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We present a model for the slowing down and transport of light ions in the energy range between some
tens of eV and some tens of keV in solids. The approach chosen here for low energies is based on the
so-called age theory, and is augInented by the single-collision approximation for higher energies. These
energy regimes are classified by the number of hard collision events v experienced by the projectile be-
fore coming to rest. Technically, v is defined as the ratio of the total range to the transport mean free
path of the ion. In both the multiple- and the single-collision regimes, the particle reflection coefficient
R& is shown to be a universal function of v and cos 00, where 00 denotes the bombarding angle. A
simple-to-use expression for 8& is derived for the entire energy range by interpolation of the two limit-
ing cases. Cfood agreement is found with a large number of experimental data.

I. INTRODUCTION

ReAection of light ions with energies in the eV to keV
range from solid surfaces is of great importance for
nuclear-fusion research where the interaction of plasma
particles with the erst wall constitutes one of the major
problems. The subject has been investigated for decades,
and a vast amount of data has been accumulated both
from experiments and computer simulations. '

Gn the analytical side, the single-collision model for
light-ion refIection was developed long ago, originally ap-
plied to protons in the middle-keV range. Then, by al-
lowing for screened cross sections, the model has been ex-
tended down to lower energies and, by taking more ac-
curate account of the electronic stopping, also to higher
energies. Driven by its success, the scheme has been ex-
tended still further to cover also heavier ions (or lighter
targets) by making allowance for elastic energy loss, and
more recently, a generalization to non-normal incidence
has been achieved. '

At lower bombarding energies, however, analytical
theory has been somewhat cumbersome. The conven-
tional approach consists in computing spatial moments of
the ion distribution function and reconstructing the value
at the surface from these. " ' Not only does this
method have principal uncertainties with regard to the
reconstruction, it also introduces an additional difticulty
due to the assumption of an infinite medium. Here, the
surface enters merely as a reference plane which, unlike
reality, may be crossed by the projectile repeatedly. Since

I

the associated error increases with increasing reAection, a
subsequent correction has to be introduced in one
way' ' or another. ' Altogether, the method demands
quite some labor, and the results are not obtained in an
explicit form. Closed expressions for the reAection
coefficient have been given only on empirical grounds. '

In view of the elegant description by the single-collision
model in the complementary regime, this situation must
appear highly unsatisfactory.

This paper aims at filling the gap by presenting a sim-
ple model for the low-energy reAection coeScient of light
ions. The method which we employ has been developed
some time ago' ' and is known as age theory in neutron
and electron transport calculations. In Sec. II we intro-
duce this scheme in the context of light ion transport.
Then, in Sec. III we apply the method to the calculation
of the reAection coefficient. In Sec. IV we extend our
model to cover higher energies by coupling it to the
single-collision picture. Results and comparison to ex-
periments are given in Sec. V, followed by a discussion in
Sec. VI. The paper ends with an itemized conclusion.

II. I.IGHT-ION TRANSPORT

Consider a light ion slowing down in a target consist-
ing of randomly distributed atoms of number density N.
Let @(r,E,Q)dE d Q be the time-integrated average ion
Aux at point r within the energy interval (E,dE) and solid
angle (Q, d Q). Then a forward transport equation for
the ion Aux is readily written down, '

Q V@(r,E,Q) =N fdE'd Q'[K(E', Q'~E, Q)@(r,E', Q') K(E,Q~E', Q')N(r, E—,Q)]

+N [S,(E)@(r,E,Q)]+Q(r, E,Q) .
C}

Here, Q (r,E,Q) denotes a source of ions and K (E,Q~E', Q')dE'd Q' is the elastic cross section for the ion moving at
energy E in the direction Q to scatter at a resting target atom into energy E' and direction O'. Owing to energy and
momentum conservation, 1t 1s

d 0K(E,Q~E', Q')dE'd2Q'=o(E, T)dT5(Q Q' —p)
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where T =E E—' is the transferred energy and P is the cosine of the scattering angle in the laboratory system, given by
kinematics, Eq. (A2). o (E, T)dT is the cross section for energy transfer in the usual notation. ' Finally, in Eq. (1) S,(E)
is the electronic stopping cross section.

