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Theoretical models for intensities of d =f transitions in electron-energy-loss spectra
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We calculate cross sections for electron-impact excitation of core electrons for La and Th metal within
the local-density approximation (LDA), in particular, for the 4d ~4f and 3d ~4f transitions in La and
for the 5d~5f and 4d —+5f transitions in Th. The purpose is to account for the intensity variation of
experimental electron-energy-loss spectra (EELS) when the incident-electron energy is lowered from
high energies down to threshold, and, in particular, the appearance of structure due to exchange scatter-
ing involving capture into localized f levels. We use the distorted-wave approximation (DWA) at low

incident energies and calculate direct and exchange inelastic-scattering cross sections for LS-resolved
core excitations (neglecting spin-orbit interaction). In addition we have also made use of the Born ap-
proximation over the whole energy range. In general, the LDA DWA cross sections account rather well
for the relative intensities of groups of spectral features connected with localized d~f excitations in
EELS for La and Th metal. In La, the 3d ~4f and 4d ~4f transitions show similar exchange to direct
inelastic-scattering cross-section ratios as functions of incident electron energy on the scale of the excita-
tion energy. The ratio is of the order of unity at threshold. Our calculated branching ratios for L to 'P
and 'F to 'P in La are in reasonable agreement with experimental trends. We find a clear di8'erence be-
tween 4f and 5f elements in what concerns low-energy and threshold behavior. In particular, the
4d —+5f transition in Th seems to be very special. Our calculated branching ratios show significant devi-
ations from statistical weighting in the near-threshold region due to the efFect of transition matrix ele-
ments. We conclude that LDA-based DWA calculations should provide a basis for deducing quantita-
tive information about a variety of inelastic processes in rare-earth and actinide solids.

I. INTRODUCTION

Inelastic electron scattering allows rich possibilities for
studying many-electron dynamics and correlation efFects
in solids. For high incident-electron energies and small
scattering angles only dipole transitions can be excited.
In this limit, the electron-energy-loss spectrum (EELS) is
equivalent to the photoabsorption spectrum. For low
incident-electron energies, typically less than five times
higher than the transition energy, exchange scattering
may become important. The inelastically scattered elec-
tron may then participate in the dynamics of the target:
the incident electron may be captured into a bound level
while a core electron will be ejected. In particular, this
allows strong spin-fIip scattering through purely electro-
static interaction. Finally, for very low incident energies,
in the region of the inelastic threshold, the incident elec-
tron may even be temporarily captured in a negative-ion
two-electron —one-hole resonance.

Excitation spectra of lanthanide and actinide solids
show prominent resonance efFects due to the presence of
localized or nearly localized empty 4f and 5f levels.
4d-4f- and 5d-5f-like transitions are particularly interest-
ing since they present a wide spectrum of discrete and
continuum resonance structures, and involve strongly
collective transitions. ' Recently, such spectra have
been extensively studied using EELS in threshold re™
gions, ' revealing loss lines (Figs. 1 —5 below) not ob-
served in high-energy inelastic electron scattering' or in

photoabsorption' or photoemission (including photoelec-
tron yield and photodesorption}. '

Capture processes into f levels have previously been
experimentally studied in x-ray emission through
appearance-potential spectroscopy, ' bremsstrahlung iso-
chromat spectroscopy (BIS),' and resonant BIS (Refs.
19—22} (for a theoretical approach to resonant BIS, see
Refs. 3 and 24). Recently, such capture processes have
become evident in EELS at incident-electron energies
below a few times the threshold energy. ' This in-
cludes some very recent studies on high-T, superconduc-
tors 12 14

In this paper we present quantitative results for inter-
preting experimental EELS in rare-earth and actinide
solids in inner-shell threshold regions. (A brief account of
some of these results has been given in Ref. 25.) We have
calculated low-energy, direct and exchange, angle-
integrated inelastic-scattering cross sections for 3d ~4f
and 4d —+4f excitations in La and 4d —+ 5f, 5d ~5f, and
4f~5f excitations in Th within the distorted-wave ap-
proximation (DWA). For comparison we have also cal-
culated the direct inelastic cross sections using the Born
approximation (BA). We have chosen La and Th as the
simplest examples of lanthanide and actinide metals in
order to avoid complications due to partially occupied f
levels in the ground state (like in Ce or U}. The calcula-
tion has been performed using an atomic model within
the local-density approximation (LDA). ' ' This
should be adequate for describing the local aspects of the
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e (E)~e (E'); 4d ~4f
(direct processes; J=1,3,5), (lb)

e (E)~4f; 4d ~e'(E') (exchange process), (lc)

where the angular momenta L and S take on all integer
values in the range 1~L ~5 and OPS ~1.
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core-excitation processes in 4f and 5f metals and
should provide a good description of relative intensities of
loss structures with comparable loss energies at a given
incident energy. On top of this, in order, for instance, to
describe measured absolute variations of cross sections
over wide energy ranges, one may have to include effects
of the mean free path for the incident and scattered elec-
trons.

In the case of 4d~4f excitation of La, the inelastic
scattering processes may be written as

e (E)+La(4d' 4f ) 'S~La(4d 4f ') +'Lz+e (E'),
(la)

In the absence of spin-orbit interaction, the direct pro-
cess (la) and (lb) only leads to total angular momentum
transfer J= 1,3,5 to (4d 4f;4d4f ) 'P„'F3, 'Hs final
states, ' corresponding to transferred orbital angular mo-
menta L= 1,3,5, respectively, and to transferred spin an-
gular momentum S=O. The exchange process (la) and
(lc), on the other hand, admits all transferred angular
momenta, L=1,2,3,4,5, and S=O, 1, and therefore leads
to all possible final states (4d 4f;4d4f ) ' LJ (in particu-
lar it interferes with the direct process to 'I'„'F3 H5
final states).

Experimental 4d ~4f EELS for La metal are shown in
Figs. 1 and 2 and for La86 in Fig. 3. At low incident-
electron energies E the spectra show a conglomerate of
sharp, discrete 4d4f L, 'L loss lines below the atomic 4d
threshold followed by a sharp 'F3 level (still below the
atomic threshold), and finally above the atomic threshold
a broad 4def 'P, giant dipole resonance ' (4d4f 'P, in
terms of LS structure of a single 4d4f configuration ).

The general behavior of LS-dependent inelastic elec-
tron scattering cross sections is well understood from
atomic theory and experiment. In this particular context,
the problem was first discussed by Netzer, Strasser, and
Matthew" and later by Moser and Wendin and Clark
et al. ' Below we shall brieAy illustrate three cases,
4d4f excitation in La, 5d5f in Th, and 3d4f in La. The
general picture for inelastic scattering with excitation
(la) —(lc) is then as follows.
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FIG. 1. Experimental 10w-energy EELS for La metal in the
region of 4d ~4f excitation, from Netzer, Strasser, and
Matthew (Ref. 4). Comparison with x-ray absorption (XAS)
(Rabe, Ref. 16). Dashed curves in the inset: our alternatiue may

of representing the data, by subtracting a background under the

Pl giant dipole resonance before forming the ratio of peak
heights.
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FICx. 2. Experimental low-energy EELS for La metal in the
region of 4d~4f excitation, from Moser et al. (Ref. 6). The
unlabeled fine structure in the 1500-eV EELS represents J=3,5
levels excited via the direct process through spin-orbit coupling
to 'F3 and '05.
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(i) At high incident-electron energies E (i.e., much
higher than the excitation energy in question) only the
direct scattering process (la) and (1b) is of interest.
Moreover, only the dipole-allowed J= 1 levels
( P„D„'P,) will survive, and the EELS will tend to-
wards the photoabsorption spectrum (curve labeled XAS
in Fig. 1). The cross section is well described by the Born
approximation (BA).

(ii) At intermediate energies E (e.g. , E =E=2920 and
1600 eV in Fig. 1; Es&=E'=1 500eV in Fig. 2) the
direct scattering process (la) and (lb) is still the only one
of interest. However, nondipole J=3,5 levels (spin-singlet
'85 and 'I'3 levels plus weaker spin-orbit driven spin-
triplet levels) will grow relative to the J= 1 levels.

