5N, (E /b, ) caused by a supercurrent (not including the
effect of current on 6 for simplicity). Note that the effect
of the supercurrent is to move %& toward its normal-state
value of unity, so it increases N& for E & 5, where X& is
less than unity, and it decreases X& for E )b, where N&

is greater than unity.
Figure 7 shows 5G /6 calculated as a function of bias

voltage for three different cases: (1) no pair breaking
(I;„=I,;„,=0), (2) weak intrinsic elastic pair breaking
(I, ;„,=0.1; I;„=0),and (3) weak inelastic pair breaking
(I, ;„,=0, I;„=0.1). Comparison of these cases suggests
that gaplessness in the density of states [case (3)] is re-
sponsible for the minimum at eV=O. Furthermore, we
see that intrinsic elastic pairbr caking I, ;„„which
broadens the peak but does not produce a low-energy tail
in N„has a relatively minor effect on 5GJ/GJ. , at least
for I, ;„,&0.1. We estimate for our alms a largest value
for I, ;„, of about 0.1 from the experimental result
1/r, ;„,=2.2X10 Rz Ts ', with R&=1000 0, a typical
highest T of 2 K, and a typical measured 6 of about
2.3kT„. Thus, we are unable to determine I, ;„, from
our data, and we neglect it in the analysis.

The features of 56~/6~ ~ V seen in Fig. 7 can be ex-
plained as follows. 56 (V) is a thermally broadened
5N&(eV). Since the supercurrent has its largest effect on
states near 6, 5N& is largest just above and below 6 and
decreases rapidly as V~O (see Fig. 6). Numerical calcu-
lations show little difFerence among 5G. ( V) for the three
cases mentioned above. However, GJ( V) is very different
if inelastic scattering is present. Near V=O, G~ is greatly
increased by a low-energy tail in X, caused by inelastic
scattering. Thus, 5GJ/G~ at V=O is much smaller when
inelastic scattering exists. When V increases to about
(b, kT)/e, then—electrons can tunnel into the large num-
ber of states near E=A and the tail becomes unimpor-
tant, so G. is roughly the same for all cases and the
different curves for 561/GJ merge. The conclusion is
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FIG. 11. Inelastic scattering rate 1/~;„normalized by
(p42T„)' as a function of T/T„ in log-log scale. 1/~;„ is in
units of kelvin.

tance. ' Thus, the supercurrent raises the conductance
toward its normal state value for V ~ 1.1 mV and 56./6
is positive again. It will be interesting to reexamine this
feature when the theory can calculate the tunneling con-
ductance directly, including disorder and strong cou-
pling.

We note that a strong-coupling modification of the
density of states so close to E=A could be the reason
that we were unable to fit the peak in G ( V, T) /G ( V, T„)
vs V with our model, which does not include such strong
coupling features because it neglects the energy depen-
dences of 1/r;„and b, .

The main result of this study is that

1/r;„=2.8X 10' s '[p4 z[mQ cm)T„(E)] (T/T„)

The data for 56~/G. vs V reveal inelastic broadening in
the superconducting density of states as a minimum at
V=O and strong electron-phonon coupling as a second
zero crossing just above 1 rneV. Both of these features
are obscured by the normal background in the conduc-
tance trace, 6 (V) vs V.

By interpreting the data with a semiphenomenological
model, we obtain an effective inelastic scattering rate
1/r;„as a function of temperature and disorder. The ob-
served rate is proportional to (T/T„) even for T « T„,
where file;„b, « 1. A theory for the electron self-energy
of disordered superconductors, including the correlation
gap contribution, at T/b, «1 describes the dependence
of the measured rate on temperature and on disorder, i.e.,
resistivity.

b,(0)/kT„ is roughly constant as T„~O, as is ob-
served for uniform quench-condensed Pb films but not for
uniform quench-condensed Sn films. The fitted critical
current at T=0, I,(0), is not affected much by strong dis-
order.

There is much more that needs to be done. First, mea-
surements are needed on other materials, preferably ma-
terials with a microstructure different from that of
a-InO . Data are needed on thinner films to see the
crossover from 3D to 2D predicted by theory. A tech-
nique needs to be found to look for the effects of thermal
phase

fluctuations

in strongly disordered super-
conductors, which the current experimental technique
does not see. These fluctuations should contribute to
broadening of the peak in N, (E).

A rigorous comparison between theory and experiment
will be possible when theory can calculate the measured
quantities, namely, the junction conductance 6 ( V) and
the change 56 ( V) induced by a supercurrent in the film.
Also, theory likely needs to include thermal phase Auc-
tuations, especially in 2D, since the effective pair-
breaking rate is linear in T and other processes which
broaden the peak in N, (E) decrease more rapidly.

with surprisingly little scatter. Figure 11 shows 1/r;„
normalized to (p42T„) / plotted vs T/T„on a log-log
scale. Samples 3 and 6 were reported in Ref. 1. The solid
line has a slope of 3. The scaling with p42 rather than
R~ =p4 z/d indicates that the inelastic scattering is 3D in
nature, rather than 2D. Devereaux and Belitz' ' find
that the imaginary part of the electron self-energy agrees
well with our inelastic rate. They find that our 180-A-
thick films are just approaching the dimensional cross-
over from 3D to 2D.

V. CONCLUSION

Sample 7

T=O.37Tco
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We have performed tunneling measurements on high-
resistance Al/A10„/a-InO„junctions as a function of
bias voltage V, temperature T, and supercurrent I, to
study the effects of disorder on superconductivity for
T&&T

Measurements of the fractional change in junction con-
ductance caused by a supercurrent applied to the a-InO
film enable separation of the disorder dependence of the
superconducting and normal electron densities of states.

Q: V fixed

0.0 0.5 1,0
V(rnV)

1,5

FIG. 12. Measured 5GJ /G, ~ I vs V (solid line) and 5GJ /6, ~ v
vs V (circles) for sample 7. Inset shows ( 1/GJ )BG~ /8 V vs V.
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APPENDIX

The important quantity is the change in conductance
at fixed voltage,

5G (V, T,I, )—=GJ(V, T,I, )
—G (V, T, O) .

It is straightforward to obtain 5'( V, T,I, ) at fixed volt-
age from the measured 56, taken at fixed current I, and
GJ( V, T). ' The key relation is

aG, aG,

B(I, ) v, r, =o B(I, ) r, r, =o

BG.
+

I, =O

BG
X dV', , (A 1)

G, (V') a(I,') r, r =o
'

where measured values for G. and its derivatives are used
on the right-hand side. We have checked this result nu-
merically. We obtain 5G /G, ~ v at a given I, by multi-
plymg BG /B(I, ) vr o, by I, and then dividing by

Gr( V, I, =0). For reference, Fig. 12 shows the raw data,
5Gr /Gr ~ r, the calculated quantity 5' /Gr ~ v, and
(BG&/Gr )/8V~r (inset) calculated numerically from the

measured G. ( V), all for sample 7 at T/T„=0.37.
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