Since we are interested in a planar geometry, the number of independent variables can be reduced. Let z denote the
depth in the target measured from the surface and p the direction cosine with respect to the inward surface normal.
Then the flux can be integrated over the two remaining space coordinates x and y as well as the azimuth angle P to yield

N(z, E,p)= f f dx dy f dP@(r, E, Q) . (3)

N(z, E,p) is the mean number of ions passing through a plane at z with energy (E,dE) within a cone (p, dp). Multiply-
ing Eq. (1) by a Legendre polynomial P&(p, ) and integrating over p, we obtain a set of integro-diff'erential equations:

(21 +1) ' [(I +1)@i+,(z, E)+l@, ,(z, E)]
z

a=N f dT[P&(P}cr(E+T,T)@I(z,E+T) cr(E—, T)4&(z,E)]+N [S,(E)4~(z,E)]+Q,(z, E) .az (4)

Here, N&(z, E) denote the Legendre moments of the flux:

1
Ni(z, E)= ,' f d—pPi(p)@(z,E,p). ,

Now we perform the approximations which constitute
the age theory. For / =0, Eq. (4) involves the two Legen-
dre moments 40 and +&. For I =1, it contains @0, 4„
and 42. Neglecting 42 compared to 40, however, results
in a closed system of two equations for @0 and 4& only.
Furthermore, we expand the integrand in Eq. (4} in a
Taylor series:

cr(E + T, T)C&i(z, E + T)=o (E, T)@i(z,E)

section are related by kinematics. In fact, making use of
Eq. (A2), it is

M2
cr„(E)= S„(E),

1

where M, and M2 denote the projectile and target mass,
respectively.

We cast Eq. (7) in a convenient nondimensional form
by introducing the independent variables

x =No„(EO)z

+ T cr(E, T)@((z,E) E
E S(E')cr„(E') (12)

+ 0 ~ ~

We take into account two terms for l =0 and one term
for l =1 as they give the first nonvanishing approxima-
tions of the scattering integral in Eq. (4). Thus we arrive
at the set of equations

@,(z, E)=N S(E)@0(z,E)+Qo(z, E),8

1 8
40(z, E)= —N o „(E)@,(z,E)+Q, (z, E),

3 Bz

Here x is the depth measured in units of the transport
m.ean free path A,„at the bombarding energy Eo,

A.„(EO)= [Ncr„(EO)]

while t takes on the meaning of a symbolic time, the so-
called Fermi age. From Eq. (12) one observes that as the
ion loses energy, the corresponding age increases. It is
important to note that there is an upper limit to for the
age

with the total stopping cross section S(E), 0 S(E)o„(E) (14)

S(E)=S„(E)+S,(E),
S„(E)=f Ta(E, T)dT,

and the transport cross section cr,„(E),

cr„(E)=f (1 p)o(E, T)dT . —

The two quantities S(E) and cr„(E) represent the two
basic aspects of slowing down, namely, stopping and
deflection. Higher-order approximations would also con-
tain energy loss straggling, higher angular moments of
the cross section, and correlations between energy loss
and scattering angle.

It may be helpful to note that for light ion scattering,
the nuclear stopping cross section and the transport cross

a
y(x, t)+ j(x, t}=0,8

Bt
'

c}x

j(x, t)= — g(x, t) .a
Bx

(17}

For @o and +& we also introduce new variables, the
slowing down density y(x, t),

y(x, t)dx =2NS(E)4O(z, E)dz

and the particle current j(x, t),

j(x, t)dt =2@,(z, E)dE .

With this we obtain from Eq. (7), neglecting the sources
for the moment,
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Equations (17) have the familiar form of ordinary
diffusion equations. They constitute the well-known age
theory.

