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We present an analytical theory of corrections to the quantum ballistic conductance of a channel
formed in a two-dimensional electron gas (2D EG). Backscattering that causes the corrections occurs in-

side the channel and is due to a random potential produced by charged donors. The spatial separation of
the donors from the 2D EG implies that the scattering potential is smooth and hence gives a natural
scale for the width of the channel. We derive the necessary conditions for conductance quantization in

both cases of narrow and wide channels. These conditions determine how many quantized steps of the
conductance can be observed at a given channel length. An analysis based on our results shows that in

existing experiments breakdown of the conductance quantization and a crossover to mesoscopic fluctua-

tions occurs in the narrow-channel limit. The dominating mechanism of breakdown is backscattering
within the propagating mode with the largest mode number. This conclusion is validated by a compar-
ison with experimental data. We determine the amplitude of mesoscopic conductance fluctuations in the
ballistic regime and derive the minimum temperature for which they are smeared out.

I. INTRODUCTION

It is now well established experimentally' that the
conductance of an electrostatic ally confined two-
dimensional electron gas (2D EG) in a high-mobility
GaAs heterostructure reveals quantized values. Theoret-
ically this can be explained within the framework of
waveguide theory ' if one assumes that an electron wave
propagates through a channel with regular and
suSciently smooth boundaries. However, deviations
from quantized values are clearly observed at low temper-
atures. These deviations vary from sample to sample and
can hardly be explained by any particular geometrical
features of the waveguide discussed in Ref. 3. Further-
more, recent experiments by Timp et al. demonstrate a
crucial dependence of the conductance quantization on
the mobility of the sample and on the length of the elec-
trostatically formed channel. These experiments strongly
suggest that the same scattering mechanisms that limit
the mobility are also responsible for the deviation of the
conductance from the quantized values. Deviations from
the quantum ballistic propagation of electron waves
through a finite-size channel were recently studied nu-
merically by several groups. Song He and Das Sarma as
well as Kander, Imry, and Sivan used the Anderson
model with uncorrelated diagonal disorder. However, in
real high-mobility samples, which are produced by modu-
lation doping, the potential causing scattering in the 2D
plane is smooth on the scale of the Fermi wavelength. A
more realistic model of the potential produced by ran-
domly distributed charged donors was used by Davies,
Nixon, and Baranger. They suggested that the lack of

screening, especially pronounced near the channel
pinchoff condition, is responsible for a strong increase in
potential Auctuations and is the main cause for the subse-
quent breakdown of conductance quantization. Al-
though the results of their numerical calculations look
similar to experimental data, the proposed framework
does not give a distinct criterion for the conductance
quantization. In particular, it does not provide any clear
link to the properties of the unconstrained 2D electron
gas.

In this paper we have studied scattering of electron
waveguide modes by a weak random potential analytical-
ly. We show that the criterion for quantization
significantly deviates from the naive one requiring the ra-
tio between the length of the channel L and the transport
mean-free path l„ to be small. There are two main
reasons for this. One is that the effective path length can
considerably exceed the length of the channel. The other
is that large momentum scattering by a smooth potential
is much suppressed. For a narrow channel whose width
is a few Fermi wavelengths, backscattering requires a
large momentum transfer. ' '" Simultaneously, the path
length in this case is generally speaking of the order of
the length of the channel. This is why it is easier to ob-
serve the quantization for a small number of propagating
modes. Exceptions are when the channel width is such
that a new mode has just been switched on. In this case
the longitudinal momentum is small compared to the
transverse one and the effective path length becomes
large. This enhances the role of scattering for newly
switched modes and may explain the asymmetry of the
steplike structure of the conductance versus gate volt-
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age' observed in a number of experiments (see, e.g. , Fig.
3 of Ref. 5 and Figs. 2 and 5 of Ref. 11). The situation is
quite different for channels with a width exceeding the
spatial scale of the random potential (given by the width
of the space layer). The backscattering is no longer
suppressed. Also, the effective length of the trajectory
that corresponds to a mode with a high transverse wave
number is large. Both these facts make the requirement
for the observation of a quantized conductance rather
strict. We have derived the necessary condition for con-
ductance quantization that replaces the naive criterion
L &I„mentioned above. This stricter criterion arises
without any assumption of a change in the potential due
to lack of screening and can be expressed in terms of pa-
rameters pertaining to the 2D EG in an unconstrained
geometry. An analysis based on our results shows that in
experiments breakdown of the conductance quantization
occurs already for narrow channels with a width smaller
than the spatial scale of the scattering potential.

