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The superconducting transition temperature T, of YBa,Cu;0,_,/PrBa,Cu;0,_, superlattices is stud-
ied theoretically with use of the Gor’kov equation. We show that the proximity effect in which the pair
amplitude of the superconducting YBa,Cu;0,_, layer leaks to the semiconducting PrBa,Cu;0;_, layer
plays a dominant role in explaining the depression of T, in these superlattices with a minor modification
from the charge-carrier-transfer effect across the Y and Pr interface. By adjusting the value of the hop-
ping matrix between the Cu-O plane, our numerical result can be quantitatively compared with recent
experimental measurement of T, in YBa,Cu;0,_,/PrBa,Cu;0,_, superlattices.

Recently, there has been considerable interest in the
superconducting properties of  YBa,Cu;O,_,/
PrBa,Cu;0,_, superlattices.!”® YBa,Cu;0,_, is a
superconductor with closely spaced pairs of Cu-O
planes. PrBa,Cu;0,_, has an almost identical structure
to that of YBa,Cu;0,_, and is a semiconductor with
very high resistivity at low temperatures. These
superlattices or multilayers are stacked along the ¢ di-
rection as NyNp,NyNp . NyNp, - --. Here Ny and Np,
label, respectively, the number of Cu-O planes in
YBa,Cu;0,_, and PrBa,Cu;0,_, layers. With fixed Ny
the experimental measurements on the superconducting
transition temperature T, of the superlattices show that
T, first reduces and then saturates as Np, increases.”> So
far, a theoretical understanding of this problem has not
been achieved, simply because the BCS equation with
complicated spatial dependencies has not been solved for
the superlattice even if one assumes the BCS supercon-
ductivity mechanism for YBa,Cu;0,_,. In this work we
try to get a semiquantitative understanding of the ex-
perimental behavior by calculating T, of YBa,Cu;0,_,/
PrBa,Cu;0,_, superlattices for various configurations.
Since the mechanism of superconductivity is not
known for YBa,Cu;0,_,, it will be assumed to be quasi-
two-dimensional BCS like and to occur primarily in the
Cu-O planes. The layers of PrBa,Cu;0,_, will be re-
garded as poor semiconductor with small numbers of
charged carriers. Another important assumption of the
present Brief Report is the existence of charge-carrier
hopping between the nearest-neighboring Cu-O planes in
the superlattice. Employing the Nambu’s formalism,* a
spatially dependent Gor’kov equation can be established
and solved by applying the periodic boundary condition.’
Superconducting properties of the superlattice can thus
be studied. Here we shall only report our calculation on
T, and show that our result can be quantitatively com-
pared with the experimental measurement.’
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Our Hamiltonian is written in the Nambu’s formalism*
as follows:
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where ¥, is the field operator, which is defined by the
creation and annihilation operators of the fermion charge
carriers:
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Here [ labels the Ith Cu-O plane in the

YBa,Cu;0,_,/PrBa,Cu;O,_, superlattice. The two-
dimensional wave vector k=(k,,k,) will be assumed to
be continuous in the Cu-O planes. §;(k)=¢€;(k)—pu;. u;
and ¢;(k)=k?/2m* are the chemical potential and kinet-
ic energy of carriers with effective mass m* in the I/th
Cu-O plane. V;,,, which is negative in the
YBa,Cu;0,_, layers and zero in the PrBa,Cu;0,_, lay-
ers, represents the BCS pair coupling and may originate
in nonphonon mechanism. T, is the hopping matrix.
7, 75, and 75 are Pauli matrices. The finite-temperature
Green’s function is defined as

Gk, 7)=— (T, [¥, (1)¥](0)]) . (3)

It is straightforward to show that the Green’s function
satisfies the Gor’kov equation based on the mean-field ap-
proximation
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Here the gap function or the order parameter A; is
defined as

AI:_Vlel,l(k’o) ) (5)
k

and we have used the s —wave approximation for the
pair interaction

—Vi, &K <EqD)

V r=
Lk,k .
0, otherwise .