(iii) At lower incident energies, for E =6—7 times the
threshold energy, the exclusively exchange-driven
J=2,4, 6 levels ( Lz 4 6 plus 'D2 and '64) begin to gain in-
tensity relative to the direct scattering J=1,3,5 levels,
and rapidly become comparable in intensity to the direct
scattering, spin-orbit driven J=3,5 levels (see the
Es„,& =E'=600 eV EELS in Fig. 2). This also means that
interference effects between the direct and exchange am-
plitudes begin to be important.

(iv) At very low incident energies, for F. tending to-
wards the inelastic excitation threshold, the exchange
scattering will dominate the EELS (except possibly for
the continuum 'P& giant dipole resonance) and the entire
4d4f +'Lz structure in the 97—107-eV region will be-
come very prominent, as seen in Fig. 3. The exchange-
only process gives rise to a statistical distribution
modified by L,S-dependent matrix elements. This may be
seen in Fig. 3 (see also Ref. 14), where the structure
shows continuous development: at low but finite energy

ENERGY LOSS (eV)

FIG. 3. Experimental very-low energy EELS for La86 in the
rgion of 4d~4f excitation, from Hinkers, Stiller, and Merz
(Ref. 11).
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FICx. 4. Experimental low-energy EELS for Th metal in the
region of 5d~5f excitation, from Moser et al. (Ref 6). .

above threshold, there are still interference effects due to
the direct process; very close to threshold, high-lying
multiplet levels (here "4d4f" 'P ) will be forbidden due to
energy conservation.

A roughly statistical distribution of (i4f ) ' Lz levels
also appears in the context of relaxation of a core hole (i )

with localization of the screening charge. ' This is il-
lustrated by the 4d x-ray photoemission spectroscopy
(XPS) spectrum in Fig. 2. Here a 4d core-hole potential
pulls down an empty 4f level into the sea of conduction
electrons. A conduction electron is scattered into this
empty 4f level, forms a 4d4f configuration, and gives rise
to a nearly statistical (4d4f ) ' Lz distribution (depends
on the conduction electron density of states). Since the
4f level is very weakly hybridized with the conduction
electrons, the filling process has a rather low probability.
Therefore the satellite ("shake-down" and "shake-up")
structure is quite weak, but clearly visible, in Fig. 2.

The case of Sd 5f excitation in Th metal is difFerent in
two important respects: (a) The 5d spin-orbit splitting is
about 7 eV (3 eV for La 4d), and (b) the 5f hybridization
is quite strong. The larger spin-orbit splitting in the Th
case leads to much larger weight on the Sd5f D, level; '

this direct dipole excitation is therefore observable in the
multiplet structure at low energies and leads to clear de-
viation from statistical weighting. The large Sf hybridi-
zation leads to a large probability for relaxation via filling
of empty 5f levels, as is evident in the XPS spectrum in
Fig. 4 (cf. Fig. 2). Moreover, the Sf hybridization leads
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to considerable broadening of the multiplet structure,
making it largely impossible to resolve. (However, in
most other respects the Sf levels may still be regarded as
localized and atomiclike. )

Finally, the La 3d-4f spectra in Fig. 5 show still anoth-
er picture. The 3d 4f ex-change interaction is now rela-
tively small (=5 eV) while the spin-orbit splitting is large
(17 eV). This leads to intermediate coupling with clear
spin-orbit energy separation but with nonstatistical
weighting. Since the 4f hybridization is weak, the 3d
core-level XPS shows only weak shake-down satellite
structure: relaxation by filling 4f levels has low probabil-
ity.

The purpose of the present work is to provide a basis
for interpretation of EELS such as discussed above, in
particular for low incident energies (many of the above
conclusions are based on the results of this investigation).
The plan of the paper is as follows.

In Sec. II we describe the theoretical framework and
present expressions for various types of excitation cross
sections [LS-average, term-level (LS) resolved, spin po-
larization and spin-fiip, etc.]. We also comment on as-
pects of many-electron dynamics. Section III presents

La METAL

numerical results for d~f excitation and ionization
cross sections, while Sec. IV in particular deals with
cross-section ratios with application to the relative inten-
sities of peaks in the (~d ) +'L term-level structure.

II. THEORETICAL MODELS
OF THE SCATTERING PROCESSES

A. General

In a general theoretical treatment of inelastic scatter-
ing, one must consider transitions between properly
antisymmetrized states of the system of projectile plus
target. As a consequence, the amplitude for transitions
to physical final states will contain mixtures of direct and
exchange scattering contributions. Some final states can
only be reached via exchange scattering. On the other
hand, there are no states which only can be reached by
direct scattering.

In this work we calculate the incident- and scattered-
electron wave functions in the potential of the target
ground state, ' and we describe the scattering process to
first order in the electron-electron interaction, i.e., we use
the distorted-wave Born approximation with exchange
(DWA). The ion cores (targets) are described in the
independent-electron approximation, and many-electron
dynamics has to be accounted for explicitly through the
appropriate response functions.

In an independent-electron approximation for the tar-
get, the amplitude for direct inelastic scattering with
k —+k' and i —+ n is given by

fg„=(k'n l(1/r, )2lki &

~ e ~

~ ~

l
J ~ ~

)he p

EELS while the corresponding exchange amplitude with k~n
and i~k' is given by

gk& &«l(lzr )I«& . (3)
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The distorted waves lk) and lk') for the incident and
the inelastically scattered electrons are expanded in par-
tial waves, in terms of radial one-electron wave functions
ukt(r) calculated from the one-electron Schrodinger equa-
tion (energies in Rydberg units, E =k )

d 2 l(l +1)+k —V(r) ukt(r) =0
dl' 2

rl I 31 4(

5(2
'

XPS

3d3, .".
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V(r) = — + VJt(r)+ V„,(r),2Z
(Sa)

with a one-electron potential V(r) of the form (H stands
for Hartree, xc for exchange correlation)
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FICx. 5. Experimental low-energy EELS for La metal in the
region of 3d ~4f excitation, from Moser et al. (Ref. 6).

where p(r) is the electronic charge density. The
exchange-correlation potential V„,(r) is calculated in the
local-density approximation (LDA). ' p(r) is a correla-
tion function which interpolates between the high-density
[small r; P(r) = 1] and low-density [large r; P(r) = 1.5-2]
regions. The resulting potential V(r) has no long-range
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Coulomb tail and scatters like a neutral atom at large dis-
tances. The asymptotic form of the incident and scat-
tered wave functions therefore have the form

( 1/kr )sin( kr 1m—./2+ 5I )

(distorting atomic potential) (6a)

j,(kr) when 5,~0
(no potential;free electrons) . (6b)

In the core region, the LDA potential is strongly at-
tractive, and suitable for calculating the target wave
functions. The Schrodinger equation (4) and potential (5)
have therefore also been used for calculating the ground-
state and excited-state bound one-electron wave functions
u;(r) and u„(r) (normalized to unity over the atomic

volume). This provides localized corelike ground- and
excited-state one-electron orbitals (3d, 4d, and 4f in La;
4d, 5d, and 5f in Th).

The LDA potential includes local correlation between
the incident (scattered) electron and the core and valence
electrons in the atomic volume. However, the LDA does
not include long-range polarization, of van der Waals
type, which is fine since we treat core excitation inside a
metal, not in a free atom.