The amplitude for backscattering of an electron with
definite energy depends in general on the realization of
the random potential. However, at sufficiently high tem-
peratures thermal averaging makes the corrections to the
quantized conductance almost independent of the realiza-
tion. We determine the minimum temperature T„neces-
sary for thermal averaging. At lower temperatures
corrections do depend on the particular realization of the
random potential due to interference of backscattered
waves. We determine the amplitude of conductance Auc-
tuations as a function of the temperature, width of the
channel and parameters of the 2D EG. Both this ampli-
tude and the characteristic temperature T,„differ from
the corresponding values for conventional mesoscopic
systems. This happens because here the electron motion
is ballistic rather than diffusive.

In order to observe conductance fluctuations, one has
to find means for changing the realization of the poten-
tial. Without changing the sample, this is normally possi-
ble only by applying a magnetic field, which changes the
interference conditions. It is noteworthy that in the
present system it is possible to literally change the
scattering potential by shifting the position of the chan-
nel in the 2D plane. ' '"

In Sec. II we present a qualitative discussion of
different regimes of scattering inside the channel. A
simplified model for the scattering cross section is used.
Rigorous calculations based on the Born approximation
for scattering are presented in Sec. III, while impurity
averaging using a realistic scattering potential is carried
out in Sec. IV. Finally, mesoscopic Auctuations of the
conductance are discussed in Sec. V, and our conclusions
are presented in Sec. VI.
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when entering the channel in the nth mode. This mode
can be considered to be the result of interference between
two bouncing trajectories of the type shown in Fig. 1.
The angle O„defining the trajectory is determined by the
ratio of the longitudinal and total momenta,
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The effective length of the trajectory S„ is therefore

S„(z)= L
sinO„

(3)

k,
L ( uFrb(k„),

F
(4)

with k„given by Eq. (1).
Scattering by a smooth potential is essentially of the

low-angle type corresponding to small momentum
transfer q «kF. To account for this we shall for our
qualitative discussion use a simplified form of the scatter-
ing cross section,

0(0)=oo6(0, —0) . (5)

The truncation at the angle O, «~ crudely models the
angular dependence of the real cross section. Obviously,

Backscattering from mode number n requires a momen-
tum transfer of at least k„. In general, the backscattering
rate depends on the momentum transfer, and the require-
ment of ballistic propagation of mode number n can be
presented in the form S„(z)(u~rb(k„). Here 1/rb (k ) is

the backscattering rate for momentum transfer k. The
above equations show that the restriction on the length of
the channel depends significantly on the longitudinal
momentum of the mode:

II. QUALITATIVE DISCUSSION

For the sake of simplicity we will assume that the
waveguide has hard walls. In this case the transverse
wave vector for mode number n is given by n~/d, where
d is the width of the channel. Because of energy conser-
vation, the electron with Fermi momentum A'kF in the
2D EG acquires the longitudinal wave vector

FIG. 1. Schematic picture of a quasi-one-dimensional chan-
nel of length L and width d. Each mode in the channel can be
thought of as resulting from interference between two bouncing
trajectories. One such trajectory, defined by the angle 0 related
to the ratio of the longitudinal and transverse momentum, is
shown. The second trajectory corresponds to letting 0—+m —0.
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even scattering of this type strongly affects a newly
switched-on mode for which z only slightly exceeds n.
However, with increasing z, O„becomes larger than O, at
a certain point. At that point all modes with numbers
less than n +1 are unaffected by scattering. If simultane-
ously the (n + 1)th mode is not switched on, then scatter-
ing has no effect at all and the conductance has its quan-
tized value G =n (2e /h). These two conditions can be
expressed by the double inequality

O2

n 1+ &z(n+1, (6)
2

where we have used the fact that O, is small. The ine-
qualities (6) can only be satisfied for

=2n (np lip
O2

(7)

The characteristic number np separates two regions. In
the region where

z) np, (8)

12
O, —,n;oQO (10)

Now, the typical path length for a mode subject to back-
scattering in the channel is S-L/8, . Assuming that
roughly half of all possible scattering events result in
backscattering, we find that the typical mean free path
for such a mode is given by the relation

