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Electron-momentum distribution function and spectral function in the t-J model
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The momentum distribution function and electron spectral function for mobile holes in an anti-
ferromagnet as described by the t- J model are discussed. The calculations are done using a trial
wave function for the coherent motion of an individual hole based on a string picture. To discuss
finite concentrations, the rigid-band approximation is assumed to be valid. Despite this both quan-
tities considered are qualitatively similar to what one would expect for weakly interacting particles
occupying the tight-binding band calculated from the hopping term in the Hamiltonian.

I. INTRODUCTION

The problem of strongly interacting fermions on a lat-
tice has received considerable attention in recent years.
This is because one can hope to gain some insight into
the nature of the carriers responsible for high tempera-
ture superconductivity. The simplest model Hamiltonian
which incorporates the key features of the strong corre-
lation limit is the 4-J Hamiltonian:~

Hi J = t ) (ct—cq +H.c.)+I) S; Ss .
(i,jl,e li, jl

Here the S; are the electronic spin operators and the
sum over (i, j) stands for a summation over all pairs of
nearest neighbors on a two-dimensional square lattice.
The operators ct can be expressed in terms of ordinary

l

fermion operators as ct (1 —n; ).
When the number of electrons is equal to the number

of lattice sites the t Jmodel red-uces to the Heisenberg
antiferromagnet (HAF). This may be viewed as a system
where the correlations dominate the physics completely.
The momentum distribution function for electrons in the
ground state of the HAF is constant throughout the Bril-
louin zone and there is no more reminiscence of the Fermi
surface for the free electrons. On the other hand, when
the number of electrons is much smaller than the num-
ber of sites one might expect the system to behave like a
Fermi liquid with a discontinuity in the momentum dis-
tribution function consistent with Luttinger's theorem.
Then one may ask in which way the system performs the
"crossover" between this two limiting cases. Especially
one might ask whether there is already some reminiscence
of the Fermi liquid behavior near half filling, i.e. , for a
few holes in an antiferromagnet.

The problem of one single hole moving through a
"background" of spins has been discussed in consider-
able detail. 2 It turns out that one can develop a rather
simple and intuitive picture for this problem. It is well
known that when a hole is created at some site j in
a Neel-ordered spin state and allowed to hop around,
it; will feel some "eA'ective potential" due to the forma-
tion of "strings. " This potential tends to localize the

hole around the site j. Let us denote a state generated
by v-fold forward hopping starting from the Neel state
with the electron at site j removed by (j, v, 'P, ). The
symbol P denotes a set of numbers which in some way
parametrize the geometry of the path which the hole has
taken. Then one can make the following ansatz for the
(localized) ground state of Hi ~ in the subspace of string
states with starting point j:

l~~) = ):~. ) .Ij ~ »)
The inner sum in this expression runs over all diferent
paths of length v and the coefFicients o;„areto be de-
termined from the requirement of minimum total energy.
It is advantageous to choose the energy of the Weel state
with one electron removed as the zero of energy and to
make the following approximation:

JIll„„s~j, v, 'P, ) = —Kz —2)v+ 1 —b„p])j,v, 'P),

where z is the number of nearest neighbors (i.e. , z=4).
Then one can introduce a new function P by P„=(z—
1)"fzn„and show that the P's can be determined from
the discrete version of a one-dimensional Schrodinger
equation with a linearly ascending potential. ' From the
numerical solution of this one can see that the n's are a
rapidly decreasing function of the path length v.

The t-J Hamiltonian now allows for a number of pro-
cesses by which the hole can escape from the string po-
tential. The most important one is the truncation of the
string by the transverse part of the Heisenberg exchange,
another less important process is hopping along a spiral
path as first discussed by Brinkman and Rice. 4 With
each of these processes one can associate some sort of
potential barrier which the hole has to penetrate. This is
because in each of these processes the number of frus-
trated bonds first increases and then decreases again.
Thus one can see an effective tight-binding Hamiltonian
emerge: while moving through the lattice the hole mostly
finds itself in localized states like ~4z) where it is bound to
one particular site by the string potential and by means of
the various processes mentioned above it can tunnel from
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one of these localized states to the next one. It turns out
that these tunneling processes connect only the sites of
one sublattice, so the most natural ansatz for the wave
function of the hole is simply

i/2

l~(k)& =
l

—
I ) (4)

2 ) ~ +
l )~ 2)+)&' ')

/2)i/2
&&)