III. REFLECTION OF LIGHT IONS

In the following we specify the sources and boundary
conditions for light ion bombardment of a target surface.
With regard to the source, we face the problem of proper-
ly incorporating the bombarding angle into a P, approxi-
mation scheme. ' In order to overcome this difficulty we
split up the particle Aux into two parts:

4(z, E,p) =4 (z, E,»I, )+4'(z, E,»J, ), (18)

4 (z, E,p)=go 'exp[ No«(Eo)z—/po]

X5(E Eo )5(p —po) .— (19)

Here we have neglected the effect of soft collisions and
electronic stopping as a first approximation. A higher
approximation would have to incorporate slowing down
and angular spreading.

From particle conservation we find for the source in
Eq. (7)

where N describes the particle motion before its first
violent collision and 4' corresponds to the particle
motion after the first violent collision. Consequently, @
will be strongly peaked in the direction of the incident
beam whereas N' will be more or less isotropic. One may
then expect that 4' should be described quite well by the
diffusion equation (7). What remains is to derive an ex-
pression for N and the corresponding coupling to 4'.

Let the bombarding particle impinge on the target sur-
face with energy Eo and polar angle Oo=arccospo. If 0„
is viewed as the cross section for wide-angle collisions,
then the probability for the particle to undergo such a
collision within a layer of thickness dz is No „(Eo)dz/po.
Thus the first part of the Aux N may be written as

y(x =0, t) =0 . (22)

pf(x, p)+ j(x,p)=pa 'e
Bx

j(x,p) =—a Sxp).
(24)

Here we have incorporated the initial condition (21) al-
ready. The straightforward solution of Eq. (24) is

f(x,p)=C(p)e i' + Po
2e

Po

X /Pp

(25)

j(x,p)=&p C(p)e ~ + Po
e

Po

X /Pp

where C(p) is a function determined by the boundary
condition (22).

Consider the solution, Eq. (25), at the surface x =0.
Then the unknown function C(p) may be eliminated,
yielding

f(x =O,p)= 1 —.—j(x =O,p)+ Po

&p «p+» o ') (26)

Equations (17), (21), and (22) entirely describe the
reAection within the present scheme.

In the following we present a solution to this reAection
problem. In principle, a solution for the slowing down
density g and the particie current j may be obtained for
the entire target volume. Here, however, we are interest-
ed in surface quantities primarily. Thus we use a method
which allows direct evaluation of the surface quantities
and avoids the extra labor of calculating the whole spatial
dependence.

Introducing the Laplace transform of the slowing
down density

f(x,p)= I dt e I"y(x, t), (23)

and correspondingly for the particle current j(x,p), the
diffusion equations (17) become

No «(Eo)
Qo(z, E,p) =

2Po

Xexp[ No «(Eo)z/po]&(E —Eo) . (20)

In the following we consider all quantities at the surface
x =0 only, thus we drop the space variable x in the list of
arguments. Taking account of the boundary condition,
Eq. (22), it follows

The anisotropic part of the source, Q, in Eq. (7), is set
equal to zero. This corresponds to the fact that the pri-
mary Aux 4 decays with A,„as the characteristic length
which is the average distance needed for complete ran-
domization of the direction of motion.

The source Eq. (20) in Eq. (7) is equivalent to the initial
condition

y(x, t =0)=go 'e

for Eq. (17).
The present scheme has to be completed by a semi-

infinite medium boundary condition. In the diffusion for-
malism the target surface acts like a perfectly absorbing
wall, thus we require that the slowing down density van-
ishes at the surface:

—1
Pojp =

Po
(27)

which may be readily inverted to direct space' to give
r

j(&)=—p —
po E(&t /po)

1

7rt
(28)

Here we used the abbreviation

z2E(z)=e' erfcz, (29)

fp
R~= —I j(r)dt, (30)

where erfcz denotes the complementary error function.
The total backscattering coefficient R& is easily obtained.
Noting that



we get from Eq. (28) the simple result

R~= 1 E—(V to/po) .