B. Independent-particle picture; unresolved
angular momenta of the final states

After partial-wave expansion and integration over
directions of the wave vector k' of the scattered electron,
the angle-integrated difFerential cross section may be
written as (co=E E' is t—he loss energy)

do „;(E;co)/dco=cr„;5(co„;—co),

o„;=32~(E'/E)'~y y(21&+1) '[(E'l', ni„~~v~~~El, il, &]'+y(2X'+1) '~&nl„, E'l'~~v~l~Ei, ii, &[2
I, I' K

l E l'—g ( —1) +
l &, l

(E'l', nl„~~v ~~E/, il; &(nl„,E'l'~~v ~~El, il; &

K,K' n l

The reduced matrix element is defined as

l, E l,
(a, b~)v ~~c, d & =[(21,+1)(2lb+1)(2l, +1)(2ld+1)]'

l, X l„
0 0 0 R (a b'c d)

in terms of the Slater integral

pK
R (a, b;c,d)= f f u„(r~)u„(r2)n 1 n 2

Xu„(r, )u„(r2)dr& dr2 . (10)

do ~ (co;E)/dco=o 5(co„; —co),

S 1

cr = 16~(E'/E )' g ~f g-
l', I Ms-

(12)
Equations (7) and (8) represent the inelastic difFerential

cross section for transitions between conf'Egu rations.
Since it does not correspond to physical final states it
cannot describe any particular loss line but rather corre-
sponds to the sum of the lines associated with a particular
configuration. This level of approximation is only useful
if the exchange scattering is negligible, as, for example,
for E ~500 eV the EELS in Figs. 1 and 2, which are
dominated by the broad 4d4f 'P giant dipole continuum
resonance around co = 117 eV.

f( I =5s0(2L+1) '~ (E'l', nl„~~v ~~El, il; &, (13a)

l I. l'
g =[(2L+1)(2S+1)]' g( —1)

K n i

where the direct (fI.&
) and exchange (g&.& ) amplitudes are

given by

C. Resolved Snal states in LS coupling

In order to calculate the intensity of observed spectral
lines, one must consider transitions to states character-
ized by all the relevant quantum numbers of the many-
electron system.

In this paper we shall only consider transitions between
pure IS levels of the target. The difFerential cross section
for transitions of the target from the closed-shell 'S
ground state to (in ) +'L final states, with scattering of
the projectile between angular momentum states
lm ~l'm' and spin projections o.~o', may be written as

(13b)

o =16~(E'/E)' g—'~f —g
I', I

or written out in full,

(14)

If we do not observe the spin directions of the incident
and scattered electrons we also have to sum over the
final-state spin o' (and average over the initial-state spin
o) in Eq. (12), with the result
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rr =8rr(E'/E )' (2L + 1)(2S+1)

l L l'
g 5+0 (E'I', nl„IIv IIEl, il; ) —g( —1) +

I & I (nI„,E'I'IIv~IIEI, il, ) (15)

At high impact energies the direct process will dominate, and we may consider the direct-only (DWD) cross section
(J=L;S=0)

~"=~d =32~(E'/E)'"&so(2L+1) '&I &E'I', nl. Ilv'IIIEl, il; ) I'
l', I

=5s0(E'/E)'~2+Ail, L [R (E'I', nl„;El, il; )]

(16)

(17)

where dg (E)/den=+ f dE o.„(E)6(E—E;
—~) . (22)

Ag x = 1 6~ N( 2l„+1)( 2I'+ 1 )(2I + 1 )(2& + 1 )

0 0 0 0 0 0 (18)

The ionization cross section is then found by integrating
the EELS for loss energies co )

I 8; I,

cr;,„(E)=g f d Ecr „(E) . (23)
0

N, is the number of initial-state electrons [ =2(2l, + 1) for
the full shell].

We may also consider the L,S-resolved exchange-only
cross section

o =8~(E'/E)' (2L+1)(2S+1)
I I.

1)L+K .

The factor of —, in the upper integration limit arises from
the fact that the scattered and ejected continuum elec-
trons are indistinguishable: We use the definition that
the electron with the lowest kinetic energy is the ejected
one. Due to the unknown phase relation between the
two outgoing continuum waves we are restricted to the
maximum-interference approximation in order to avoid
possible unphysical negative contributions to the cross
section (see, e.g., Refs. 39 and 43).

X( I„,E'I'IIv IIEI, 'I, ) (19)
E. Comments on spin-polarized EELS

In a first approximation, this should give a good descrip-
tion of those low-energy loss structures (Fig. 2) which
have no direct contributions and which vanish already at
low-to-intermediate impact energies (this excludes, e.g. ,

the P and D levels in Fig. 2). The exchange-only cross
section o in Eq. (19) is proportional to the multiplicity
(2L+1)(2S+1) of the final state but also depends on a
state- and energy-dependent transition-matrix element.

Summing over all L,S terms one obtains the distorted-
wave exchange-only (DWX) cross section

In most EELS experiments (like Figs. 1 —4) information
about spin-triplet levels has to be deduced from the posi-
tions of loss lines and dependence of loss intensities on in-
cident energy E. However, triplet excitations are also as-
sociated with spin-Aip scattering, which could be detected
if spin-polarized EELS were to be used.

With spin-polarized EELS the spin of the incident elec-
trons is oriented along a given direction [spin up ( l')] and
one measures the spin projection (1, $) of the scattered
electron. The spin polarization is defined as

o.„=(E'/E)'~ g BiI.lr[R (nl„,EI;E'I', il;)]
l, I', K

(20) LS LS

I'Ls-S LS+ LS

where

Ba.x = Aa.x(I'~I„) . (21)

The DWX cross section should give a reasonable descrip-
tion of the total weight of the exchange-driven low-
energy-loss structures (in, e.g., Fig. 2).

In the case of no spin flips (cr&i=0) Pl+=+1. With
equal number of spin-Hip and no-spin-Hip events
(o i &

=o.t ~ ) PI& =0. With every event a spin flip (o i ~
=0)

I'Ls = —jl. Inserting the expression for the spin-
dependent inelastic-scattering cross section from Eq. (14),
one obtains

D. Ionization

The ionization cross section is obtained from the EELS
cross section by integrating over all losses leading to ion-
ization of the target. Summing Eq. (7) over occupied (i)
and empty (n) levels, and rewriting it in terms of a con-
tinuum final state of the target, normalized to unit
current, one obtains the EELS spectrum

or

S

M 2 S
S

2
2

1

2

1 1

2 . 2

S

Pl o=+ I ('L;no spin flip),

PL, = —
—,
'

( L; —,
' spin flip, —,

' no spin flip) .

(25)
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In the absence of spin-orbit interaction, the spin polar-
ization is independent of the orbital angular momentum
L, and assumes fixed, energy-independent values for the
different S values.

III. NUMERICAL RESULTS FOR CROSS SECTIONS
OF LOSS PEAKS

A. General discussion

F. Comments on wave functions of LS-resolved states

In this paper we only consider single excited
configurations (in ) [Eqs. (2) and (3)j described by LDA
independent-electron wave functions. All the LS terms
involve the same wave functions and only differ by their
LS-dependent energies and transition-matrix elements.
We make a further simplification by neglecting the LS-
dependent energy splittings when calculating cross sec-
tions. This means that the final energy E'=E—co„; in
Eqs. (14) and (15) is calculated as E'=E —co„;. The ap-
proximation is good as long as the final energy E' is
much larger than the LS term-level splitting. In the case
of La 4d4f and Th Sd5f transitions, the width of the
multiplet is about 15 eV, which means that there will be
important differences in the kinematic (E'/E)'~ factor
for E'~ 50—100 eV.

There are a few things to be said about the 4d4f 'P
and SdSf 'P giant dipole resonances. Due to the large
multiplet splitting, these resonances become 4def 'P and
Sd Ef 'P continuum resonances and should appear in cal-
culations of ionization, rather than excitation, cross sec-
tions. To accomplish this one could calculate the transi-
tion amplitude within the random-phase approximation
(RPA), or use LS-dependent final-state wave functions
and include ground-state correlations (initial- and final-
state configuration interaction). As mentioned above,
we have not treated these aspects in this work. However,
a few general observations may be appropriate.

The amplitude for direct inelastic scattering with
k~k' and i ~n may be written in the form

fq.q=(k', n
~
Vd(r„r2', co)~k, i ), (27)

gj, j, =(n, k'~ V„(r„r;co')~k,i ), (2&)

where again V„(r„rz',co') represents an effective electron-
electron interaction with co' =E&—c.„=E&—e.;.

Note that screening and correlation effects act
differently between the effective direct and exchange in-
teractions since the energy transfer is constant (propor-
tional to the energy loss co =s„—s;) for the direct process
while it is proportional to the incident energy
(co'=Ei, —s„) for the exchange process. For large in-
cident energies the exchange interaction will therefore be-
corne unscreened, V„(r„r2,co')~1!r,2.

where Vd(r, r2', co) represents an effective electron-electron
interaction which depends on the energy transfer
co=E& —Ek =c„—c;, and which is given by an RPA-
type of integral equation. ' ' In this way many-electron
effects (including construction of LS levels) are dumped
into an effective interaction, and the scattering states are
treated as independent-electron states.