(6)

F;(k,0)=—(T [c;yr¢;—,]) is the off-diagonal matrix
element of @I,I(k,r) at 7=0. Introducing Matsubara’s
Fourier transform,® Eq. (4) can be reduced to the follow-
ing matrix equation:

zkl,m@m,l’(k’wn )=81,1' , (7)
m

where the matrix K 11 is defined as
Ry =i, —£0f— A7 , (8)
kl’lrE_T”'$3, lill . (9)

w,=(2n + 1)k T is the Matsubara’s frequency for fer-
mions. Considering that the hopping matrix T, is weak
and short ranged, we may assume that only the charge-
carrier hopping between the nearest-neighbor Cu-O
planes is important. Under this condition, the hopping
matrix T ; becomes

J18,1+1
T, = I8 111
J38, 111

inside YBa,Cu;0,_,
inside PrBa,Cu;0,_, (10)

Y and Pr interface .

Employing the above equation, the matrix K, defined in
Egs. (8) and (9) reduces to a tridiagonal matrix with each
element being a 2X2 matrix. However, Eq. (7) is still
very difficult to solve because the dimension of the matrix
R with K .1 as its element equals to the number of Cu-O
planes in the superlattices. Since the superlattice is a
periodic  system  with enlarged unit-cell size
N =Ny +Np,, we may apply the periodic boundary con-
dition for the hopping matrix, which is Ty y4 =Ty ;.
Therefore, K ;v 1s simplified to an N XN matrix. By ex-
tending the method developed by Dy, Wu, and Spratlin,’
we are able to solve Eq. (7) by summing up all the Feyn-
man diagrams under the periodic boundary conditions
for the superlattice. With the solution of Eq. (7), the lo-
cal pair amplitude in each Cu-O plane can be determined
self-consistently by the following equation:

Ef(l) ©
F,,,(o,m:zzv,kBTf0 ¢, 3 Fko,),

n=-—o
I=1,2,...,N . (11

Here kjp is the Boltzmann constant. N, is the density of
state for the charge carriers in the /th Cu-O plane. It is
expected that all the charge carriers in YBa,Cu;O,_,
contribute to the superconductivity; the cutoff energy in
Eq. (11) is therefore chosen to be the Fermi energy E(/).

Equation (11) can then be employed to study the proximi-
ty effect or how the superconducting pairs leak from the
YBa,Cu;0,_, layer to the PrBa,Cu;0,_, layer. The ex-
pression of F;,(k,w,) is rather lengthy and will not be
listed here. However, a detailed derivations of F; ;(k,w,,)
together with @,’,(k,'r) is going to be presented elsewhere
for publication.® E (I)=pu, at zero temperature could
vary drastically for different Cu-O planes because of the
charge-carrier density in the PrBa,Cu;0,_, being usual-
ly found 2 to 3 orders smaller than that of the high-
T, YBa,Cu,;0,_, superconductor.® This big difference in
the charge-carrier densities may result in a substantial
charge-carrier transfer across the YBa,Cu;0,_,/
PrBa,Cu;0,_, interface, which in turn could affect
the Fermi energy after redistribution of the charge
carriers. In order to study this effect, we adopt a semi-
classical approach. The change of the charge-carrier
density in the /th Cu-O plane is

Ep

Ep (0

sn(h= [ NdE—[ " NdE, (12)
where Eg(l) and E; are the Fermi energy before and after
the charge-carrier transfer in the /th Cu-O plane. U (l),
the electrostatic potential shift due to 8n(l), can be
solved by the Poisson equation in the form of a difference
equation,