One may interpolate the two hmits (37) and (38) by the
expression

(31)
2 3

—1/2
Po Po Po PoRz= 1+ai —+a2 +a3 +a~

v v
IV. EXTENSION TO HIGHER BOMBARDING

ENERGIES (39)

withThe essential quantity characterizing the transport
within the present approach is the nondimensional pa-
rameter to defined in Eq. (14). To examine the physical
meaning of this number more closely, consider the simple
case where scattering and stopping exhibit a power-law
dependence on energy, with respective power exponents
m and m, . Thus it is o„(E)=(E/Eo) o„(EO) and

S(E)=(E/Eo) 'S(EO), and Eq. (14) yields

3 39, a2= ——8 59,6 =27
V

' '
vr

27 4
a3 = — ——1 =4. 16,v'~ (40)

—' —2
a4= —', —V2 =135.9 .

Eoo„(EO)
6(m +m, )S(E0)

(32) Equation (39) is our central result.

On the other hand, the mean range R (Eo) of the ion is,
in the continuous-slowing-down approximation, ' To evaluate Eq. (39) for a specific case, the range R and

the transport mean free path A,„have to be computed.
We used the Kr-C potential for elastic interaction and
the LSS expression for electronic stopping. Figure 1 de-
picts the two contributions for the stopping of hydrogen
in nickel. Clearly, stopping is dominated by electronic
interaction in the entire energy regime shown.

Figure 2 shows the transport mean free path X„and
the ion range R for the same system. The range has been
obtained by direct numerical integration of Eq. (33), and
A,„by Eq. (10). One observes that for energies below
around 10 keV, the transport mean free path is smaller
than the range, which means v& 1. Above 10 keV, it is
v( l.

Figure 3 shows the reQection coefficient at normal in-
cidence. The solid line represents our analytical formula,
Eq. (39). In order to check the various approximations
entering the derivation of the analytical expression, we

dE Eo
o XS(E) 2m, NS (Eo )

(33)

Combining Eqs. (32) and (33) we obtain

R (Eo)
3(1+m/m)) A,„(EO)

(34)

i.e., to is proportional to the ratio v of the mean range
and the transport mean free path,

v=R /A, „. (35)

The quantity v has an intuitive meaning: it is the mean
number of wide-angle collisions suffered by the ion before
slowing down to rest.

For the energy range under consideration —some tens
of eV to some tens of keV —scattering is roughly
governed by m = —,', and stopping is velocity proportional,
i.e., m, =—„'. Thus Eq. (34) becomes

310 ~ ~ ~ ~ ~ ~ ~ 'P%to= —,'v . ~ '\ VTQ

O

UJ

Lf)

O

CL
CL
O

Examination of Eq. (31) for the liniiting case to» 1

shows with the aid of Eq. (36) that the reflection
coefficient behaves like

H~Ni
10

~r

R~ —1 — +, v&&1 .
3PO 27 Po

&v 2 1T v
(37)

10
~Ir

The square root of v in the second term in this expression
reAects the random-walk diffusionlike nature of the trans-
port in this case.

In the opposite limit to «1, Eq. (31) does not give a
reasonable result since the assumptions underlying age
theory are violated. For this case we use the single-
collision model known from literature. ' However, for
our purpose we wish to express the reAection coefficient
in terms of the quantity v, thus we present a derivation in
the Appendix. The result is

100

$0 1 ~ rr J ~ ~ r I ~ ~ J r

ioo ~o' ~o~ ~o3 ~04 ~05

ENERGY (eV)

FICx. 1. Nuclear and electronic stopping cross section for hy-
drogen in nickel.R~-—( —,

' —v 2)v/po, v&&1 . (38)

REFLECTION COEFFICIENT OF LOW-ENERGY LIGHT IONS
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FIG. 2. Total range R and transport mean free path A,„for
hydrogen in nickel.
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FIG. 3. Re6ection coefBcient for normal incidence. The in-
set specifies the projectile type. The target elements and the
range of energies covered correspond to those in Fig. 4. Data
points: simulation results. Solid drawn line: analytical theory
Eq. (39). Long-dashed line: single-collision approximation (38).
Short-dashed line: age approximation, Eq. (31) with (36).