In the same way, the corresponding exchange ampli-
tude with k —+n and i ~k' may be written as
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FIG. 6. Theoretical cross sections for electron-impact excita-
tion of La 4d~4f transitions. BA, Born approxiination; DW

+'L, distorted-wave approximation, excitation of LS-term lev-

el; DWD, distorted-wave approximation, direct process; DWX,
distorted-wave approximation, exchange process; PWD, plane-
wave approximation, direct process. The notation DWD
(L = 1) 26 implies orbital angular momentum transfer L= 1 and
that 26 angular momenta, l=0—25, were used in the basis-
function expansion.

Figures 6—10 present numerical results, in the
independent-particle approximation (LDA), for d fand-
f-f excitation cross sections of La and Th at low-to-
intermediate energies of the incident electron. Some of
the LS-unresolUed results have been briefly described in
Ref. 25, while the LS-resolved results are all new.

The Born approximation has been calculated in two
ways (see the Appendix). (i) In the momentum transfer
(q) formulation by calculating the m-averaged dynamic
structure factor (BA). This provides the high-energy lim-
it with forward scattering and dipole excitation. (ii) Us-
ing only the Eth component of the partial-wave expan-
sion of the exp(iq r) o.perator, corresponding to a definite
angular momentum transfer K [BA (IC)].

Moreover, we have evaluated the direct scattering
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I. = 1 cross section using the partial-wave expansion with
zero scattering potential [plane-wave direct (PWD)]. The
result should be close to the BA (K =1) and provide a
check of the convergence of the partial-wave expansion.
As seen, e.g., in Fig. 6, with 11 partial waves (/, I' 10) in
the expansion, the agreement is good at low energies but
rapidly deteriorates at higher energies. With 26 partial
waves there is considerable improvement at higher ener-
gies, but the expansion is clearly slowly convergent. For
the distorted-wave exchange-only (DWX) cross section,
however, we find a rapid convergence with respect to K,
allowing truncation at K ~ 3 (since the continuum wave
functions overlap localized d- and f-core electrons).

We shall not try to improve the convergence: instead
we shall focus on the deviations between the partial-wave
expansion with (DWD) and without (PWD) scattering
potential, for the same number of partial waves. The
difFerence should be a good measure of the eA'ect of the
core potential, since the PWD (L =1) represents the
high-energy limit of the DWD (L = 1) cross sections.

We now proceed to discuss the direct and exchange
cross sections in Figs. 6—10 in some detail.

B. La 4d ~f transitions, Fig. 6

In the case of the 4d4f lines in Figs. 1 —3, the gross
picture is given by the Russel-Saunders (LS) coupling
scheme (the triplet-singlet splitting is = 15 eV and the 4d
spin-orbit splitting is =2 eV), even though in the
97—106-eV region there is considerable mixing due to
spin-orbit interaction.

Comparison of the EELS and XPS spectra show that
the 4d4f excitations in the 97—106-eV range are nearly
localized and only weakly hybridized with the conduction
band: the 4f-screened 4d-hole levels appear as weak
shake-down structures, meaning that 4f orbitals are not
easily filled when pulled down below the Fermi level by
the core-hole potential.

Since the physical 4d~ 'I' giant dipole resonance is
broad and extends to, say, 140 eV, the DW 4d4f 'I' cross
section refers to the integrated intensity of the continuum
4dEf 'I' giant dipole resonance, and is therefore only
meaningful for incident energies E well above threshold,
say E) 1.5 —2 t.u. (threshold unit, E/co„, ) (150—200 eV).
For a correct description, we must work with a continu-
um (ionization) EELS formulation, as indicated in Secs.
II D and II F.

The difference between the DWA and BA in Fig. 6
occurs mainly below the BA maximum, within 25 eV
from threshold. There, however, the difference is huge
due to the inhuence of the core potential. Note that this
threshold behavior is due only to the effect of the static
ground-state core potential on the incident and scattered
electrons. We have not included any effects of the excita-
tion (final-state potential, polarization) which can be ex-
pected to be important very close to threshold.

The effect on the cross section of including exchange is
considerable, although only a very small part of the
DWX amplitude interferes with the DWD (L =1) ampli-
tude.

In Fig. 2, the EELS with E„„„(E')=1500 eV provides
an important reference. At the incident energy E ~ 1000

eV (10 t.u. ), Fig. 6 shows that at this energy the exchange
contribution (o„) is negligible. Therefore, the observable
structure in the experimental EELS with E'=1500 eV in
Fig. 2 must be due to the direct inelastic process and con-
nected with (~d) excitations with total angular momen-
tum J = 1,3, 5 (angular inomentum transfer K= 1,3,5
from a 'So ground state), as discussed by Netzer,
Strasser, and Matthew.

In the absence of spin-orbit interaction only 'H5, 'F3,
and P& excitations are allowed. With spin-orbit interac-
tion, all combinations of I. and S leading to J=1,3,S can
be excited, i.e.,

1 3 3 1

1 3 1 1F3~ P3, G3, F3,
1 3 3 1H5~ H~, G5, H5 .

(29)

The experimentally observed peak positions agree very
well with the calculated positions of all of the J=1,3,S
levels in the bar diagram in Fig. 2. This is the basis for
the tentative classification of the structure in the
E'= 1500 eV EELS in Fig. 2.

With this classification one finds that around E'=600
eV (E=7 t.u. ) the exchange-driven excitations are as im-
portant as many of the weaker excitations driven by the
direct process. This is in agreement with the calculation
(Fig. 6) which shows that the exchange cross section be-
gins to be significant around E=700 eV (7 t.u. ).

The J=1,3,5 levels should be more or less sensitive to
interference effects between direct and exchange contri-
butions, which means that the energy dependence of the
intensities may not vary monotonically. On the other
hand, the J=2,4,6 levels can be excited only via the ex-
change process (provided spherical symmetry holds for
the ionic core in the solid), and the associated peaks in
Figs. 1 —3 seem to grow monotonically and rapidly with
decreasing energy.

At very low incident energies the exchange contribu-
tion will be very important. The I.S-resolved exchange-
only cross section is given by cr„ in Eq. (19). Apart from
the statistical weight factor (2L+ 1)(2S+1), the cross
section depends on the incident (E) and final (E') ener-
gies through the angular and radial dependence of the
transition matrix element.

The theoretical bar diagrams in Figs. 1, 2, and 4
represent the statistical weights of the exchange-only
cross section. The question is to what extent these sta-
tistical intensities are relevant for the experimentally ob-
served EELS at very low energies. In Table I we present
LS-resolved cross sections o s [Eq. (14)] for the La
4d4f +'L levels at a fairly low incident energy, E=2
t.u. (199.1 eV). According to these results, a statistical
approximation (unity everywhere in the third column)
needs to be corrected, because low angular momenta are
favored. We think that this is at least qualitatively
confirmed by the experimental results in Fig. 2 (in partic-
ular E' = 100 eV), Fig. 3, and Refs. 13 and 14. In general,
high-multiplicity 6 and H term levels do not seem to
stand out in any way. In particular, the low-multiplicity
Po, z levels around 97—98 eV are comparable in intensi-

ty to the high-multiplicity H5 6 levels around 99.5 eV.
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TABLE I. La 4d4f. Incident energy E=2 t.u. (199.1 eV). In
the case of 'P, 'F, and 'H levels, both direct and exchange con-
tributions have been calculated. All other LS terms involve
exchange-only results cr„ from Eq. (19).