—'k R~-

2

le(k)) = c, i@i,;„).
Next one can see that the anticommutation relations of
the "string creation operators" (5) are determined en-
tirely by their "core" fermion operators c~ ~ provided the
two strings do not cross. One can conclude that any two
of the operators c&, c&~ will anticorriinute provided the
distance between the sites j, j' is larger than the "diam-
eter" of the localized states (2), i.e. , a few lattice spac-
ings. Thus one can conclude that the operators ck obey
fermion anticommutation relations to a good approxima-
tion. The deviations from simple anticommutation rela-
tions for these operators are due to the overlap of the
two "clouds of spin defects" which the two holes carry
with them. They may be described in terms of effective
interaction terms in the "quasiparticle Hamiltonian. "
VVhen this interaction is neglected as a simplest approxi-
mation one might, indeed expect that the band evaluated
from the ansatz (4) is simply filled up for a not too large
number of holes. Then one would get four hole pockets
around the four degenerate minima of the tight-binding

Here N denotes the number of sites in the system and
the summation over j runs over the sites of one sublat-
tice only. The dispersion relation E(k) for coherent mo-
tion can be obtained by forming the expectation value of
the full t JHam-iltonian with the wave function (4). It
turns out that this simple formalism can reproduce
the results of finite-size diagonalizations is and other
numerical methods with remarkable accuracy.

If one wants to extend this theory to a finite concen-
tration of holes the first guess would be to assume that
the "quasiparticles" may be treated as weakly interacting
fermions and to fill up the calculated band ("rigid-band
approximation" ). This can be made plausible by the fol-
lowing consideration: any string state lj, v, P, ) can be
written as a product of a number of spin raising and low-
ering operators and precisely one annihilation operator
acting on the Neel state:

lj, v, P, ) ='(—1)" 9+ S,. ci ~,lib~;, i)
p

= cj;p,v lC'Noel)

where the sites i&, i&, 1 are determined by the geometry of
the string and the second equation is the definition of the
"string creation operator" cz ~ ~. Using this definition
one can introduce

dispersion relation which are located at (Sir/2, +7r/2).
Also it is quite plausible that similar considerations might
be applied to the motion of holes in any translationally in-
variant "spin background" which has strong short-range
antiferromagnetic correlations ("spin liquid" ). The prob-
lem is that this naive "quasiparticle Fermi surface" has
not been observed in photoemission experiments on real
high temperature superconductors. Rather these exper-
iments seem to show a Fermi surface which is roughly
consistent with I.DA band-structure calculations, i.e., a
simple "Fermi liquid picture. " In addition, exact diag-
onalization studies " of the t;J model on small clusters
show that the momentum distribution function for elec-
trons at a hole concentration of 10% (two holes in a 20-
site cluster) is similar to what one would expect from the
I uttinger theorem for weakly interacting Fermions occu-
pying the simple nearest-neighbor hopping tight-binding
band: the momentum distribution function is large in-
side the Fermi surface evaluated from the tight-binding
band with the given electron number and small outside.
Especially the maximum of the occupation number is in
the center of the Brillouin zone and the minimum at the
corner. The same overall behavior of the momentum dis-
tribution function has also been found in a numerical
study of the Hubbard model. It is virtually impossible
to understand this in the framework of the theory for
quasiparticles outlined above since there the center and
the corner of the Hrillouin zone are actually identical due
to the sublattice structure.

In the following some arguments will be presented indi-
cating that the discrepancy between the "string picture"
and the "Fermi liquid picture" is actually not as severe
as it might seem. To see this one simply has to take into
account the many-body structure of the wave function
(4) which prevents naive application of concepts from
one-par ticle physics.

II. ELECTRON MOMENTUM DISTRIBUTION

I.et us first turn to the evaluation of the momentum
distribution function for the case of one single hole. In
other words the expectation value of the operator

Ak e —ck ~ck, o (7)

with the ground-state wave function for N/ 2spin-down'
electrons and N/2 —1 spin-up electrons has to be eval-
uated. Here some care is necessary. The wave function
(4) was constructed from the Neei state, i.e. , a state with
explicitly broken symmetry. If one wants to compare this
with the results of exact diagonalizations this should be
avoided since there is no broken symmetry in a finite
system. Therefore as the ground state with one hole one
might choose the following state:

I@o}= 2(l@(ko)) + I+(ko))) . (8)

