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Nuclear-spin relaxation and spin excitons in a two-dimensional electron gas
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The nuclear-spin relaxation in the vicinity of a two-dimensional electron channel is considered in
terms of the creation and annihilation of spin excitons. This approach provides a qualitative picture of
the competition between the inhomogeneity of the channel and the Coulomb repulsion of the electrons.
The spin-Aip processes are allowed energetically in the presence of the disorder. The e-e interaction
suppresses the relaxation through the enhancement of the magnetic-field-induced spin splitting of the
Landau level.

The spin exchange between nuclei of lattice atoms and
conducting electrons due to the Korringa relaxation pro-
cess is well studied in metals and semiconductors. Much
more di%cult is the observation of the Korringa relaxation
in a two-dimensional (2D) electron gas in semiconductor
heterostructures because of the relatively small number of
electrons and nuclei interacting with them. Nevertheless,
recently the nuclear-electron relaxation rate was success-
fully measured in high-quality heterojunctions under high
magnetic field. ' The nuclear-spin polarization was pro-
duced by means of dynamic polarization in electron-spin
resonance (ESR) experiments. This polarization shifts
the position of ESR due to the Overhauser effect, so
measuring the rate of nuclear-spin relaxation becomes
possible. These experiments show unambiguously that
the Korringa-like relaxation takes place due to exchange
by the spin moment between lattice nuclear spins and
electrons in a quantum 20 channel, as was previously pro-
posed theoretically.

As usual, the Korringa relaxation is an energy-con-
suming process due to the difference in magnetic moments
of nuclear and electron spins involved. In a 3D metal the
energy required for the relaxation can be provided by the
kinetic energy of the electrons even in a high magnetic
field because the longitudinal motion remains free and the
energy spectrum of the electrons is continuous. The prin-
cipal feature of the ideal 2D electron gas under high mag-
netic field is the completely discrete energy spectrum, so
that the conservation of energy prevents the spin-Hip tran-
sition in the ideal system and some sort of inhomogeneity
is necessary for the nuclear-spin relaxation.

However, the Coulomb interaction of electrons plays an
important role because of its strong influence on the split-
ting of Landau levels (enhancement of the g factor by e-e
interaction). An early attempt to take it into account

. was based on a rather crude self-consistent scheme. The
relaxation rate was taken as an overlap of two peaks of the
one-electron density of states broadened by the random
potential and splitted by the enhanced g factor. The
correlation in electron energy before and after transition,
which essentially suppresses the efIect of both the random
potential and the Coulomb interaction (see below), was
ignored.

It is known that spin excitation for a fully occupied
Landau level with lowest-energy spin polarization can be

considered as a special quasiparticle (spin exciton) with
conserved momentum hk and energy E(k). In this Rap-
id Communication we shall use this concept to take into
account both electronic interaction and random potential
resulting from impurities in a natural way. In a combina-
tion of the optimal fluctuation treatment of the weak ran-
dom potential, this approach gives us a possibility to avoid
complicated and uncontrollable self-consistent procedures.
As a result we obtain a rather clear qualitative picture of
the influence of various physical factors.

We begin with the situation when the sublevel t is com-
pletely occupied. The nuclei are dynamically polarized
opposite to their equilibrium direction. In the absence of
disorder and electron-electron (e-e) interaction the min-
imal energy of spin excitations is Ii=~g ~ptt8 (p~ is the
Bohr magneton, 8 is the magnetic field). The energy of
the nuclear spin IIip Ajv =p/v8 (piv is the nuclear magne-
ton) is small compared with the cyclotron energy Aco, and
6, therefore the relaxation is energetically forbidden in
the ideal system.

The "contact" interaction of 20 electrons with the nu-
clear spin positioned at the point R can be written using
the local Fermi y operators and spin-flip operators S —,
for nucleus

H, „=S +
ii/i (R ) i//i (R ) + H.c.