__ 4me’d*sn(l)
e(l)

self-consistently in combination with Eq. (12). Here the
condition of the total number of the charge carriers being
unchanged during the transfer process is rigorously im-
posed. We have also assumed that the electrostatic po-
tentials for YBa,Cu;0,_, and PrBa,Cu;O,_, are both
equal to zero before the charge transfer. d is the inter-
layer spacing, which is estimated to be ~6 A for
YBa,Cu;0,_, as well as for PrBa,Cu;0,_,. The dielec-
tric constant e€(I) is assumed to be 10 for both
YBa,Cu;0,_, and PrBa,Cu;0,_, based on the experi-
mental result.” Our calculation has indicated that the
charge-carrier transfers are limited within one and two to
three Cu-O layers, respectively, on the YBa,Cu;0,_, and
PrBa,Cu;0,_, sides from the interface. The relative
change in the Cu-O plane of the superconducting side is
about 1%, while the change of the charge-carrier density
could be as large as 100-150% in the Cu-O plane of
semiconducting side. Since the superconducting proper-
ties of the YBa,Cu;0,_,/PrBa,Cu;0,_, multilayer is
mostly determined by the YBa,Cu;0,_, layers, the effect
of the charge-carrier transfer would become important
when the thickness of the YBa,Cu;0,_, layer comprises
only one unit cell or two Cu-O planes. Considering the
charge-carrier transfer, the integration range in Eq. (11)
is shifted from (0,E (D) to (0,E,—U(1)) for the Ith lay-
er. In our calculations the Fermi energies before the
charge-carrier transfer are chosen to be 0.127 and 0.028
eV, respectively, for YBa,Cu;0,_, and PrBa,Cu;0,_,.
By doing so, the effective mass of PrBa,Cu;O,_, is as-
sumed to be much smaller than that of YBa,Cu;0,_,.
The charge-carrier densities are chosen to be

ul+1)—-20(h+U—1) =0, (13)
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4.0X10*' /cm?® for YBa,Cu;0,_, and 1.0X 10" /cm® for
PrBa,Cu;0,_,. VN, for YBa,Cu;0,_, is taken as 0.339
to give a T, about 90 K based on BCS theory. By plot-
ting F;,(0,0) against the temperature 7, 7, can be ob-
tained numerically by requiring F, ;(0,0)=0at T=T,.

In Fig. 1 we have plotted the transition temperature of
the superlattice as a function of the number of Cu-O
planes Np, in a PrBa,Cu;0,_, layer for the hopping con-
stant J;=0.03 eV (i =1,2,3). Ny=2,4,6,8 represents
the number of Cu-O planes in a YBa,Cu;0,_, layer. T,
is the transition temperature for YBa,Cu;O,_, film,
while it is thick enough so that the surface or interface
effect becomes unimportant. In our calculation both the
charge-carrier-transfer and proximity effects are con-
sidered. It is shown in Fig. 1 that as the thickness or Np,
of the PrBa,Cu;0,_, increases, the transition tempera-
ture of the superlattice initially drops drastically and then
approaches to a saturated value T, for large Np,. This
phenomenon has been observed in experiments by
Lownder et al.! and Li et al.,? respectively. The mea-
sured T, are 19, 54, 71, and 80 K approximately for
Ny =2, 4, 6, and 8, which gives T, /T,,=0.2, 0.58, 0.76,
and 0.86 at Np, =32 with T.,~92.5 K (asterisks in Fig.
1). Here Np, related with the thickness dp, of the
PrBa,Cu;0,_, layer through the relation dp, =(Np, /2)c
with ¢ =2d. Our calculation gives the corresponding
values of T,/T,, as 0.19, 0.58, 0.80, and 0.88, which
agree well with the experimental observation.! In order to
fit the experimental measurement, we have chosen
J,=J,=J;. Since the lattice structures of YBa,Cu;0,_,
and PrBa,Cu;O,_, are almost identical, the choice of
J;=J,=J; should be reasonable and it reduces the num-

(0] 8 16 24 32
N Pr
FIG. 1. Normalized transition temperature 7,./T,, of

YBa,Cu;0;_,/PrBa,Cu;0,_, superlattices vs Np, for J;=0.03
eV (i =1,2,3). The asterisks represent the experimentally mea-
sured data in Ref. 1.

ber of parameters. However, the values of J; do influence
our result. For example, if the value of J;,=0.02 eV
(i=1,2,3) is taken, our numerical result would show a
similar behavior, but the saturated transition temperature
T, becomes higher. In other words, T, increases as the
value of J; decreases. A physical explanation of the ex-
perimental measured behavior of 7, will be presented
later.

