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We have performed numerical studies of multiband Hubbard Inodels for the Cu-0 planes of the high-

T, materials. For the range of realistic parameters, all low-energy ( 2 eV) charge and spin excitations
are described by the single-band (possibly extended) Hubbard model with U= W where Wis the band-
width.

A key impediment to progress in the theory of high-T,
superconductivity has been the absence of any clear pic-
ture of the nature of the electronic Hamiltonian. At-
tempts to explain the unusual properties and supercon-
ductivity have led to many different models in which
strong electron-electron interactions play a crucial role.
Anderson has argued that the essential physics is con-
tained in the one-band Hubbard model, which is pro-
posed to form a Lutttnger-liquid state qualitatively
different from a usual Fermi liquid. Laughlin has pro-
posed that the system is a spin liquid with elementary ex-
citations having fractional statistics. On the other hand,
others have proposed that the properties can be under-
stood in a weak interactin-g regime and as an antiferro
magnetic Fermi liquid or by an almost localized Fermi-
liquid description. Also, it has been claimed that multi-
band models with more degrees of freedom are essential
to describe the low-energy properties. Such models have
often been analyzed in certain limiting approximations
which lead to the effective strong-coupling one-band
Hubbard model or its simplified version, the widely stud-
ied t-J model.

In this work we present results of exact calculations of
ground states and excitation spectra of small periodic
cells. We considered two cell sizes, 2 X2, Cu40s and (for
the simpler models) v'8 X &8, Cu~O&6. Our purpose is to
establish which models are applicable and what are the
regimes of parameters appropriate for the CuO planes.
To this end we compare the excitations of multiband
models with those of the one-band Hubbard and t-J-like
models considering the quantum numbers as well as the
ouerall behavior of the low-energy levels with the parame-
ters. The essential point of our work is that by consider-
ing the evolution of the properties as a function of the pa-
rameters we establish the qualitative regime of the mod-
els, although there is not a perfect fit at all energies of the
full multiband spectra by the simpler ones.

From our study we conclude that all low-energy ( ~ 2-
eV ) charge and spin excitations of the CuO planes in
high-T, materials, both the stoichiometric and doped, are
described by a one-band Hubbard model with U=8'
where W is the bandwidth. At half-fihng the one-band

H =E gpt p& + g t" (pt p, , +H c ), (lb)

H d= g t d(d,~pi +H.c. ) .

Here i denotes a Cu site and l denotes 0 sites; each link is

considered only once. The operator d; (pt ) creates a
Cu3d ( 02~ ) hole at site i (l ). Here t is the 0-0 hopping
matrix elements and t d is the Cu-Q hybridization. The
matrix elements t" =+t take into account the sign due
to the symmetry of the 0(2p ) states, and t~d =+t~d of the
Cu(3d ). We considered the values of the parameters as
obtained from constrained density functional theory,
tpp 0.65 eV, tpd

——1.6 eV, Ud =8.5 eV, and 6= 3—5 eV.
The on-site Coulomb repulsion U =4—6 eV at an Q site
has not been taken into account explicitly, since, because

(lc)

Hubbard model is an insulator with a gap and spin exci-
tations in reasonable agreement with experiments, and a
fitting of the energy levels using a Heisenberg model gives
J=0.1 eV. However, this fit is not good, even for the
lowest states, which indicates the presence of extra terms
not included in a pure Heisenberg antiferromagnet. In
the doped case, the t -J approximation becomes better as
the doping concentration is increased.

In comparison, a previous calculation found a reduc-
tion to a one-band Hubbard model with U = 1.58'. This
difFerence may be crucial since quahtative changes in the
properties of the charge excitations arise in this range, in-
dicating a possible change from weak- to strong-coupling
regimes. The differences with the present work presum-
ably result from the type of clusters considered and the
emphasis in Ref. 9 on only the low-energy spin excita-
tions. The authors of Ref. 9 have also found' that U
close to our result is needed to fit charge excitations, and
this value of U is supported by recent x-ray-absorption
experiments by Chen et al. '

Our starting point is the three-band Hubbard model
(3BHM) (Refs. 6 and 8) (Cu 3d, & and the two 0 2p ),
defined by the Hami1tonian H=Hd+H +H d,

+ &d y nd;hand;$ (la)
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of the large 0 bandwidth (=5 eV), these holes will be
delocalized and so their effective repulsion is reduced.