Here l@(ko)) is a state of the type (4) which was can-
structed starting from a Neel state where the spin at the
origin of the coordinate system is up whereas the initial
state for the construction of l@(ko)) is just the time re-
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versed Neel state. In both states the hole is supposed to
sit on the f sublattice so that the total z spin of l@p)
is ——.The relative sign between the two states in (8)
is fixed if one requires this state to have total momen-
tum ko. If one neglects oA-diagonal matrix elements like
(@(kp)lnk z I@'(kp)) (as will be done in the following cal-
culations) the relative phase of the two states in expres-
sion (8) is actually arbitrary. This procedure might also
be appropriate to "simulate" a system where there is no
more long-range order in the spin background but still
strong short, -range antiferromagnetic correlations.

Using the definition

b(@pin~,

flump)

= ———1+, „)p„'I,

1( 4
b(@ol»,tlap) = —

I ) .&'+N (z —1 "
)

and if one replaces I%'(kp)) ~ l@(ko)) in (11)one obtains
additional contributions of

1 4
b(@o lnk flap) = — ) P,',

and (4) one can show that the expectation value of this
operator in the state l@p) can be written as

(@oint, l@o) = ) e '" '(@oleo, ct, l@o) .
l

Next one can see that

) e '"' '(@(ko)lct ct l@(ko))

) -'[ — +k R

4
b(+ol &,&I+o) ———— ).P +

2 N (z —1 "
)

(14)

Thereby some corrections which are proportional to o, s
with high indices have been omitted. So far the momen-
tum distribution function is simply constant throughout
the Brillouin zone.

A second possibility to obtain a nonvanishing matrix
element in (11) is to choose j = 0 and j' = /. It is easy
to show that

1
~(@olnl, yl@o) = —2cro I ~k,~. + ~~,~.+K —

N I

(C'~l«, lco, llC'p) = ~o,

so that one obtains the following contribution to (ng 1):

Thereby the summation over j, j' is restricted to the
1' sublattice whereas the summation over I includes all
sites. The task is now to figure out all triples of sites
j,j, I for which the matrix element (4&l leo ct I4&) is
diAerent from zero.

One can always choose 1=0 and j = j'. As can be
seen from (11) there remains no dependence on either kp
or k, in other words the corresponding contribution to
the momentum distribution is simply a constant in the
Brillouin zone. This constant is somewhat reduced as
compared to the value for the HAF. For example, if j is
a second-nearest neighbor of 0 one can verify that

where K = (n, x). Within the framework of the rigid-
band approximation the contributions considered so far
would give a momentum distribution function which is
similar to what one naively would expect from the "hole
pocket" picture: the momentum distribution function is
piecewise constant in the Brillouin zone and it is larger
outside the hole pockets than inside. Note however that
the discontinuity at the surface of the pockets is much
smaller than one would expect it if one would assume
that the quasiparticles were simply "holes." This can be
seen from Fig. 1 where the quantity A = no2/2 which de-

Namely, 0 is a site on the up sublattice and therefore
the expectation value on the left is always diA'erent from
zero provided the hole is not sitting at the site 0 or has
run over this site. The probability for these last two
possibilities is just given by the subtracted terms on the
right-hand side. Thereby it is assumed that the hole has
reached the site 0 by the shortest way possible, i.e. , by
two hops. There will be corrections but these can be
seen to be proportional to o. 's with rather high indices,
so they can be neglected. In a completely analogous way
one can discuss the case where j is a third-nearest neigh-
bor of 0 and so on. Eventually one gets the following
contributions from the triples with / = 0, j = j':

0.35

0 0 I I I I I I I I I I I I I I I I I I I I I I I

0 5 10 15 20 25

FIG. 1. The magnitude of the discontinuity at the surface
of the hole pockets E as a function of the ratio t/1
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TABLE I. Various contributions to the momentum distri-
bution function for up-spin electrons. For each type of process
only one "typical" triple of sites l, j,j' is listed.