In Fig. 2 the dependence of T, on Ny or the thickness
of the YBa,Cu;0,_, layer is shown for N, =4, 8, and
32. Our numerical results are also in good agreement
with the experimental measurements.! It is very interest-
ing to note that the YBa,Cu;0,_, layer, as thin as only
one unit cell (Ny=2), still has a transition temperature
of about 19 K, while the PrBa,Cu;0,_, layer is 10-15
times thicker. Thus it confirms our assumption that the
intralayer pairing is a dominant contribution to the su-
perconductivity in YBa,Cu;O,_,. On the other hand,
experimental measurements for ultrathin YBa,Cu;0,_,
films!° have shown that no superconductivity could sus-
tain in one- or two-unit-cell-thick film. This result could
be attributed to the existence of large distortions in the
lattice structure of YBa,Cu;0,_, film near the free
surface and interface with the substrate. In the
YBa,Cu;0,_,/ PrBa,Cu;O,_, superlattices, the layers
of YBa,Cu;0,_, and PrBa,Cu;0,_, are well matched
and there exist no distortions near the interfaces. This is
the reason why a finite transition temperature can still be
sustainable even for the case of Ny =2. However, T, is
still much depressed in a superlattice with a very thin
YBa,Cu;0,_, layer because both the charge-carrier-
transfer and proximity effects become more pronounced

FIG. 2. Normalized transition temperature 7,./T,, of
YBa,Cu;0;_,/PrBa,Cu;O,_, superlattices vs Ny for J;=0.03
eV (i =1,2,3) and Np,=4,8 and 32. The asterisks represent the
experimental data taken from Ref. 1 for Np, ~32.
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there.

To understand the proximity effect and the degree of
the pair amplitude leaking from the superconducting lay-
er to the semiconducting layer, we have plotted in Fig. 3
the change of the normalized pair amplitude across
the YBa,Cu;0,_,/PrBa,Cu;0,_, interface for T/T,,
=0.63, J;=0.03 eV, Ny =4, and Np,=8. F* is the pair
amplitude in layer 1. We have noted that even though
the pair amplitude inside PrBa,Cu;O,_, is not zero,
its magnitude decreased exponentially from the
interface. The Cooper pair leaking length &,, which
is calculated from F;;(0,0)~exp[—(I —Ily)d/Ey] in
PrBa,Cu;0,_, with [;=3, is about the length of 2.5 Cu-
O planes under the above parameters. That implies that
the proximity effect is localized within range £, at the in-
terface. Here we wish to emphasize that the supercon-
ducting order parameter is different from the pair ampli-
tude. The order parameter in PrBa,Cu;0,_, is zero be-
cause of the BCS pair interaction being assumed to
be zero there. Down to the deep layer of the
PrBa,Cu;0,_,, there is little pair amplitude when dp, is
more than 2 or 3 times larger than &y so that the super-
conducting phase is actually confined within
YBa,Cu;0,_, layers.

In summary, the transition temperature 7, of the
YBa,Cu;0,_,/PrBa,Cu;O,_, superlattices has been
studied theoretically by solving the spatially dependent
Gor’kov equation. With fixed Ny, our numerical calcula-
tion shows that T, decreases and then saturates as dp, is
increased. With fixed Np, or dp,, T, is found to be re-
duced as Ny is decreased. One of the essential features in
our result is that T, is still finite even for Ny =2 (the
YBa,Cu;0,_, layer contains a single unit cell) and large
Np,. This result is consistent with experimental measure-
ments and shows that the superconductivity originated
primarily in the Cu-O planes. The decrease of T, is
caused by the charge-carrier transfer effect near the inter-
face and most importantly by the proximity effect in
which the pair amplitude in the YBa,Cu;O,_, layer
leaks to the PrBa,Cu;0,_, layer. Since these effects are
confined only within two or three Cu-O planes on the
PrBa,Cu;0,_, side of the interface, further increasing
Np, or dp, has no significant influence on T,. This is the
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FIG. 3. Normalized pair amplitude across the

YBa,Cu,0,_,/PrBa,Cu;0,_, interface with Ny=4, Np =8,
T/T.z=0.63, and J;=0.03 eV (i =1,2,3). The solid circles
represent the results of numerical calculation and / is the layer
label.

reason why T, first reduces and then saturates as the
value of Np, is increased. Finally, we wish to emphasize
that our result depends on the existence of a hopping ma-
trix element between the nearest-neighbor Cu-O planes so
that the charge-transfer and proximity effects could
be both present, not very much on whether the
PrBa,Cu;0,_, layer is a semiconductor or an insulator
with its charge carrier being localized.
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