Because of the complexity of this model, its low-energy
excitations have been analyzed under different limiting
approximations. For example, an effective t-J Hamiltoni-
an has been derived for t =0 by applying perturbation
theory on t~d (i.e., assuming t d && Ud, h and Ud b., —
where b, =E~

—
s& is the charge-transfer energy). On the

other hand, for large O-O hopping, the three-band Hub-
bard model has been reduced to a two-band effective
Hamiltonian, which is equivalent to an Anderson lattice
model with long-range hopping terms. " We also have
considered this model, for which calculations can be done
on larger cells, +8Xv'8. The obtained results are very
similar to those for the 3BHM, thus supporting the con-
clusions of our finite-cell study.

Because the charge-transfer energy 5 is the least well-
established parameter in the three-band model, we first
consider the overall trends as a function of b, . In Fig. 1(a)
we present the energy spectrum for the undoped (one
hole per Cu) 3BHM in the 2X2 lattice, as a function of
I/b„changing s~, and taking c,„=O. In all cases the
ground state has the same symmetry and is insulating.
For large values of 5, the upper bands correspond to
double occupied sites and the excitations in the low-
energy band are spin waves well described by the antifer-
romagnetic Heisenberg model. On the other hand, for in-
termediate values of 6, the low-energy band contains
both spin and charge excitations. We will focus upon
6=4—5 eV, since this range best fits the observed energy
gap in the insulator, as discussed below.

A similar calculation for the single-band Hubbard
model is shown in Fig. 1(b), where we present the energy
spectra for the undoped compound in the 2X2 lattice.
Comparing Figs. 1(a) and 1(b) we note an impressive sirni-
larity. States with energies up to 3 eV are in reasonable
quantitative agreement for the entire range of the param-
eters, with U varying, but always of order 5 or Ud,
whichever is smaller. In Table I'we summarize the values
of the single-band Hubbard parameters which fit the
spectra of the three-band model for several values of 5
and t~d considered for the undoped system. As U/t in-
creases, the double occupancy decreases; this in turn is
rejected in a reduction of the hopping and, as a total re-
sult, a narrowing of the band. The value of U/t is deter-
mined primarily by the magnitude of the gap in the addi-
tion and removal spectra discussed below, and the value
of t is adjusted to fit the dispersion of the band. We cal-
culated also the energy spectra of the undoped Hubbard
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model in an eight-site lattice, which is shown in Fig. 1(c).
The features of the spectra are not very sensitive to the
lattice size, confirming the general validity of the map-
ping. Note, however, that as the system size is increased,
slightly higher values of the U/t parameter will be ob-
tained. This result, together with the calculated gaps,
leads us to conclude that U = 8'gives a better description
of the thermodynamic limit of the CuO planes.

In Fig. 2(a) we summarize the fitting of the low-energy
spectra of the multiband and single-band Hubbard mod-
els for the undoped 2 X 2/4 cluster and b =4 and 5 eV,
showing the space-group quantum numbers of each state.
Here all states, except one, correspond to spin excita-
tions. Although the lower spin waves excitations in the
strong or intermediate U/t regimens are similar, states at

TABLE I. Effective parameters obtained from the fitting to
the single-band Hubbard model for different sets of the three-
band Hubbard parameters. All energies are in units of eV.