Term level

1p
3p
1D

D
1F
3F
1G
36
'H
H

~LS/g 2

0.842
1.73 X 10
5.73X10 '
1.72X10 '
]..89 X 10
1.68x10 '
4.25 X 10
1.27x10 '
3.00X10 '
2.62 X 10

o. s/(2L +1)(2S+1)

1

0.60
0.60

0.42
0.25
0.25

0.41

Clark et al. '" have recently analyzed the Ba
(4d 4f )

2s+ 'L1 multiplet structure in YBa2Cu307 (from
the EELS measurements by Ramsay, Netzer, and
Matthew' ) in terms of the statistical model, concluding
that the excitation at low primary energies is entirely
nonselective. This is of course true in the sense that there
are no symmetry selection rules restricting the I.S values
of the ~d configuration excited via the exchange process:
all multiplet levels are allowed. The experimental re-
sults' for Ba do not differ significantly from the La re-
sults in Figs. 2 and 3, and the theoretical fit' accounts
reasonably weil for all multiplet levels but shows clear de-
viations from statistical weighting. We therefore con-
clude that the dynamics of the exchange process intro-
duces a significant deviation from statistical weighting.

C. Sd ~f transitions, Fig. 7

In the case of the Sd5f lines in Fig. 4, the coupling
scheme is intermediate (the triplet-singlet splitting is = 15
eV and the Sd spin-orbit splitting is =7 eV). This is
demonstrated by the high intensity of the D line at 89 eV
in the "high-energy" EELS (E„„,1=1200 eV), which is
dominated by the direct process and which resembles the
photoabsorption cross section. ' In the EELS with

Es„,i =100 eV (Fig. 4), the exchange-driven loss lines ap-
pear in two groups separated by the 5d5/2 5d3/2 spin-
orbit interaction, in agreement with calculated positions.
In this case the Coulomb (exchange) interaction is not
strong enough completely to redistribute the independent
(statistical) electron excitations and spin-orbit split
groups of levels appear.

Comparison of the EELS and XPS spectra (Fig. 4)
show that the Sd5f excitations in the 85—95-eV range are
itinerant or strongly hybridized with itinerant states:
The main 5d XPS peaks have the lowest binding energies
and represent 5f-well-screened hole levels (cf. Moser
et al. and Gunnarsson et al. ).

The Th Sd ~5f cross sections in Fig. 7 differ
significantly from La 4d +4f. The infiuence —of the atom-
ic potential is very large already in the region of the max-
imum in the BA cross section, giving a very large
difference between DWD and PWD cross sections in the

TABLE II. Th 5d5f. Incident energy E=2 t.u. (175.8 eV).
In the case of 'P, 'F, and 'H levels, both direct and exchange
contributions have been calculated. All other LS terms involve
exchange-only results o. from Eq. (19).

Term level ~LS/( a 2 } cr /(2L + 1)(2S+1)

1p
3p
1D
3D
1F
F

16
36
'H
H

1.94
4.41x 10-'
1.53 X 10
4.58 X 10
3.56 X 10
3.78 X 10
8.76 X 10
2.63 x 10
3.77 x10-'
3.39 x 10-'

1

0.62
0.62

0.37
0.20
0.20

0.21

1 —2-t.u. range.
Again, the Es„,&(E')= 1200 eV EELS in Fig. 4 provides

an important reference, essentially showing only directly
excited J= 1,3,5 levels (as identified from the bar diagram
in Fig. 6 and Table I in Moser et al. ). The dominant
lines are the D& and 'P, components of the giant dipole
resonance, representing out-of-phase and in-phase oscilla-
tion of the spin-orbit split 5d5/2 and 5d3/2 shells. There
is also a trace of the P& line. The remaining weak struc-
ture should be due to J=3,5 nondipole direct transitions.
For decreasing E', the exchange driven J=2,4,6 levels
are the ones that grow most in relative intensity. In par-
ticular, we note the prominent appearance of the Pp, 2
levels around 84—85.5 eV.

Table II shows the LS-resolved cross sections cr [Eq.
(14)] for the Th 5d5f +'L levels at incident energy
E=2 t.u. (175.8 eV). In this case the calculated devia-
tions from statistical weighting are even more pro-
nounced than in the La case. The experimental EELS
with E„„,& =100 eV in Fig. 4 shows clear deviations from
statistical weightings due to the direct D, transition
around 90 eV plus direct J=3,5 direct transitions around
94 eV. Subtracting these features, the remaining EELS
agrees qualitatively with the statistical spectrum. Beyond
this, it is impossible to draw any firm conclusions.

The XPS spectrum in Fig. 4 can in principle serve as a
reference: a major part of the relaxation processes in-
volves filling of empty Sf screening orbitals, pulled down
into the Fermi sea (FS) and coupled to the 5d core hole.
The level population resulting from the FS~5f charge-
transfer screening process should be roughly statistical,
which seems to be compatible with the XPS spectrum in
Fig. 4. We note that the XPS shows strong similarities
with the 100-eV EELS (if we "remove" the direct contri-
butions discussed above). Again, beyond this it is impos-
sible to draw any firm conclusions.

Finally it must be emphasized that for a quantitative
comparison, calculations have to be J resolved from the
beginning in order to properly account for interference
effects between direct and exchange amplitudes.
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D. La 3d s4f transitions, Fig. g

The La 3d ~4f EELS in Fig. 5 is clearly dominated by
the 3d5/z-3d3/2 spin-orbit interaction of = 17 eV. Never-
theless, the 3d-4f exchange splitting is sufficiently large
(=5 eV) that the dipole-allowed 3d 5/z4f(3D ) and
3d 3/24f ( P ) excitations will not be statistically 3:2
weighted (j-j limit): the intensities have to be calculated
in intermediate coupling, and the weighting is instead ap-
proximately 3d, /24f( D):3d 3/$4f('P) =2:3 (Ref 2)..

The maximum in the BA cross section occurs around
3 t.u. , and the BA may be used from around 5 t.u. (be-
cause the PWD and DWD approximations give the same
result). The difference between the DWA and BA occurs
mainly below the maximum. There the difference is
huge, however, due to the core potential.

Also, we find a very significant reduction of the direct
3d4f 'P cross section due to destructive interference with
the exchange process.

The two experimental EELS curves in Fig. 5 represent
rather low energies: Final energies E'=600 eV (E=0.8
t.u. ) and E'=300 eV (E-0.4 t.u. ). In threshold units
this is as low as the lowest 4d EELS in Figs. 2 and 3.
However, it is dificult to draw any firm conclusions by
comparing the 4d and 3d spectra. The level structure in
the low-energy part of the 3d EELS in Fig. 5 is not
resolved (and maybe cannot be resolved). Possibly one
may conclude that again the highest-multiplicity levels
do not dominate the peak structures but rather contrib-
ute in a more modest way.

E. Th 4d~5f transitions, Fig. 9

The calculated excitation cross sections for the Th
4d5f levels in Fig. 9 differ a lot from the corresponding
La 3d4f case.

The large difference compared with the La 3d~4f
case arises from the nodal structure of the d and f wave
functions. The DWD (I.= 1, S =0) cross section is low
compared with La and the I.=3 contribution is not negli-
gible.

The inadequacy of the Born approximation (BA) in the
low-energy region is apparent in Fig. 9. The reason is
that the form-factor version of the BA (as defined here;
see the Appendix) does not create excitations with
definite angular momentum transfer I.. The BA produces
a mixture of angular momentum transfers, incompatible
with a definite orbital angular momentum of target excit-
ed state. In Fig. 9 the large difference between the BA
and the BA (K =1) cross sections [where the latter only
makes use of the %=1 component of the multipole ex-
pansion of the exp(iq r) operato. r] arises from the impor-
tance of the X=3 and higher odd components (see the
Appendix). On the other hand, the dipole Born approxi-
mations BA (E =1) and PWD (L =1) are very similar
(the difFerence is due to the limited number of high-l basis
functions in the plane-wave expansion in PWD).

Finally we note that the D%' 'P& and 'I'3 cross sections
in Fig. 9 represent significant modifications of the direct
(DWD) 'P, and 'F3 cross sections due to exchange
scattering.

F. Th 4f s5f transitions, Fig. 10

This transition is not optically allowed, and the cross
sections fall quite rapidly with increasing energy of the
incident electron.

The plane-wave expansion of the Born approximation
(PWD) converges rapidly [the diff'erence between the BA
and PWD should be due to the unphysical superposition
of transferred angular momenta in the BA in Eq. (A4)].

The effect of the potential is very large over a very
wide energy region.