TLTLT
l ~ TLL
T LT LT

TLTlT
Le ~ LL

T LT LT

TLTlT
l T ~ l l
TLTLT

a.~
(0,2)
(1,1)
(4,0)
(0,4)
(1,3)

Nb(ep~nk r(ep)
—4n34 COS(k~) Cos(ks)

—2n3 [2 cos(2k ) + 2 cos(2k„)]
21nsn4[2 cos(k ) + 2 cos(k„)]

—28n44 cos(k ) cos(k„)
—14n4 [2 cos(2k ) + 2 cos(2k„)]

T l T

ill
TlT

(b)

le ~
TLT
rl1 ~

I

TlT

termines this discontinuity is shown as a function of t/J
It is interesting to note that the behavior of the disconti-
nuity is in qualitative agreement to what one would ex-
pect from the large-U Hubbard model. Since t/J U/t
one would expect that for increasing t/J the discontinu-
ity becomes smaller which is indeed the case. It should
be mentioned that from (14) and (16) one can readily
see that the sum of (nr, ) over all k is indeed equal to
the number of electrons with the respective spin in the
system.

Next one can see that there are also additional con-
tributions to the momentum distribution function which
change this picture. To that end let us consider the case
I g 0. For example, if I is a nearest neighbor of 0 the
process shown in Figs. 2(a)—2(c) becomes possible. The
state shown in Fig. 2(a) is a string state created by two
hops. Thus it has expansion coefficient n2 in its local-
ized state (4&) (j is the starting point of the string). By
annihilating an up-spin electron the state shown in Fig.
2(b) can be obtained. Creation of an up-spin electron
leads to the state shown in Fig. 2(c) which has expan-
sion coeKcient nr in the state ~C&). Here one has j = j'
and the phase factor associated with this contribution is
e '~ . Taking into account all the equivalent processes
one obtains the following contribution:

1
b(%'o)nr, 1~@o) = —3nrn2[2cos(k ) + 2cos(k&)] .

The additional factor of 3 is due to the fact that for fi~ed
l there are actually three diAerent choices of j = j' such
that the process described above is possible. There are
two points which should be noted: first of all the expres-
sion is independent of the ground-state momentum ko.
This means that at finite concentration c of spin-up holes
in this expression one should replace I/N —1 c. Secondly,

FIG. 2. Two processes which contribute to the momen-
tum distribution function.

b(@o~nr t~ ko) = nonr [2cos—(k ) + 2cos{k&)] . (18)

There are quite a lot of additional triples which give
nonvanishing contributions to (11). The calculation of
the individual contributions proceeds in the same way as
shown above. Therefore only the most important contri-
butions are listed in Tables I and II. The expressions for
triples which are not listed in these tables can be shown

this expression removes the syrrunetry between k = (0, 0)
and k = (m, x). This contribution makes sure, that the
momentum distribution function is larger in the center of
the Brillouin zone than at the corner, i.e., the momentum
distribution function does not resemble the reduction of
the Brillouin zone due to the sublattice structure of the
Neel state. This at first sight a paradoxical result can be
understood if one takes into account that the "real hole"
does not see the sublattice structure in the Neel state
as long as it is hopping "inside" of states like ~C1&). As
can be seen from the derivation of (17) this contribution
is determined entirely by the "internal structure" of the
wave function ~4z). Next one can consider the process
shown in Fig. 2(d) —2(f). The state shown in Fig. 2{d)
is a "string of length zero. " The expansion coefficient of
this state is no in its state ~4z). When a spin-up electron
is annihilated the state shown in Fig. 2(e) can be ob-
tained. The subsequent creation of a spin-down electron
leads to the state shown in Fig. 2(f) which has expansion
coefllcient nr in the state ~4z). In this process one has

j = j' = 0 and the phase factor associated with this con-
tribution is e' . By summing the contributions from all
equivalent processes one obtains

TABLE II. Various contributions to the momentum distribution function for down-spin elec-
trons. For each type of process only one "typical" triple of sites l, j,j' is listed.

R
(1,1)
(2 o)
(1 o)
(1,1)
(2,0)

(0,0)
(0,0)
(0,2)
(0,0)
(0,0)

»(+.I .,iI+.)
—2n34cos(kp, + k ) cos(kp, „+k„)

—4ns(2 cos[2(kp + k )] + 2 cos[2(kp „+k„)]}
9np n3 [2 cos(k~ ) + 2 cos(ks)]

—4n44 cos(kp, ~ + k~) cos(kp, & + k&)
—6n4(2 cos[2(kp + k )] + 2 cos[2(kp & + ks)]}
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R~

(—l,o)
(1,o)

(—3,o)

R, I

(—1,o)
(o.1)

(—3,o)

3Q'1n2 [2 cos(k2;) + 2 cos(ky)]
4Q3[COS(ko ~ —ko y) Cos(k~ + kS) + Cos(ko 2 + kO S) COS(k~ —ky)]

2 1Q'3 n4 [2 cos(k ) + 2 cos (k„)]

TABI E III. Various contributions to the momentum distribution function for up-spin electrons
as obtained by replacing ~4'(ko)) ~ ~@(ko)) in (11). For each type of process only one "typical"
triple of sites I, j, j' is listed.