~8x ~8

7..5 I . I . I . I . I . I . I . 1 . I . I . I . I

0.10 0.15 0.20 0.25 0.30 0 35 0.4o

tjU

tpd

1.6 U=2. 4, t =0.57 U=3.0, t =0.54
1.3 U=2. 3, t=0.50 U=2. 7, t=0.43

U=3.4, t=0.48
U=2. 9, t=0.37

FIG. 1. Energy spectrum of (a) three-band Hubbard model as
a function of 1/6 for the undoped 2X2/4 system. The parame-
ters are tpd=1. 6 eV, t»=0. 65 eV, and Ud=8. 5 eV. One-band
Hubbard model as a function of t/U for the undoped (b) 2 X2/4
and (c) +8 X &8/8 clusters.
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FIG. 2. (a) Mapping of the low-energy levels of the
stoichiometric compound for difterent values of the multiband
parameters. (b) Comparison of the low-energy levels of the
one-band Hubbard and Heisenberg models for U/t =8 and 12
for the &8X&8 cluster with periodic boundary conditions.
Each state with k = (0,~) has a degeneracy of 6.

somewhat higher energy are qualitatively different since
charge excitations are mixed into the low-energy band in
the small intermediate 5, U regime, but not in the
strong-coupling limit. The lowest charge excitation
shown in Fig. 2 (a), which has developed from the upper
Hubbard band, has quantum numbers (rr, m), B2. .

In order to compare with the strong-coupling limit of
the Hubbard model, i.e., the Heisenberg Hamiltonian, it
is essential to consider the larger-size cells. This is be-
cause in the 2 X 2 cell, with periodic boundary conditions,
two neighboring 0 sites around each Cu are required to
be equivalent. This leads to overcounting of the hopping
terms and errors in the value of J deduced. (No such er-
ror occurs in mapping the three- to the one-band Hub-
bard model because in that case the overcounting is the
same in both cases. ) Therefore, we consider mapping the
1BHM onto the Heisenberg model using the V'8X/8

cell. In Fig. 2(b) we show the comparison for the cases
U/t=8 and 12, which represent the ranges considered
here and in Hybersten et al. We see that for the case
U/t =12 the fit is rather good for the lowest five to six
states, but is much poorer for higher states. For the case
U/t=8, only the lowest three states are even approxi-
mately described. Interestingly, we find that in this range
the value of J that results from fitting these lowest states
is rather insensitive to the value of U. In fact, the range
of J that we obtain by fitting the lowest excitated states,
on intermediate scale (shown in the figure with an arrow)
or the highest state of the band, are J=0.08—0. 13 and
0.08—0. 18 eV for U/r = 12 and 8, respectively. Since the
fitting is not perfect in any case, we conclude that for all
reasonable values of U/t the lowest spin excitations are
described approximately by a Heisenberg model with
J=0.1 eV; considering the range of uncertainties in all
the parameters, this is in as good agreement as should be
expected with values of J=0.13—0. 16 eV quoted from
analysis of neutron' and Raman experiments. ' We em-
phasize that the fit is not good for higher excitations,
which indicates the presence of other terms; these include
four-spin exchange terms, which have been found previ-
ously in perturbation treatments of the Hubbard model'
and which have been proposed to explain aspects of Ra-
man spectroscopy. ' In fact, it has been proposed' that
the Raman data at energies of order 4J require terms oth-
er than the Heisenberg model, such as four-spin cyclic in-
teractions. The observed deviations from the Heisenberg
model support this idea. ' Our findings vis-a-vis the
Heisenberg model are in some disagreement with those
found by Hybertsen et al. , where a clear fitting to a
one-band Hubbard with U/t =12 and to a Heisenberg
model was obtained, and from this mapping a value of
J=0.128+0.005 eV was determined. We believe the pre-
cise value of J is not so accurately given by any calcula-
tions to date.

Calculations on doped cases show that the excitations
are well described by the same Hubbard model. In Fig. 3
we show the results for the one-hole-doped, 2 X 2 cluster, .

comparing three-band, one-band Hubbard, and t-J mod-
els, in parts (a), (b), and (c), respectively. As in the
stoichiometric case, for large charge-transfer energy 5,
the spin and charge excitations are well separated and the
system remains in an insulating state with moderate dop-
ing. On the other hand for 6=3—5 eV, the spin and
charge excitation spectra overlap and moderate doping
leads to a metallic state.