Because the position of the nucleus is arbitrary, we also
put R =0. Obviously, in rewriting y through the creation
and annihilation operators for stationary states we can in-
clude only the states of the given Landau level. In the
Landau gauge A~ =ee 'Bx these states are classified by
the wave number k» quantized due to the finite size of the
sample by 2tr/L». In the resulting expression for the in-
teraction, the operators al, , al, can be combined into
second-quantization operators of the spin exciton

+k
L L Xe ai, p —k„/2ai, p+k /2 (+k) (2)
L„L,y I,

where I =(cA/e8) '/ is the magnetic length. The interac-
tion (1) takes the form

H, „a:,
/

QL, (l k /2)x'iL Ly k

x exp( —l k /4) [S+A k+ S A k],

(3)
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containing the Laguerre polynomial L„corresponding to
the considered Landau level. The summation is assumed
over the 2D spin-exciton wave vector k with components
quantized by 2n/L„and 2rr/L~, respectively. The spin-
exciton representation of the e n-interaction (3) allows us
to write the golden rule formula for the nuclear depolari-
zation rate through the imaginary part of the spin-exciton
Green function

Ti ' 0:g ImGi, (E)b(E—hIv)Lg(I k /2)e ' ~ dE.
k

(4)

Thus the depolarization rate is proportional to the density
of states of spin excitons at the energy h~. The formula
(3) is written for an arbitrary Landau level, but for the
sake of simplicity we will consider below only the lowest
Landau level n 0.

The dispersion law E(k) of the spin exciton has a gap d,

at k 0. At finite k the Coulomb interaction leads to the
monotonic growth of E(k) with k. The characteristic
scale of this interaction is the average energy per particle
Eg e /el (e is dielectric constant), and E(k) can be
written in the form

E(k) 4+EcEp(k),
(5)

E (k) - (1 e""-~)e '~ "'g 'd'g-
2x

(The integration gives the standard form

Ep~(x/2) ' '[1 —exp( —I'k'/4)I (I'k'/4)]

with the modified Bessel function Ip. ) In line with the
above discussion, the spin-exciton density of states is zero
at low energy d Jv and the depolarization is possible only in
the presence of some additional factors. Here we consider
the influence of the random potential U(r) coming from
the inhomogeneities of the 2D channel (impurities, etc.),
which also can be written in the spin-exciton representa-
tion

H; p- QU(q)[exp(il'[kql/2)
L~Ly k, q

—exp( —il '[kq]/2)] A q+~A i, ,

where U(q)—=fU(r)e '~'d2r is the Fourier component
of random impurity potential for electrons, [ab] desig-
nates a z component of the vector product.

From Eq. (5) we see that the enhancement of Zeeman
energy due to e einteraction will-appear only for nonvan-

I

ishing spin-exciton momentum k80, and cannot be de-
scribed by a uniform enhanced g factor. This follows
from the fact that the electron and hale orbital wave func-
tions are identical and spin independent in the absence of
the spin-orbit interaction. The same effect takes place for
the interaction of the spin exciton with a randam impurity
potential: for k 0 an electron with spin up and a hole
with spin down, being at the same place, interact with op-
posite signs with the random field. This yields an exact
cancellation at k 0, according to Eq. (6).

Equations (5) and (6) now are to be considered as a ki-
netic and potential energy of the one-particle Hamiltonian
of the spin exciton in a random field, so that an appropri-
ate Schrodinger equation for the spin-exciton wave func-
tion 9', can be directly written in a trivial way. Since the
random potential is assumed to be weak, a rather large
fluctuation is required to produce the potential well deep
enough to campensate the kinetic energy of the spin exci-
ton and obtain the level with the energy dN. In this situa-
tion the standard way to describe the density of states is to
use the concept of the optimal fluctuation (see, e.g. , Ref.
5). In this approach the randam potential is assumed to
be Gaussian and is described completely by its correlator
Q(r —r') =(U(r)U(r')) with Fourier harmonics Q~fQ—(r)e 'q'd r. The averaging of the Green function
over the random potential leads to the exponential

(ImG(E, k)& ~ ~'(k)exp( —Ss f% }),
which has in the exponent a functional of the normalized
wave function of the spin exciton %'(k),

(E-EH])'
2(L„Lr) 'QQqWq bH

where

EH ]-=g E (k )e '(k ),
W [%'j —=2+sin(l [kq]/2)%'(k)% (k+q) .