Ri

(1,o)
(1,1)
(1 o)

to be proportional to products of o. s with rather high
indices and due to the rapid decay of this function they
are small. Even the terms proportional to say o,4 give
a very small contribution despite the large combinatoric
prefactors which multiply them.

In a completely analogous fashion one can also evalu-
ate the difFerent contributions to the expectation value
of nk obtained by replacing ~1'(ko)) ~ ~1'(ko)) in (11).
They are listed in Tables III and IV. Summing up all the
different, contributions one finally obtains the tot, al mo-
mentum distribution function. This function is shown in
Fig. 3 for a hole concentration of 15%. One can see that
the hole pockets are superimposed over a function which
is similar to a "smeared out" version of the momentum
distribution function as one would expect it for free par-
ticles occupying the noninteracting band structure.

Another way to exemplify the results of the calcula-
tion is to "simulate" a finite-size diagonalization by tak-
ing N equal to the number of sites in the finite cluster
and setting ko equal to the momentum of the ground
state of the cluster. As an example for such a calculation
in Table V the momentum distribution function as ob-
tained from the above theory is shown for some allowed k
points in an 18-site cluster [the ground-state momentum
is equal to (—2x/3, 0) ]. Again one can recognize that
superimposed over the "pocket" at the position of the

1.0

ground-state momentum there is the contribution due
to the "internal structure" of the quasiparticles which
produces a larger value of the momentum distribution
function inside the antiferromagnetic Brillouin zone than
outside. The values obtained in this way are in reason-
able agreement with the data from an actual finite-size
diagonaliz ation.

It is rather difFicult to make a quantitative compari-
son with exact diagonalizations for two holes in a finite
cluster. There one usually obtains a binding energy of

J indicating a strong interaction of the two holes. One
may conclude that the ground state for two holes should
be a superposition of states where the total momentum is
distributed over the two holes in all possible ways. Thus
there is no well-defined momentum ko which would de-
termine the position of the hole pockets. Thus it is not
astonishing to see that in an exact diagonalization with
two holes there are virtually no more hole pockets: they
are probably smeared out due to the strong interaction
of the two holes.

From the preceding results one can extract the follow-
ing scenario for the change of the momentum distribu-
tion function with increasing hole density: At a low con-
centration of holes one should have well-defined pockets
and the difference in the momentum distribution func-
tion between the center and the corner of the Brillouin
zone is small. As more and more holes are added, the
area covered by the pockets will grow and the difference
between the center and the corner of the Brillouin zone
will grow linearly with the concentration of holes. As the
spins become more and more diluted however one may
expect that the short-range antiferromagnetic spin cor-
relations be less pronounced. Thus one might argue that
the "string potential" will become flatter [i.e. , in Eq. (3)
one should introduce an "effective J" which is smaller

0.0
TABLE IV. Various contributions to the momentum dis-

tribution function for down-spin electrons as obtained by re-
placing ~4(ko)) ~ ~'k(ks)) in (11). For each type of process
only one "typical" triple of sites l, j, j' is listed.

FIG. 3. Momentum distribution function in the Brillouin
zone for a hole concentration of 15% as obtained within the
rigid-band approximation. The ratio t/J = 5. The Fermi en-
ergy as well as the position of the pockets has been calculated
from the one-particle dispersion relation.

(1,o)
(1,1)
(2,o)
(1,o)
(1,1)
(»o)

R2

(1,0)
(1,o)
(1,0)
(3,o)
(3,o)
(2,1)

(1,o)
(1,0)
(1,0)
(3,0)
(3,o)
(2 1)

N6(40 (np, t (
@p)'

np n1 [2 cos(k~) + 2 cos(k&)]
—2n14 cos(k~) cos(ks)

—Q1[2 cos(2k~) + 2 cos(2k„)]
9n2n3 [2 cos(k ) + 2 cos(k„)]

—12n34 c (ko~s) cos(ks)
—6n3[2cos(2k ) + 2 cos(2k„)]