have performed a large number of simulations of H, D,
and He reAection from various targets for a wide range of
incident energies. These calculations were performed
with a Monte Carlo code which is designed to solve Eq.
(1). The same physical input, i.e., Kr-C potential and
LSS electronic stopping, have been used for both the
simulation and the analytical model. Excellent scaling is
observed: the simulated data points in Fig. 3 lie on a sin-

gle curve when plotted as a. function of v. This curve
coincides rather well with the solid line in Fig. 3, Eq. (39).
We thus conclude that the present theory provides a sim-

pie and accurate solution of Eq. (1) for the reffection
coefficient.

We furthermore include in Fig. 3 the single-collision
approximation (38) (long-dashed line) and the age result
(31) (short-dashed line). We see that the single-collision
result describes the reAection process well up to v&2.
The proper regime of validity of the age theory starts
only at v+20, which is hardly ever reached in experi-
ments. It is obvious that without a knowledge of the be-
havior of the reAection coefficient for large v, an interpo-
lation formula for the experimentally interesting regime
2 & v (20 could not have been designed.

Figures 4(a) —4(c) show the calculated reffection
coefficient of H, D, and He ions at normal incidence as a
function of v in comparison to measured values for a
wide range of target materials. The experimental data
are taken from compilations by Tabata et al. and by
Eckstein and Verbeek in Ref. 5, covering an energy range
of 50 eV ~EO~50 keV, or, in dimensionless units, '

5X10 ~@&25. Obviously, the scaling of the data as
well as their agreement with the theoretical prediction is
worse than for the simulation, Fig. 3. Certainly, one has
to bear in mind that the measurements were performed
by different groups, and the scatter is up to a factor of 2
even within the data of a single group. This, however,
could explain at most the spread of the data but not the
systematic deviations. In particular, the measured
reAection coefficient is significantly below the theoretical
value for certain projectile-target combinations. We wish
to mention three effects which may contribute to the sys-
tematic overestimation of our theory.

(i) An underestimation of the electronic stopping by
the LSS expression: A higher electronic stopping would
result in a smaller total range thus shifting the data
points in Figs. 4(a) —4(c) to the left, giving better agree-
ment with the theory.

(ii) Lattice effects: The experiments underlying Fig. 4
have been performed under high-fluence conditions on
polycrystalline targets. Channeling in the microcrystal-
lites and texture effects can reduce the overall reAection
coefficient in comparison to a truly random target.

(iii) Target oxidation: Several of the target materials
that show discrepancies between experiment and theory
are good candidates for contamination with oxygen. This
would reduce the reAection coefficient. Implantation of
the bombarding gas will have the same effect.

Measurements of the reAection coefficient for oblique
incidence are comparatively scarce. Figure 5 shows data
for He bombardment of Ni, taken from Ref. 25. It is
seen that the Monte Carlo results fall well on one line,
supporting the idea that v/po is an adequate scaling pa-
rameter for our problem. These Monte Carlo results are
excellently reproduced by our analytical theory, Eq. (39),
for v/po 5 10. For more glancing incidence, theory
overestimates the Monte Carlo results. This failure can
be attributed to age theory which predicts a reAection
coefficient of unity for v/go~ Oo, cf. Eq. (37), whereas in
the full transport equation, and in the Monte Carlo solu-
tion, there exists a finite probability for the projectile to
be implanted in the target even in this case. Finally we
observe that the agreement of the experimental data with
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FIG. 5. Reflection coefFicient of 'He from Ni as a function of
the scaling parameter v/cos 00. The solid symbols represent ex-
perimental data, the empty symbols show simulation results, the
solid drawn line is Eq. (39). The inset specifies the bombarding
energy.
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the Monte Carlo results is very satisfactory over all the
range of po depicted in Fig. 5, with the exception of the
case of 1 keV bombardment. In this case the projectiles
have a high chance of being reflected directly from the
outermost surface layer; since they do not penetrate into
the target, transport theory as described by Eq. (1) does
not apply.