There are some experimental results ' but the situa-
tion is complicated by the presence of (presumably)
4f~6d transitions of comparable strength. In future
work, the 4f~5f and 4f ~6d EELS should be treated
together to provide a more severe test of the calculations.

G. La Bd ~ sf ionization, Figs. 11and 12

As discussed in Secs. IIF and IIIB, in the present
work we do not properly describe the dipole oscillator
strength distribution (final 'P states) of the target. In the
case of La (n =4) and Th (n =5) the nd +nf 'P—contin-
uum giant dipole resonance has been approximated
within LDA (approximately equal to the configuration
average Hartree-Fock (HF) discrete d ~f line). In reali-
ty, most of the intensity in this transition should be
pushed into a continuum (ndsf 'P) resonance. The LDA
basis nd ~sf continuum transitions alone are totally
inadequate for describing 4d ionization in La and 5d ion-
ization in Th.

In the case of the La 3d ~4f and 3d sEf transitions
the situation is diff'erent, however. The 3d ~sf continu-
um transitions are only moderately modified by the polar-
ization eff'ects (RPA, HF 'P ), and the LDA basis continu-
um functions provide a reasonable first approximation.

In Fig. 11 we present 3d~cf continuum EELS of La
for a sequence of incident electron energies. Figure 11 is
directly relevant for the 3d~ef continuum part of the
EELS above the 3d ~4f loss peaks in Fig. 5 (in fact, the
incident energies E= 1100and 1500 eV in Fig. 11 roughly
correspond to the two spectra in Fig. 5). In future work,
the 3d ~4f EELS should be treated in a continuum rep-

OeV La3d md
IONIZATION
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6$
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I
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2
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a a I s ~ s a l a s s a l s a s s l

10 15 20 25
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FICx. 11. Theoretical continuum EELS describing electron-
impact ionization of La via 3d —+Ef transitions. Numbers label-
ing the curves indicate incident electron energies E.
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resentation on equal footing with the 3d ~Ef EELS, like
in photoabsorption calculations.

Figure 12 shows the La 3d ionization cross section, ob-
tained by integrating the EELS in Fig. 11 for fixed
incident-electron energies. This cross section can directly
be compared with the La DW 'P 3d ~4f cross section in
Fig. 8. The result indicates that the cross sections for ex-
citation and ionization become equal about 100 eV above
threshold and that, in general, 3d ~Ef ionization is con-
siderably more probable than 3d~4f excitation: in the
region of the cross-section maxima around 2000 eV, the
3d ionization cross section is around four times larger
than the 3d ~4f excitation cross section.

Similar conclusions may been drawn from the photoab-
sorption cross section where about 75% of the 3d~ef
oscillator strength resides in the continuum.

IV. CROSS SECTION RATIOS. COMPARISON
WITH EXPERIMENTAL RESULTS

0
I-
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ir0
C3

CO
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CO0
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~owx~ o) / ~ow&'F)

A. General discussion

The present work is not yet at a stage where realistic
EELS can be calculated for various incident-electron en-
ergies and directly compared with experimental spectra
like the ones shown in Figs. 1 —5. However, we have tried
to make some rough comparisons between ratios of calcu-
lated cross sections and intensity ratios of experimental
peaks in Figs. 1 —5, e.g., experimental ratios like the ones
in Fig. 1. In Figs. 1 and 2 the 4d4f 'F3 peak at 105.3 eV
is of particular importance as a reference peak because it
remains isolated and well defined all the way from high to
low incident-electron energies.

5.51.10 3 X G &A{1P)/ Gow(1F)
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FICz. 13. Theoretical 'D to 'F ratios for La 4d~4f excita-
tion (full curves) compared with estimates from experimental
spectra (open squares, from Fig. 2; filled square from Fig. 3).
The high-energy curve corresponds to 'D& to 'F3. The low-
energy curve includes all Dz levels (J=1,2,3).
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FIG. 12. Theoretical electron-impact ionization cross section
of La via 3d~cf transitions, obtained by integrating the con-
tinuum EELS in Fig. 11 over loss energies. The results were ob-
tained in the distorted-wave (DW) approximation with 11 par-
tial waves, l =0—10.

B. La 4d~4f D to 'F ratio, Fig. 13

The 101.7- and 105.3-eV loss peaks in Figs. 1 and 2 are
very well defined at higher energies and can be traced to

quite low energies; the intensity ratio of these lines should
provide an important test of any calculation. The 105.3-
eV peak is purely 'F3. The 101.7 eV peak, however, is
composite.

(i) At high energies, the dipole excitation regime (XAS
in Fig. 1), the 101.7 eV peak has purely D& character
(and the 'F3 peak has no intensity).

(ii) At intermediate energies (1500—3000 eV, Figs. 1

and 2) one can expect a nondipole singlet 'H5 peak to
grow up in parallel with (or at somewhat lower incident
energies than) the 'F3 peak; the '&5 peak should be
several times smaller than the 'F3 peak; the observed
101.7-eV peak should be a mixture of D

&
and 'H5.

(iii) At low energies the peak will be a complicated
mixture, mainly driven by the exchange scattering pro-
cess.

For a rough comparison with experiments we have
chosen to calculate a pure D to 'F ratio, shown in Fig.
13. This theoretical ratio is constructed in two ways.

(i) At high incident electron energies the D& (dipole-
allowed) level derives its intensity from the 'P, resonance
via spin-orbit coupling. We take the D& to 'P, ratio
(5.51X10 ) from Ref. 6. Furthermore, we assume that
the Born approximation (BA) in Fig. 6 provides a good
estimate of the 'P, cross section. As a consequence, a
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reasonable high-energy estimate of the D& to 'F3 ratio
should be given by 5.51 X 10 a. BA('P, )/o ow('F3 ),
which explains the right part of the curve in Fig. 13.

(ii) At sufliciently low incident-electron energies the D
excitation will essentially be exchange driven. We there-
fore calculate the distorted-wave exchange-only (DWX)
cross section leading to D (sum of D„D2, D3 contribu-
tions) and plot the D to 'F ratio. This explains the left
part of the curve in Fig. 13.

In Fig. 13 we have also plotted values for the ratio of
the experimental 101.7- and the 105.3-eV ('F3) peak in-
tensities estimated from the spectra in Fig. 2. We would
like to make the following comments.

(a) Intermediate--energy region (1500 eV): There is
reasonable agreement between the experimental and
theoretical ratios, which suggests that the 101.7-eV peak
has mostly D& character. Further support for this con-
clusion can be found in Fig. 1. In the intermediate-
energy region, a 'H5 peak should roughly follow the en-
ergy variation of 'F3 (increase relative to 'P, ) while a D,
peak should follow 'P&. From the 2920- to the 1600-eV
EELS, the 105.3-eV peak increases strongly while the
101.7-eV peak remains roughly constant relative to 'P, .
We regard this as an indication of predominantly D&
character of the 101.7-eV peak at these energies. Clark
et al. arrived at a similar conclusion in the case of Ba
4d~4f in EELS for YBaCuO by calculating EELS in-
tensities in intermediate coupling for the direct process in
the Born approximation.

This argument can be checked in still another way, by
comparing the x-ray absorption spectrum (XAS) and the
2920-eV EELS in Fig. 1. As mentioned above, one would
expect the D] XAS peak to Ieappear in the 2920-eV
EELS with essentially the same strength relative to 'P, .
The problem is to determine the strength of the giant di-
pole resonances in the EELS (one of the major issues of
this paper), because of the steeply varying background. If
we assume that there is no additional background above
the 4d limit and extrapolate the low-energy linear back-
ground into the 'P& region by a straight line, then we
may conclude that all of the 101.7-eV intensity in the
2929-eV EELS may be ascribed to D&. If instead we ex-
trapolate to a horizontal background under the 'P& reso-
nance, then around 70% may be ascribed to D &.