ELECTRON-MOMENTUM DISTRIBUTION FUNCTION AND. . . 6987

TABLE V. Momentum distribution in the ground state
of an 18-site cluster with 9 spin-down electrons and 8 spin-up
electrons as obtained from the variational ansatz. Thereby
t/J = 2.5 and the momentum of the ground state kp

(—2ir/3, 0).

l~-(k))(~-(k) I

(u + Ep —Hi g + i0+ ~ + Ep —Egg —E(k) + i0+ '
k

(20)

2'
3
2'
3

ky

0

2'
3

0.4956

0.4899

0.4804

0.3395

0.4491

0.3367

0.4273

0.3704

0.5278

0.5498

0.5314

0.5465

0.5038

0.4938

0.4533

0.3289

I@ (k)) = (I@(k))+I@(k))), (21)

where the total z spin of the state is —o (i.e. , the hole
is sitting on the 0 sublattice). This procedure is again
necessary to compare with exact diagonalizations where
broken symmetry does not occur. The dispersion of the
quasiparticle pole is then given by the energy dispersion
E(k) and it has been shown that the numerical results are
reproduced quite accurately by the variational ansatz.
Let us now try to evaluate the residuum of the quasipar-
ticle peak. This is given by

where the energy E~ is the "binding energy" of the
states I4~) which can be determined numerically from
the Schrodinger equation for the coefficients n„.The
wave functions I@ (k)) are defined in an analogous way
as in (8):

than the original one] and the wave functions (2) will be
more delocalized. As can be seen from Fig. 1 the magni-
tude of the discontinuity in the momentum distribution
function at the surface of the pockets would then decrease
and the pockets would "fade away. " On the other hand
products like n~o, ~ which determine the magnitude of the
difFerence in ni, between k = (0, 0) and k = (n', n') would
grow (at least initially) making the growth of the difFer-
ence between center and corner stronger than linear with
the hole concentration. Of course when the string poten-
tial is very fiat the contributions proportional to n's with
higher indices which have been neglected previously be-
come appreciable and the simple theory outlined above
will break down. All in all one may say that there is some
reminiscence of the weak correlation limit already close
to half filling. Thus the discrepancy between the low
concentration limit with well-defined hole pockets and
the high concentration limit with a Fermi surface consis-
tent with the Luttinger theorem as observed in numerical
studies on the f Jmodelz and-the Hubbard modelis is
not as large as it might seem. Especially one might specu-
late about the possibility of a smooth transition between
the high and low concentration regimes.

(k) = I(+-(k)I'.,-I+.) I' (22)

I4~) = (1+ApS„S„++~)l@Ni) . (24)

As a first approximation one may replace the ground
state of the HAF by the superposition of two Neel states
with opposite staggered magnetization. Thereby the co-
efficients of the two Neel states have to be equal in order
to obtain a state with total momentum zero. Then one
can see that

1
(@-(k)lck,- I+p) =

2

because any string state where the length of the string is
greater than zero is orthogonal to the state obtained by
taking out one spin from a Neel state. In order to find cor-
rections to (23) one has to take into account the spin fluc-
tuations in the ground state of the HAF. One may use,
for example, a wave function proposed by Bartkowskiis
to describe the spin fluctuations. This reads

III. SPECTRAL FUNCTION

Let us now turn to the evaluation of the spectral func-
tion for the creation of a hole in the undoped system, i.e.,
the Heisenberg antiferromagnet (HAF). This is defined as

I -t 1
A(k, ~) = ——Im(%'p let . +ci, I@p) .

7r ~+ Eo —II, g+iO+
(19)

TlTlT
lT T ll
T l T l T

TlT l T

l T T ll
TlTlT

T lT lT
l T ~ )Il
T lTlT

(b)

TlTlT
T l, l

TlT lT
Here l@p), Ep denote the ground-state wave function and
energy of the HAF. If one wants to calculate the contri-
bution to this correlation function from the quasiparticle
band one should replace

FIG. 4. Two processes contributing to the k dependence
of the residuum of the hole Green's function.
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The index n runs over all the sites of the "up sublat-
tice, " 6 denotes the nearest neighbors, and Ao is a varia-
tional parameter. In the original paper by Bartkowski
it was found that Ao —0.17. To avoid explicit sym-
metry breaking one should again use a superposition of
two such functions which have been constructed starting
from Neel states with opposite staggered magnetization.
When spin Auctuations are present processes like the ones
shown in Fig. 4 become possible. In the state shown in
Fig. 4(a) there is a spin ffuctuation present. Thus it is
possible to annihilate an up-spin electron at a site where
it would not have been possible in the Neel state. The
resulting state [shown in Fig. 4(b)] is a "string state"
where the length of the string is 1. Thus it has the ex-
pansion coefficient ni in its state ~4z). Since the site j
and the site, where the hole has been created, are near-
est neighbors one obtains a phase factor of e' . Using
similar procedures as in Ref. 10 one can show that the
contribution to r (k) from the process shown in Figs. 4(a)
and 4(b) is approximately given by

1
b(4 (k) icy, i@0) = — Aoni [2 cos(k )+2 cos(k&)] .