In Fig. 6 we present the energy spectrum of low-energy
deuterium reAected from nickel. The dashed line has
been obtained from Eq. (28) using the appropriate trans-
formation j (t)dt =j (F)dE. It is seen that the age theory
overestimates the simulated spectrum at energies close to
the bombarding energy and underestimates it at lower en-
ergies. This finding is explained by the fact that within

0.1

10 100 eY
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0.1

I I I I I I III
10

I I I I I I I I

100

0
FIG. 4. Reflection coe%cient of light ions for normal in-

cidence. Symbols represent experimental data, the solid drawn
line is Eq. (39). The inset in each figure specifies the target ma-
terial. (a) Proton bombardment. (b) Deuterium bombardment.
(c) Helium bombardment.

0 50

E (ev)

100

FICr. 6. Spectrum of low-energy deuterium reflected from a
nickel surface at normal incidence.
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the framework of the age theory, any correlation between
scattering and energy loss in a single elastic collision is
disregarded. Hence, in this picture, the projectile may be
reAected by a head-on collision without energy loss. This
gives rise to a (slight) divergence of the spectrum at the
bombarding energy. In the simulation, of course, energy
loss and scattering in a single collision are properly treat-
ed; hence no divergence occurs. However, a pronounced
peak at around 80 eV is left.

VI. DISCUSSIQN

N(p)= g (21+1)NIP((p),
1=0

(41)

which is truncated for I & 1. This procedure is unneces-
sarily restrictive since it is sufficient to merely require
@2«@0. Take, for example, a surface from which parti-
cles escape according to the Knudsen cosine law. In the
present notation, this corresponds to a fiux @(p)=const.
for p &0 and 4(p) =0 for p) 0. Clearly, the condition
4&2 «@0 is satisfied as @2 vanishes altogether, cf. Eq. (5).
However, a representation of the Aux by truncating the
series in Eq. (41), @(p)=constX(1/2+3@/4), would be
rather poor. This illustrates that the first two Legendre
moments No and @& may be calculated with reasonable

A theoretical description of the transport and
reAection of light ions in the low-energy regime is difBcult
for the following reasons.

(i) Two forces of different nature but comparable mag-
nitude act on the projectile: nuclear and electronic in-
teraction with the target. While nuclear interaction is en-
tirely responsible for scattering, electronic interaction
constitutes the major contribution to stopping. The ener-

gy dependence of these two forces is quite different (see
Fig. 1), thus their relative importance varies substantially
with bombarding energy.

(ii) The competition of scattering and stopping is
quantified by the ratio v of the range and the transport
mean free path. The two possible extremes v&)1 and
v « 1 result in a diffusionlike behavior and a straight-line
motion, respectively. The transport of low-energy light
ions is just in between these two limiting cases.

(iii) Since the refiection coefficient of light ions may be
quite high, one needs to incorporate the inAuence of the
surface.

In view of these difficulties, a transport theory that at-
tempts to provide a closed-form solution clearly needs to
introduce simplifications at some point. The two essen-
tial approximations underlying age theory are the neglect
of &bz as against 4&o in Eq. (4) and the truncation of the
Taylor series in Eq. (6). The former leads to a closed sys-
tem of coupled equations for +0 and @„which is known
as the P, approximation. The latter results in an ap-
proximation of the scattering integral operator by a
differential operator and is known as continuous slowing
down.

It is worthwhile to note that the conventional deriva-
tion of the P, approximation is based on an expansion
of the Aux into a Legendre series:

accuracy within the P& approximation even in cases
where the angular Aux is not a linear function of the
direction cosine p. Conversely, the P& approximation
provides only little information on the angular distribu-
tion.