(b) Low-energy region: There is again reasonable
agreement between theory and experiment. However, we
have no reason to associate the 101.7-eV peak with all of
the J levels of D, 23. According to Moser et al. the
101.7-eV peak coincides with three levels with J=1, 3,
and 5, and we identify these with D&, D3, and 'H5. We
may approximately remove the Dz component by scal-
ing the D, z 3 cross section by the statisitical weight 3.
Moreover, according to Table I, o ('H&) is quite sma'll

around E =200 eV. Neglecting the 'H5 component, this
estimated D, 3 cross section is still in reasonable agree-
ment with experiment, in particular with the lowest-
energy experimental point in Fig. 13, estimated from the
14 eV (final energy) EELS [Ref. 11(b)] in Fig. 3 (see also
comment in Ref. 45).

From Fig. 3 we can in fact derive two more points with

values around 3 and 4 for Ef,„,&=15 and 83 eV. This
peaking seems to be due to the 'F3 peak being relatively
small at 83 eV final energy, which could in principle be
due to an interference minimum for the 'F3 level. More-
over, interference effects should be important for the D

&

and 'H5 levels.
In general, matrix elements and interference effects are

certainly expected to have an important inhuence on the
cross sections of the individual LSJ transitions. Possibly
the mixed nature of the EELS peaks may average out or
mask some of the energy dependence. In any event,
much improved calculations are necessary for drawing
any more detailed conclusions. Moreover, the experi-
mental points have large uncertainties due to overlapping
structures and the identification of levels is far from clear.
Interpretations therefore remain tentative.

C. La 4d ~4f, Th 5d —+ 5f 'F to 'P ratio, Fig. 14

The F3 to P, ratio is important because, as seen in
Figs. 1 and 2, the 'F loss peak is well defined while the 'P
peak is a broad continuum resonance. Theoretical
knowledge of the 'F to 'P ratio will give information
about the integrated intensity of the broad 'P giant dipole
resonance, which otherwise is dificult (or impossible) to
isolate from the background. At sufficiently high ener-
gies we use the BA for the 'P cross section, in order to
achieve full convergence with respect to the partial wave
expansion.
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FIG. 14. Theoreticai 'F to 'P ratios for La 4d~4f excitation
and Th 5d~5f excitation. Dashed curves include only the
direct process, full curves also include exchange.
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The calculated o Dw('E) jo Dw('P ) ratio in Fig. 14 de-
creases slowly and monotonically above E=200 eV in-
cident energy, while the experimentally deduced ratio in
Fig. 1 shows a pronounced maximum around E=1000
eV. This seems like a clear disagreement between theory
and experiment. We would like to suggest that the prob-
lem is connected with the analysis of the experimental
data. The ratios in the inset in Fig. 1 (Ref. 4) have been
determined as ratios of peak heights (not peak areas);
however, especially for low incident energies
(E =320—560 eV), it is not evident how to determine the
peak height of the 'P continuum resonance relevant for
determining its integrated intensity. With a different
background subtraction, reducing the 'P intensity at low
energies, the 'F to 'P ratio will continue to increase below
E=1000 eV, as suggested by the calculated ratio in Fig.
14 and by the dashed extrapolations in Fig. 1.

We may now also go back to Sec. IVA above, and
compare with the D to 'P ratio in the inset of Fig. 1. To
be consistent, we have to determine the experimental"D" to 'P ratio with a reduced 'P peak height for
E &560 eV. As a result, the corresponding data points
(triangles) will be shifted upwards. The "D" to 'P ratio
is now roughly constant down to E=SOO eV, below
which energy it begins to rise, finally following the steep
exchange-only curve.
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D. La ( 3d, 4d ) Th (4d, Sd ) total exchange to 'P ratio, Fig. 15

In the La 3d ~4f case the loss spectrum (Fig. 5) con-
sists of well-defined peaks or groups of peaks which can
be reasonably well separated from the background. Due
to the large 3d spin-orbit splitting (17 eV), the EELS
groups into structures based on 3d5/z ~4f and
3d3/2~4f transitions. On the independent-particle level,
the relative intensity of these groups will be statistically
weighted, 3:2. Between these groups, there is, however,
strong interaction between the dipole-allowed levels,
leading to intensity reversal and to a ratio of 2:3 for the
peaks observed in photoabsorption (corresponding to in-
termediate coupling). On the other hand, for the
exchange-driven structures there is very weak interaction
between the 3d5&2 and 3d3/2 groups; the 3:2 intensity ra-
tio should then still be reasonable. Therefore, we would
expect the exchange-driven loss structure to be more im-
portant relative to the dipole-allowed peak in the
3d5/2~4f region than in the 3d3/2 ~4f region.

Figure 15 shows the calculated ratios of total exchange
to 'P cross sections oDwzloDw('P) (oDwx=o'~ [Eq.
(20)]) for all considered transitions, plotted versus in-
cident energy E in threshold units. We note that in La
the ratio approximately follows the same curve for the
3d ~4f and 4d ~4f transitions when the energy is mea-
sured in threshold units. Moreover, these ratios ap-
proach values around 1 —2 at threshold. In the threshold
region we can then expect the integrated " I." level struc-
ture and the 'P dipole level to have comparable intensi-
ties, both in the 4d and 3d cases. In Th, the exchange to
direct ratio for Sd ~5f lies somewhat below the ratio for
La, while the ratio for the 4d ~Sf case lies high above;
in this representation the calculated difference between

I0 S I k

2
INCIDENT ENERGY ( t. u. )

I

3

FIG. 15. Theoretical total exchange to 'P ratios for La
4d +4f and 3d~—4f excitation, and Th Sd~Sf and 4d —+Sf
excitation. Most of the data points (open and filled squares)
have been derived from experimental spectra for La, like in Fig.
5, by estimating the ratio of intensities (area) of the low-energy
to the high-energy structures (after summing contributions from
the spin-orbit split components). Two data points (open circles)
have been derived from the 41~4f spectra in Fig. 2 by estimat-
ing the area of the low-energy structure, except the 'F3 level,
taking the ratio to the 'F3 peak and using the calculated 'F3 to
'P ratio (Fig. 14) to obtain the "experimental" total exchange to
'P ratio. , La 31~4f, from Fig. 5 and H. R. Moser (unpub-
lished). ~, La 3d~4f, from Ref. 11. ~, La 4d~4f, from
Fig. 2 (t.u. is threshold units).

La and Th is clearly demonstrated.
Returning to the La 3d~4f experimental EELS, as-

suming statistical weighting (3:2) of the nondipole transi-
tions and taking into account the nonstatistical ratio of
the dipole transitions we find that the nondipole to di-
pole allowed (exchange to direct) intensity ratio in the
3d5/2~4f structure is about a factor of 2 larger than in
the 3d3/2~4f structure. This conclusion is independent
of the incident energy and agrees well with experi-
ment.

In Fig. 15 are also shown data points estimated from
experimental 3d~4f (Refs. 4, 6, and 11) and 4d~4f
(Refs. 4 and 6) spectra. There is reasonable agreement
between theory and experiment, especially regarding the
energy dependence. The experimental ratio is about a
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factor of 1.3 larger than theory. One explanation is that
we have been using the LDA 4f wave function (roughly
equivalent to the HF configuration average), instead of a
4f wave function properly coupled to the hole,
3d '4f 'P. Using the RPA to describe the 3d '4f 'P
excitation, part of the 3d '4f intensity will be pushed to
the continuum and the exchange to 'P ratio will increase.
Differences might also be due to other approximations,
e.g. , local-density potential for incident and scattered
electrons.

V. SUMMARY AND CONCLUMNG REMARKS

The purpose of this work has been to study the intensi-
ty variation of electron-energy-loss spectra (EELS) for La
and Th metal, involving 4d ~4f and 3d ~4f transitions
in La and 5d ~5f and 4d~5f transitions in Th, when
the incident-electron energy is lowered from high ener-
gies down to threshold. Of particular interest has been
the appearance at low incident-electron energies of new
EELS structure ' which can only be explained by ex-
citation via exchange scattering, i.e., the incident electron
becomes captured into an atomiclike f level and a core
electron is knocked out.

Previous work ' has calculated cross sections for
direct excitation in the Born approximation (BA) and
studied the appearance of nondipole loss features as well
as discussed the breakdown of selection rules at low ener-
gies due to exchange scattering. ' In the presence of a
core hole, the f levels are essentially localized within the
ion cores in the inetal, and an atomic model for core~f
transitions is therefore adequate for cross-section calcula-
tions (but not for the detailed behavior of the EELS as a
function of loss energy for 5f electron systems; cf. photo-
ionization of Th, Ref. 30).