The function +(k) should be chosen to maximize the
depolarization rate (1) with the Green function (7).

We consider here the simplest case of the white-noise
random potential Qq—=Q const and use the variational
trial functian

~(k) -~ exp[- (Ik —K.) '/4D'],
normalized by a coefficient A to a unit sum P%' (k). Un-
der this ansatz, the evaluation af the functional SE [%] is
easy and leads to

1
—(1+D ) ' exp

E[%'f 6+E/Ep(K, D),
r i ]/2

E p(K, D)-
2

K K
Io4(1+D') 4(1+D')

Wq 2sin(l [Kq]/2)exp( —I q /4D ),
[E—6+EgEp(K, D)]

Se 4 S E,K,D
(2/~)l QD [1 —exp( —D K /2)]
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FIG. 1. The normalized magnetic-6eld dependence of the nu-
clear relaxation rate given by Eq. (10) fitted to the experimental
data (Ref. 2) by the value of the amplitude of white-noise po-
tential Q 300 meV2nm2.

FIG. 2. The magnetic-field dependence of the variational pa-
rameters EC (solid line) and D (dashed line) in the variational
ansatz (8) corresponding to Fig. l.

The expression for the whole depolarization rate to be
maximized is

T ( cx: exp — —S(4N, K,D)1 EC

1+D 2(1+D )

In this paper we do not touch the problem of the rigorous
evaluation of the preexponential coefficient, but the
coefficient in (9) is kept because it gives the qualitatively
correct behavior.

Up to this moment we have discussed the case of com-
pletely filled sublevel (t) and empty sublevel (/), for

I

which the concept of the spin exciton has the most clear
and exact sense. In the case of an arbitrary filling of the
Landau levels the most important modification takes place
in the Coulomb interaction of electrons. Namely, in the
same way as the enhanced electron g factor, the parame-
ter Ec must be corrected by the factor (vl —vl) contain-
ing the filling factors of participating spin sublevels.
Another change is the factor vl(1 —vl) in the pre-
exponential coefficient in Eq. (9) proportional to the num-
ber of occupied states on the initial sublevel and the num-
ber of empty states on the final one. The resulting expres-
sion for the relaxation rate is

T~ ~m&ng D
vl (I vl )

exp1+D
I/

2(1+D')
[5+(vl —v l )EcEO(K,D) hjvl z

(2//tt)l QD [1 —exp( —D K /2)I,
(10)

The example of the magnetic-field dependence of the
depolarization rate obtained from Eq. (10) is plotted in
Fig. 1 together with experimental data with parameters
corresponding to the GaAs heterostructure used in this ex-
periment. The amplitude of the white-noise potential was
used as a fitting parameter (the chosen value is Q ~300
meV nm ). The interval of magnetic field corresponds to
the range of filling factor v from 2 to 4. Although our for-
mulas are written for the lowest Landau level 0 (v(2,
the qualitative agreement between the theory and experi-
ment is evident. The drop of the curve between two peaks
is explained by Coulomb enlargement of the spin-exciton
kinetic energy. This effect is most strong in the region
close to the odd filling factor v=3 (vi=1, v1=0) and
causes the exponentially small probability of the fluctua-
tion required for the spin-fiip process.

The corresponding magnetic-field dependence of the
variational parameters K and D is plotted in Fig. 2. The
most important finding here is the rather high value of the
parameter D (in the scale of inverse magnetic length / ').
This means that the wave function of the spin exciton and
the optimal fiuctuation of the random potential are usual-

I

ly well localized in the coordinate space.
One can note the finite value of T ~

' at the ends of the
presented interval of the magnetic field corresponding to
even filling v 2 and v 4. The theoretical curve drops to
zero at these points because we consider the zero-
temperature case and do not include the contribution of
the neighboring Landau levels. The generalization of the
approach proposed here to an arbitrary number of Landau
levels and a finite temperature would improve the agree-
ment with the experiment.

Note added in proof. We would like to thank D. An-
toniou and A. H. MacDonald for sending us a copy of
their work on a perturbation-theory analysis of nuclear-
spin relaxation and spin-wave collective modes in a disor-
dered two-dimensional electron gas.
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