The condition +z«@0 is clearly violated before the
projectile suffers its first hard collision. The collimated
part of the Aux has been split off and treated separately
(see Sec. III), although only in a somewhat intuitive way.

The continuous slowing down approximation, i.e., the
truncation of the Taylor series, Eq. (6), holds for
yEd(oC&)/dE «o4, where yE is the maximum kine-
matic energy transfer. As it is y =4M, Mz /(M,
+M@) «1 for very difFerent masses, the above condi-
tion essentially requires that the Aux be a well-behaved
function of energy. This is uncritical except near the
bombarding energy.

The validity of the approximations entering the present
theory is demonstrated by good agreement with the nu-
merical solution of the transport equation with the help
of computer simulation, where the same physical input
has been used. Here, a large number of target materials
and a wide range of energies have been covered, showing
excellent scaling as predicted by the present scheme.

Limitations of the model become apparent in calcula-
tions of the energy spectrum of reAected particles. Here,
age theory is found to be too restrictive by neglecting the
correlation between scattering and energy loss in an elas-
tic collision.

Qur final result, Eq. (39), is expressed in terms of the

ratio v of the mean ion range R and the transport mean

free path A,„.This ratio has the intuitive interpretation of
the number of wide-angle collisions of the ion during

slowing down. The representation of the backscattering
coefficient as a function of v gives a universal function for
all projectile and target combinations. A similar scaling
has been used previously in the diffusion regime, v»1.
Our theory is more general in the regime of energies

covered, and gives explicit results.
For empirical fits, the reAection coefficient has often

been plotted as a function of the nondimensional energy
c.. ' From a theoretical point of view, this is not ade-
quate since the reAection coefficient should be a different
function of c. for each projectile. In practice, however,
this difference turns out to be small because two effects
nearly compensate: Heavier projectiles suffer less elec-
tronic stopping, while at the same time they get less
deAected in elastic collisions. Consequently, it happens
that both the range and the transport mean free path are
larger than for lighter projectiles, leaving the ratio v
about constant.

The reAection coefficient increases monotonously for
increasing bombarding angle, approaching unity at graz-
ing incidence. This behavior is also found in experi-
ments. It is a curious fact that according to formula (39),
the reAection coefficient depends on the incidence angle
and energy only through the combined expression po/v.
This does not appear to have an immediate physical
meaning.

The range of applicability of the present model has, of
course, limitations with regard to both incidence angle
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and energy. On the low-energy side, say below 10 eV, the
binary collision assumption inherent in the Boltzmann
equation (1) breaks down. Perhaps even more important
are attractive forces between the ion and the surface
which may have a decisive inhuence on the reQection
coefBcient.

For high energies, about c & 10, another difhculty ap-
pears: Even though the single-collision picture should be
an excellent description, it is not applicable in the way
presented here. For such energies, scattering is governed
by weakly screened Coulomb interaction, thus the cross
section is very strongly forward peaked. As a result, the
transport mean free path X„[Eqs. (13) and (9)] is mainly
determined by forward scattering. On the other hand,
the reflection coe%cient is evidently determined by back-
ward scattering. Consequently, a representation of the
reflection coeScient in terms of k„, or more precisely v,
is no longer appropriate. In fact, the constant a2 in Eq.
(39) becomes energy dependent.

The theory is not expected to give a correct description
for grazing incidence. In this case, the first collision with
a surface atom leads to scattering preferably away from
the target because of broken azimuthal symmetry of pos-
sible impact parameters. This effect is not included in the
Boltzmann equation nor in the single collision model. A
very rough estimate based on a simple geometrical
argument —borrowed from the theory of shadow
cones —shows that the corresponding critical incidence
angle Oo is given by cos00= b/a, where a is the interatom-
ic spacing and b is determined as the separation at which
the ion-target potential V(r) is equal to the bombarding
energy, V(b)=ED. Moreover, the details of the surface
structure certainly cannot be disregarded for glancing an-
gles. The fact that Eq. (39) still seems to yield reasonable
results even for grazing bombardment may be a lucky
coincidence.