In this paper we have tried to go a few steps further by
resorting to approximations that should work at low en-
ergies and by explicitly considering exchange scattering.
%'e have calculated I.S-resolved cross sections for
electron-impact excitation of core electrons to 4f levels in
La and 5f levels in Th within the local-density approxi-
mation (LDA). We have used the distorted-wave approx-
imation (DWA) at low energies and calculated both
direct and exchange scattering processes. In addition we
have also made use of the Born approximation in the
whole energy range.

In general, our calculated LDA cross sections account
rather well for the observed relative intensities of local-
ized d~f excitations in EELS in La and The metal.
This should provide a basis for deducing quantitative in-
formation about a variety of inelastic processes in rare-
earth and actinide solids.

We would like to draw attention to a few specific re-
sults.

(i) In La, the 31~4f and 4d ~4f transitions show
closely similar exchange-to-direct ratios as functions of
incident-electron energy on the scale of the excitation en-
ergy. The ratio is of the order of unity at threshold. We
find a clear difFerence between 4f and 5f elements in
what concerns low-energy and threshold behavior. In
particular, the 4d ~5f transition in Th seems to be very

special. Our calculated branching ratios for I. to 'P and'F to 'P are in reasonable agreement with experimental
trends.

(ii) Our calculations show significant deviations from
the qualitatively reasonable picture of statistical weight-
ing' ' in the near-threshold region due to transition-
matrix element effects. Experimental evidence for dy-
namic variation of the electron-energy-loss spectrum in
the exchange-dominated low-incident-energy region" can
be found in the La 4d EELS in Fig. 3.

Improvements necessary in the description of the
inelastic-scattering process cannot be assessed before the
description of the excitation process has been improved
and until the present calculations have been further test-
ed and extended. Necessary extensions will include the
following.

(i) Spin-orbit interaction and description of the I.SJ
structure, and the resulting dependence of scattering
cross sections on the total angular momentum J. This is
absolutely necessary for any attempt at detailed compar-
ison with experimental results. The LSJ levels are over-
lapping in the experimental EELS and can perhaps not be
resolved. One must therefore theoretically reproduce the
essential part of the experimental peak structure, and
then calculate the relevant cross sections. Interference
effects between exchange and direct scattering will afFect
different I.SJ levels in different ways, which may be a use-
ful source of further information.

(ii) Many-electron treatment of dielectric response and
screening through the RPA or through corresponding
parts of many-body perturbation theory. This will pro-
vide a good description of the dipole excitation spectrum
which dominates at high excitation energies.

(iii) Continuum EELS treatment of BA, La 4d 4f, and-
Th, U 5d-5f giant dipole resonances. In the present work,
these resonances have been treated as discrete, localized
excitations. In reality, they are 4d-ef and Sd sf continu--
um resonances even in free atoms and have to be de-
scribed within the framework of electron impact ioniza-
tion.

Finally, it should be emphasized that experiments with
spin-polarized electrons are becoming increasingly
important. """"' Recent work involves spin-
polarized photoelectron diffraction, spin-polarized
photoemission, ' spin-polarized secondary-electron
emission, spin-polarized inverse photoemission, and
spin-polarized EELS (SPEELS). ' Many of these ex-
periments study, for example, magnetic moments of tran-
sition metals and rare earths in thin films and at surfaces,
which is of great theoretical interest.

There has also been considerable theoretical work on
interpretation of experimental SPEELS. For example,
Penn and Apell have recently analyzed experimental re-
sults from low-energy inelastic electron scattering from
Fe and concluded that exchange scattering involving
Stoner excitations from the 3d and to free-electron states
is surprisingly important.

To 6nish, we would like to point out that high-
resolution SPEELS should provide an important tool for
characterizing the d' ('So)~d f( s+'LJ) transitions in
rare-earth and actinide solids.
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In I-S coupling, Pl+J P~=+1 if S=O and —
—,
' if

S= 1, independent of L and of incident energy. All trip-
let levels have the same spin polarization. In intermedi-
ate coupling, with important effects of spin-orbit interac-
tion, PL+J depends on J and will, in principle, show in-
terference effects with excitation energy. By analyzing
the variation of the spin polarization with loss energy
across the level structures in Figs. 1 —5, perhaps with ap-
plication of external magnetic fields, one should be able
to achieve some separation of overlapping structures.

High-resolution SPEELS on atomic rare-earth and ac-
tinide systems could provide very important references.
Th d ' ('So )~d f ( +'LJ ) transitions will be the same,
but without hybridization. Instead, the dynamics of
valence electrons may cause additional complications.
With free atoms, one has the possibility to make angle-
resolved experiments to determine the total orbital angu-
lar momentum I.. Moreover, one can determine the ener-

gy dependence of excitation cross sections without
inAuence of the electron mean free path in the solid.
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APPENDIX: THE BORN APPROXIMATION

q,„=&E+Q(E —co„;),

q;„=&E—Q(E —co„;) .

(A2a)

(A2b)

m is the projection of the orbital angular momentum
along the scattering vector q, giving the selection rule
Am =0. In the inelastic form factor

F„;(q)=(n ~exp(iq r)~i), (A3)

the density operator may be expanded in multipoles,

F„;(q)=(n xi (2&+&)jz(qrtp~(q r) il .

K
(A4)

For d ~f transitions, for example, the angular momen-
tum transfer may take the values K=1,3,5. As a result,
the form factor F„;(q) represents a definite momentum
transfer q but a mixture of parities and angular momen-
tum transfers. In the limit of high incident-electron ener-

gy small momentum transfers q will be favored: dipole
excitations (I(. =1) will then dominate, and the BA will
describe excitation with definite parity. At low energies,
however, E =co„, and q,„=q,.„=v'E [Eq. (3)]: the
momentum transfer q will occur in a narrow window of
rather large momenta, and a mixture of angular momen-
tum transfers cannot be avoided.

In this appendix we provide some details of our calcu-
lations in the Born approximation (BA). For an empty
final-state shell, the BA cross section is given by

rrB„(E)=16~E ' f '"dq
q 'g((n, m ~e'q'~i, m &)',

q min P7l

(A 1)

These considerations are illustrated in Figs. 16 and 17
for La 3d ~4f and Th 4d ~5f transitions, respectively.
At the core-level thresholds, q,„=q;„=&E =5(ac )

In the La 3d ~4f case (Fig. 16), the E= 1 dipole com-
ponent dominates the q integration in Eq. (Al) even near
threshold, and the BA cross section (Fig. 8) does not
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FIG. 17. m-averaged modulus square of the inelastic form

factor for Th 4d ~ 5f transitions (see caption to Fig. 16).

FIG. 16. m-averaged modulus square of the inelastic form
factor for La 3d~4f transitions. Full curve refers to ~F„;(q)i,
an essential part in the BA cross sections. Broken curves refer
to the components ~F„;(q)~, entering the BA (Ii' =1), BA
(I( =3), and BA (E =5) cross sections.
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differ much from the %=1 plane-wave result, P%'D
(J = 1)

The case of Th 4d ~Sf is quite difFerent. Figure 17
shows that K=1 component only dominates for quite
small momentum transfers. In the threshold region, with

q peaking around 5(ao) ', I{.=1, and %=3 are equally
important, and the BA differs very much from the plane-
wave dipole PWD (L = 1) result (Fig. 9).

The usual way to handle this problem in the Born ap-
proximation is to fix the angular momentum transfer L,

by including only the appropriate multipole component

needed to excite the 'S~in 'L, transition with parity
( —1),

F„,(q) = ( n
~
i (2I(. + 1)ja (qr )Ps ( q r ) ~

i )5~ a- . (A5)

In the initial and final states, the atomic target and the
electron projectile are separated in space, and the atomic
states must be characterized by definite parity and the
transitions by definite angular momentum transfer I..

As seen in Fig. 9, the BA (X =1) cross section is very
close to the PWD (L =1) result (in the threshold region,
where the PWD plane-wave expansion is well converged).
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