What happens when the hole concentration is in-
creased? Using available results' for the Hubbard model
in a 4 X4 cluster, we compare in Fig. 4 the ground-state
energy of the Hubbard and t-J models for moderate dop-
ing as a function of t/U. In the obtained range U ~ 8'
the t-J model becomes progressively more appropriate as
the doping is increased. At high doping concentrations,
the double occupancy is very smaH —10, and so a very
good agreement can be expected between both models. '

This feature is also in agreement with recent Monte Carlo
calculations for the three-band Hubbard model. '

In Fig. 5 we present, for the three-band Hubbard mod-
el in the Cu408 cluster and 6=5 eV, the total addition
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In order to give support for the proposed intermediate
regime, let us now see if the predicted behaviors are in
agreement with the experimental magnetic properties of
La2Cu04. First, we note that, for 6=4—5 eV, the insu-
lating gap in the half-filled case, Eg =1.75 —2.2 eV, re-
spectively, is close to the experimental value for
La2Cu04, E =1.65—2.0 eV. Note that, since the value
of the gap should decrease with the system size, we con-
sider 6=3 eV and its one-band mapping U/t =4 to give
a too small gap —1.5 eV, as compared with the experi-
mental result. The value of U in the one-band model
which we find to fit the gaps is similar to that deduced re-
cently by Chen et al. ' The regime with U less than or of
order 8 has been studied by Monte Carlo calculations,
which have shown that the undoped system at all
nonzero values of U/t exhibits strong antiferromagnetic
correlations. ' Let us remark also that both the spin-
wave spectrum and sublattice magnetization as calculated
in the weak-coupling regime extrapolate correctly to the
strong-coupling limit, recovering the Heisenberg re-
sults. Finally, at zero doping, experiments indicate that
the spin dynamics can be described in the long-
mavelength limit by the nonlinear o. model. Note, howev-
er, that the same efFective action can be obtained from
the one-band Hubbard model and any value of U/t, since
the magnitude of U/t afFects only the renormalization of

the nonlinear o.-model parameters.
There is a simple argument supporting the parameters

which we find. Our bare bandwidth 8'=8t-4 eV is
essentially the same as found in local-density-
approximation calculations. The U which we find in this
small-cluster study, 2.4~ U ~3.4 eV, is also simply ra-
tionalized. For the lower limit 6=3 eV, since the Wan-
nier functions that describe this d 2 2 band have chargex —y

y =60% on a Cu site and P= 10% on each of the four 0
neighbors, the interaction between two electrons in this
state is U,s.=(y Udd+4p U~~+8ypU d ) =3.5 eV. A
similar calculation for 6=5 eV gives U,&-—4.6 eV. In
each case these results are an upper limit for U,z since
correlations such as those found by McMahan et al. will
reduce the repulsion.

In conclusion, we believe our calculations have estab-
lished that the appropriate model for electrons in CuO
planes of the high-T, materials is a one-band Hubbard
model in the regime U= 8' where 8'=8t is the band-
width. This has been shown to follow from more com-
plex multiband models with parameters which have pre-
viously been derived and compared with electron spectra.
We expect there must be other terms such as t', and of
course, in a complete model it may be essential to also in-
clude other efFects, such as interplanar interactions,
electron-phonon coupling, etc. For the insulating case
we have shown that the magnetic excitations are de-
scribed reasonably well by the Hubbard model with
U=8' which leads to J=0.1 eV. The half-filled Hub-
bard model with U + 8' has been extensively studied by
quantum Monte Carlo with results which are in reason-
able agreement with experiment for many low-energy
properties. Our results for the metallic nature of the
doped system are also in agreement with earlier work on
the Hubbard model, which found a small binding of holes
in similar range U/t +10, a range in which the t-J
model leads to phase separation. Together with the ten-
dency for d-wave pairing at small U/t, this may indi-
cate a connection between the one-band Hubbard model
and the existence of superconductivity at high tempera-
tures in these materials.
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