The main advantage of the present theory over other
analytical treatments lies in its simplicity and transparen-
cy. All beam and target parameters are condensed to one
dimensionless number v, and the reAection coefFicient is
expressed as a universal function of this number. Thus,
the effect of different bombarding conditions is seen im-
mediately. Likewise, the inAuence of the physical input is
given explicitly.

on incidence angle and energy.
5. The energy dependence enters through the ratio v

of the mean ion range R and the transport mean free path
A,„at the bombarding energy. The parameter v has the
intuitive meaning of the average number of wide-angle
collisions for the projectile before slowing down to rest.

6. The reflection coefficient (39) has been found to be
in good agreement with a large number of simulation
data using the same physical input. This validates the
analytical solution of the transport equation and verifies
the approximations entering the calculation.

7. Measured reAection coefticients are well described
by our theory for some projectile-target combinations
and are overestimated for others. %'e ascribe the devia-
tions to an underestimation of the electronic stopping by
the LSS formula, and possibly also to target texture and
contamination.
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APPENDIX

Here we derive the reQection coei5cient in the single-
collision approximation, formula (38). The calculation is
performed similarly to that of Ref. 10, the notation being
somewhat different, though.

Let a light ion impinge on the target surface with ener-
gy Eo at normal incidence. Suppose that it penetrates
into the target along a straight trajectory to a depth z,
where it undergoes a wide-angle collision, followed by
another straight trajectory toward the surface (Fig. 7).
Then the probability for the particle to leave the target is
obtained by integration over all possible events:

R&=N J dz J dP cr(E,p)e(R —z —zl~P~ ) . (Al)
0

Here, o(E,p)dp is the. cross section for the projectile at
energy E to scatter into the cone (P, dp), where P is the
cosine of the scattering angle:

M)+M2 T M2 Tp=(1 —T /E) 'i 1—
E

VII. CONCLUSIONS (A2)

1. We have presented an analytical theory for the
reAection of light ions at energies ranging from a few tens
of eV to a few tens of keV.

2. The model is based on the so-called age I;heary,
known from electron and neutron transport. This
scheme provides a very simple description and is valid in
the lower portion of energies considered here.

3. To extend the range of application we use the
single-collision model for the higher energies. The two
different schemes are connected via a simple interpola-
tion.

4. Our central result, Eq. (39), is a simple formula for
the reAection coefficient which contains the dependence

Eo

FIG. 7. Geometry of the single-collision model.
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cr(E, T)dT =C E™T' dT

may be transformed through Eq. (A2) to

(A3)

The approximation in Eq. (A2) is valid if the projectile
mass M& is much smaller than the target mass M2 since
in that case, only a little amount of energy is transferred
in a collision, T ((E. Power cross sections in the usual
notation'

1/2m )E =(1—z/R) 'Eo, (A6)

R~ —a
tr

with the numerical constant

(A7)

where the total range R is given by Eq. (33). Inserting
Eqs. (A4) and (A6) into Eq. (Al) we obtain

o (E,p)dP=, cr„(Eo)
1 —m E
~&

—m tr 0
d A,

~)1+m

(A4)
(A8)

NS(E)—.
dz

(A5)

The Heaviside step function e(x) in Eq. (Al) ensures
that the projectile may leave the target only if its total
traveled path length is smaller than the mean range R.

The energy of the projectile at the collision E is smaller
than the bombarding energy Eo due to stopping,

It shows that a is not strongly dependent on the values of
m and m

&
except when m approaches unity. For

m =
—,
' and m, =

—,', it is

(A9)

Vukanic et aI. ' give the approximate angular depen-
dence of the reAection coefticient for the same case as

1 2m)For powerlike stopping, S(E)=S (Eo )(E/Eo ) ', in-
tegration of Eq. (A5) gives

Rtv (Eo~go) =R&(Eo~go 1)/po,

valid except for glancing incidence.
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