2

(25)

In the state shown in Fig. 4(c) there is again a spin fluctu-
ation present. When the spin-up electron on an adjacent
site is annihilated a state like the one shown in Fig. 4(d)
is obtained, which corresponds to a string of length 2
and therefore has the expansion coeKcient o.2 in its state
~C'z). Summing over all equivalent processes one obtains
a contribution of approximately

1
b(@ (k)~ck (40) = — Aonq [8cos(k ) cos(kz)

2

+2 cos(2k ) + 2 cos(2k&)] .

(26)

Adding up the contributions (23), (25), (26), and squar-
ing the sum one obtains the k dependence of the pole
strength. A first check of this expression is possible by
examining the dependence on the ratio t/J Namely, .
Stephan et al. zo have extracted the following dependence
of the pole strength on the ratio t/J from their exact di-

agonalization results:

0.6
i- = 0.3 —

i , k =
j 0,tr ' &'3) '

(27)

In Fig. 5 the ratio of these expressions and the calculated
pole strength is shown as a function of t/J On.e can see
that it is close to unity more or less independently of t/J.
Note that this is quite remarkable because the numerator
and denominator change by a factor of 10 5 each.
Thus the present theory gives a simple explanation for
the scaling laws (27): since the slope of the string poten-
tial is proportional to J/t the function n„will be more
and more sharply peaked at v = 0 as the ratio J/t in-
creases. Since by annihilating an electron in the ground
state of the HAF one creates predominantly short strings
the pole strength must increase with J/t.

In Fig. 6 the dependence of the pole strength on the
wave vector k is shown along some directions in the
BriHouin zone and compared to data from an exact
diagonalization. Note the excellent agreement between
our simple theory (which does not contain any adjustable
parameter) and the numerical result. Another notable
feature is, that this dependence on the wave vector is
qualitatively similar to what one would expect from the
"Fermi liquid picture": inside the Fermi surface as one
would obtain it for a half-filled band of noninteracting
electrons the residuum found here for the quasiparticles
is small and it increases as one approaches the Fermi sur-
face. This corresponds to the fact that in a Fermi liquid
one would expect well-defined quasiparticles (i.e. , an ap-
preciable pole strength) only in the neighborhood of the
Fermi surface. Outside the Fermi surface for noninter-
acting electrons the residuum decreases almost down to
zero which means, for example, that in a photoemission
experiment the corner of the Brillouin zone would appear
to be unoccupied by electrons. This is in sharp contrast
to what one would expect from the one-hole dispersion
relation E(k) because there the edge of the Brillouin zone
is one of the maxima of the energy (i.e., it should be def-
initely unoccupied by holes, i.e. , occupied by electrons).

0.2

0.1-

p p I I I I I I I I I I I I I I I

5 10 15 20 0.0
(o,o) (~,~) (o,~) (o,o)

FIG. 5. Ratio of the calculated strength of the quasipar-
ticle pole r, i, and the result obtained by Stephan et al. (Ref.
20). r„„mas a function of t/I for k = (7r/3, z'/3) (solid line)
and k = (0, 2ir/3) (dashed line).

FIG. 6. Dependence of the strength of the quasiparticle
pole on the wave vector k along some directions in the Bril-
louin zone. The ratio t/J is equal to 2.5. The squares are
results from an exact diagonalization of a 4 x 4 cluster (Ref.
11).
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Next consider a finite concentration of holes and let us
assume that the rigid-band approximation is valid. Then
for k points inside the hole pockets the pole strength
should be equal to zero whereas it should be unchanged
for the other ones. Thus one will again have the "pock-
ets" superimposed over a k dependent part which has
some similarity to a "washed-out" version of the Fermi
liquid behavior.