1 1 ~ n o Ol 0 C

S

the scattering affects the quantized conductance for all
values of z, and several (-z/no) propagating modes are
involved in the scattering. We can crudely estimate the
correction 5G to the conductance in the limit z ))np by
using the model (5) for the scattering cross section. First
we note that using standard definitions of transport (l„)
and lifetime (l, ) mean free paths,

1= 1

I„ =n; fd8o(8)[1 —cos(8)], —=n; fd8o(8),
l,

one finds I,, ' -n;o.pO„ l, '-n;o. pO, for the uncon-
strained 2D EG. The model parameters o.

p and O, can
therefore be related to the 2D density of scatterers n; and
the mean free paths as

It follows from Eq. (13) that conductance quantization is
preserved for

L
(14)

The initial assumption (8) of a large z is only compati-
ble with the condition (14) for very short channels,

L & l 3/2/l I/2
s tr (15)

[We have used here the definition (7) of no and Eq. (10).]
For longer channels that do not satisfy the requirement
(15) the conductance quantization breaks down for
z ~ np, i.e., in the regime of small rather than large z. In
this regime, where z & np, breakdown occurs mainly be-
cause of scattering within a single propagating model
(with the highest mode number). Our model (5) for the
scattering cross section and Eqs. (6) and (7) indicate that
at n & no each plateau in G (z) has a "window, "

n
&z —n &1,

np
(16)

where the quantized value of G is preserved.
To estimate the corrections to the conductance in the

intervals given by Eq. (16) a theory based on a more real-
istic model for the scattering is necessary. We will show
below that in typical experimental situations, consider-
able scattering and breakdown of quantization occur al-
ready in the region of z &(np.

III. CORRECTIONS TO THE CONDUCTANCE
IN THE BORN APPROXIMATION

Consider a long channel as in Fig. 1, with smooth en-
trance and exit that do not produce backscattering and
longitudinal resonances. The possible deviation from ex-
ponentially sharp steps in the conductance is then due to
scattering of the electrons inside the channel. In order to
derive a more precise condition than above for observing
the steps in the function G(d) we shall consider such
scattering events in the Born approximation. Adiabatic
wave functions are used to form an orthogonal basis for
the unperturbed problem. In the presence of a scattering
potential U(x, y) the solution of the Schrodinger equation

If S « I, the transmission coefficient for a single mode
deviates from unity by an amount of order S/I. Taking
the number of such modes into account, one concludes
that

g2
V 4'(x, y)+ U(x, y)%(x,y) =E%'(x,y)2m

can be expanded as

+„(x,y)= gc „(x)P „(y),

(17)

(18)
e S z

5G — — -Ln o O2z .
h l n i Q C

np
(12)

e L5G— z (13)

This result can be expressed in terms of experimentally
accessible parameters using Eq. (10). One finds

where P „(y) is the wave function of the transverse
motion and the coefficients c „(x) are determined by in-
serting Eq. (18) in (17). Neglecting derivatives with
respect to the index x of the transverse wave function

, consistent with the adiabatic approximation, one
finds
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fi 8
2

+ [eI(x } E—] c,„(x)
2&l

(19)

Ui (x)=f dye&'„(y)P „(y)U(x,y) .

To zeroth order in U(x, y), the functions c „=c'„' are
c' „'(x)=5 „g„(x),

where for a forward propagating wave
1/2k„(—~)

exp i f k„(x')dx'k„x

(20)

(21)

(22)g„(x}=

+ y Ui (X)c „(x)=0 .
m

Here el (x ) is the energy associated with the transverse
motion in the channel and

and k„(x)=[2m[E —e„(x)]]' /iri is the corresponding
longitudinal wave vector. The lower limit of integration
in Eq. (22) only contributes an arbitrary phase to g„(x)
and is left unspecified. Note, however, that the pre-
exponential factor is important for conserving the
current. The normalization was chosen so that the pre-
factor goes to unity as x~ —~. Hence, well before the
channel, the usual normalization factor of a plane wave is
recovered.