An alternative way to obt, ain the momentum distribu-
tion function would be to integrate the spectral function
(19) over all frequencies from the Fermi energy to infin-
ity. VVhile this cannot be done within the framework of
t, he present variational ansatz it is easy to see that the
value for the magnitude of the discontinuity in the mo-
mentum distribution function at the surface of the pock-
ets obtained in this way is consistent with the previous
calculation if only the contribution (23) is kept in the cal-
culation of the pole strength. This is quite clear, because
in the calculation of the momentum distribution function
spin Quctuations were neglected completely. This is quite
reasonable since the most important correction (25) van-
ishes at the surface of the magnetic Brillouin zone, i.e.,
in the region of k space where the pockets are located.
However one can see that the two ways of caluclating the
discontinuity are consistent.

Finally it should be mentioned that both, the dis-
persion of the lowest peak in the spectral function for
the annihilation of an electron and the k dependence of
its residuum, can also be seen in exact diagonalization
studies where ~4'0) in (19) is replaced by the ground
state of an 18-site cluster with two holes (this corresponds
to a hole concentration of 11%). This may be viewed as
an indication that even at such high doping the "string"
picture still has a certain relevance.

IV. CONCLUSION

The momentum distribution function and the pole
strength of the dominant pole in the one-hole spectral
function for the t-J model have been evaluated. It was
found that both quantities are not consistent with what
one mould obtain by simply filling the band obtained from
the one-particle dispersion relation with holes. Rather
both quantities show some features which are reminis-
cent of a Fermi liquid of weakly interacting quasiparticles
whose one-particle energies are given by the tight-binding
band calculated from the hopping term alone. A possible
interpretation of this behavior is as follows: mhen a single
hole is moving through an antiferromagnetically ordered
spin background its motion can be described by a coher-
ent superposition of localized states ~C»), where the hole
is bound to one particular site j by an effective potential
due to strings. When the momentum distribution func-
tion for such a wave function is calculated one obtains
two contributions: one of them is due to the motion of
the "center" of the localized state, j, and this part de-
pends on the total momentum of the "quasiparticle. " In
the framework of the rigid-band approximation this part
will give the hole pockets which would be expected from
t, he one-particle dispersion relation. The other contribu-
tion however is due to the motion if the hole "inside" the
localized states ~4z). This contribution might be viewed

as some kind of "form factor. " It turns out that it is
precisely the contribution from this "form factor" which
results in the similarity to free particles. One can un-
derstand this if one considers the limiting case of an ex-
tremely weak string potential. Then the wave function
of the hole moving under the inAuence of the string po-
tential will be rather similar to that of a free hole which
does not feel any kind of sublattice structure. Therefore
contributions which are due to the "internal structure" of
the localized states may be expected to be qualitatively
similar to that of free particles.

It should be noted that despite the fact that the ansatz
wave function (4) has long-range Neel order this feature
does not really enter the calculation. In fact the only
conditions required in the above calculations are short-
range Neel order (to produce the string potential) and
translational invariance [to justify an ansatz like (4)]. A
change of the dispersion relation due to deviations from
the Neel order would change predominantly the position
of the hole pockets but not so much the contributions
due to the "form factor. " Thus one might expect that for
a translationally invariant "spin background" with suK-
ciently strong short-range antiferromagnetic spin corre-
lations ("spin liquid" ) the above calculations still have
some relevance. Thereby prefactors like n~n2 in (17) will
certainly change due to the deviations from the Neel or-
der. On the other hand the k dependence, for example,
of the contribution (17) is determined by geometry, so it
should remain the same.

Admit tedly the similarity between the caluclated
quantities and their behavior for free particles is at
most qualitative. Especially within the framework of the
present formalism one has nothing to say about the origin
and the location of the "true" Fermi liquid discontinuity
in the momentum distribution function which should ap-
pear at very high hole doping. One should always bear in
mind however, that the momentum distribution function
is particularly dificult to calculate from a "projected"
Hamiltonian like the t-J model. Also it is very diKcult
to reproduce the Fermi surface singularity for free parti-
cles within the framework of a local representation like
the one used above. Indeed even if one would evaluate
the momentum distribution function for free electrons it
would be impossible to reproduce the discontinuity at the
Fermi surface by just taking into account a finite number
of difFerence vectors / in the representation (ll). Thus
one might speculate that the "string picture" and the
"Fermi liquid picture" for a small concentration of holes
are just two diferent mays of looking at the same thing
and thus the range of doping where the high-T, mate-
rials are superconducting might be accessible both from
the weak and the strong correlation limits.
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