The corrections to the quantized values of the conduc-
tance are due to backscattering. Hence we are interested
in the coefficients cI„(x~—00 ), which give the refiection
amplitudes from an incoming wave in mode n to back
propagating modes I. To first order in perturbation
theory, the total reAection coefficient can then be deter-
mined as (see Appendix A)

R„=g ~c'„"(x — )I'
I

2
UI„(x ')

f dx' exp i f dx "[kr(x")+k„(x")]
Qki(x')k„(x')

2

(23)

We want to calculate the correction 56 to the quantized values of the conductance. At finite temperature the con-
ductance can be written as

6 =e f dEg(E) (uE)T(E)

(24)

where g is a density of states, u is a velocity, T(E) is the total transmission coefficient, and f is the Fermi function. Us-
ing the identity T„=1 —R„valid for each mode, we find from Eq. (23)

2e5G= f dE — g g f dx e " ' f dy U(x y)4'. (y)NI(y)

where the sums are over propagating modes in the chan-
nel. To obtain the result in the form of Eq. (24), we have
used simplifications applicable to a long channel, where
in the main part of the channel the confining potential is
x independent and hence kr, k„are constants and the
transverse wave functions PI, P„do not depend on x.

Equation (24) contains effects caused by interference
between waves backscattered at different points inside the
channel. The typical phase difference between such
waves, ri(E) =(k„+ki)L, is determined by the length of
the channel. The interference terms, being dependent on
exp[i'(E)], oscillate with energy and hence, after
thermal averaging, vanish if the temperature is not too
small. The width of the Fermi function restricts the ener-

gy integration in Eq. (24) to an interval hE-kIiT. This
energy range corresponds to a range b,k=6,E/AuF of
wave vectors. One finds therefore that the interference
terms are averaged out if

(25)

fi mkF
(26)

For a long channel, the requirements (25) and (26) deter-
mine a wide interval of temperature. For sufficiently low
temperatures within this region, we can replace the
derivative of the Fermi function in Eq. (24) by a 5 func-
tion. In the following section we will be working in this
limit.

It is also possible to measure (56) directly even at
temperatures lower than T,„(i.e., in the mesoscopic re-
gime) by averaging 5G over positions of the channel (us-
ing a method of shifting the position of the channel pro-
posed in Ref. 13).

In this case, i.e., for T » T,„, the value of Eq. (24) can be
replaced by the impurity averaged value (56 ) that cor-
responds to neglecting the interference terms.

Without scattering, the steplike structure in the func-
tion 6(d) is preserved if the thermal smearing is smaller
than the energy difference between transverse modes,
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IV. IMPURITY-AVERAGED CONDUCTANCE

We suppose that the potential felt by electrons in the
conducting channel is due to randomly distributed im-
purities,

2
(y) =

1/2

sin (2y +d)

It is obvious from Eqs. (30) and (33) that the form factor
F„i(q ) is large only for

U(r)= g u(r —r;) . (27)

q =—(+n+l) .

The impurity-averaged correction ( 56 ) can be expressed
in terms of a correlation function for the potential. If the
positions of the impurities are uncorrelated, one has

d q( U(r)U(r')) =n, f -lu(q)l exp[iq (r —r')] .
(2m )

(28)

Here u(q) is the Fourier transform of the potential u(r)
produced by a single impurity and n; is the 2D density of
impurities.

Using Eq. (28) to calculate (56 ) with 56 given by Eq.
(24), we find

However, for q
—+(vr/d)(n + l), the momentum transfer

is of order kF and large. The corresponding contribu-
tions to Eq. (29) can be neglected because the Fourier
components of u at these wave vectors are small. For the
important small wave vectors, the form factor is sharply
peaked around q l

=(vr/d)ln —ll. The integration over

q can then be done, which brings us the result

(56) 2e I in.l.
h g2 ~kFz

2 ~

(56)= I n;
h

2kF
X g u k„+ki, (n ——I)kkI " 'd

2

(34)

dex g f '
lF„,(q, )ii(k„+k, , q, )l',

oo 277

(29)

F.l(q, )=f dye. (y»)01(y»)e
"' (30)

If the impurity potential is smooth on the length scale
determined by the Fermi wavelength 2~/k~, it is clearly
possible to distinguish between two opposite limits of
narrow and wide channels. For a narrow channel, typical
values of q determined by u(q) satisfy the condition
qd /vr ((1,where d is the channel width. In this case the
form factor F„& can be replaced by

Because of the z dependence of k„, the correction Eq. (34)
has a singularity each time a new mode is switched on.
In this sense the situation is similar for wide and narrow
channels. Away from the switching-on condition, on the
other hand, the situation is significantly different for the
two cases. For a wide channel, a large number of terms
in the sum over n, l in Eq. (34) are important (as men-
tioned in Sec. II). This leads to a regular part of (56)
that grows with d. To calculate this regular part we re-
place the integers n and I by continuous variables, intro-
ducing the angles e„~&i=arcsin(k„i&~/k~). Because of the
dominance of low-angle scattering, mostly small values of
0„~1~ will contribute, which allows us to replace sin&„~&] by
0„~1~ and to extend the range of integration from ~ to
infinity. Changing variables and performing one integra-
tion gives

Fnl ~n, I (31)
2 ~

(56)= „, „' f deelu(k, e)l'.
7TkF 0

(35)

and backscattering occurs essentially within a mode.
Furthermore, because of the dominance of small-angle
scattering, a newly switched-on mode will be the most
susceptible to scattering [obviously the most recently
switched-on mode has the smallest value of 2k„, the argu-
ment of the potential function u in Eq. (29)]. This means
that only one term in Eq. (29) will contribute:

2e m
, f ' lu(2k„, q, )l'. (32)

k

Here k„ is the longitudinal wave vector for the propaga-
ting mode with the highest mode number.

In order to discuss the case of a wide channel, we fur-
ther specify our model supposing that the electrons are
confined by a hard-wall potential in the y direction. In
this case

Up to this point the discussion has been valid for a gen-
eral potential. In order to be more specific, we now as-
sume a screened Coulomb potential of the form'

2, 2 exp( —qlz, l) 20' eu(q) = (36)
K q+q A' K

q, =

Here K is the effective dielectric constant at the hetero-
junction and q, is the 2D Thomas-Fermi screening wave
vector. The smoothness of this potential is due to the
fact that the impurities are located a distance z0 away
from the 2D EG. In high-mobility heterostructures pro-
duced by modulated doping this distance is large and
q, z0) 1. This allows us to neglect q in the denominator
of Eq. (36). Further, if the parameter kFzo is sufficiently
large, the scattering is of the low-angle type and a stan-
dard calculation (see Appendix B) gives lifetime (l, ) and
transport (l„)mean free paths as
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2 ~F 8 ~F
I, =— (k~zo), l„=— (kFzo) (37)

for a very short channel. With the help of Eq. (42) we
can replace the requirement (15) by the more rigorous
criterion

Using the potential Eq. (36) for a channel with hard
walls, we can give explicit results for (5G ) in the limit-
ing cases. For a narrow channel, Eqs. (32) and (36) give I &Lo Lo l

36 l,
13~2/I ~~2
s tr (43)

(5G ) =2~ n;L
e 1 1

1 —n /z 2kzzo

X exp[ —4kFzo(1 n —/z )' ],
or in terms of the mean free paths of Eq. (37)

(5G ) = — exp( —a+l„l,&1—n /z ),e L 1

h I, 1 —n/z

(38)

Only for I & Lo does the breakdown occur in an essential-
ly multimode scattering regime. If L)LO, substantial
deviations from a steplike pattern in the function G(d)
occur already for z «no where Eq. (39) is valid. We now
determine how many steps n can be seen for a channel of
given length by using the criterion that (5G), as given
by Eq. (39), is less than half a quantum unit of conduc-
tance (e /h) in the middle of the plateau (where
z =n + —,'):

n &z &n +1 . (39)

Here a can be regarded as a constant, a =2 vl+ n /z =3.
In agreement with the qualitative treatment in Sec. II, we

find that the deviations from the sharp steplike structure
should be largest at the beginning of the steps, when
z n&—(l, /l„)n [cf. Eq. (16)]. At the same time, the
main part of the quantum plateau is insensitive to scatter-
ing if the exponential factor in Eq. (39) is small.

In the limiting case of a wide channel, an evaluation of
the integral in Eq. (35) gives

L I„
I,

(2n + 1)exp —3
I,

1/2
1

2n +1

1/2

(44)

4. 5 trl

ln (2n L/l, )
(45)

After some rearrangement of Eq. (44) we find for the
number of well-resolved quantum steps the relation

2

(5 )
2m.e z 1

h
'

kF (2kFzo)

or in terms of the mean free paths

e L(5G)=2 „zQl, l„

(40)

(41)

22

18

Here the presence of the numerical coeKcient is the only
difference compared to the previous, qualitative estimate
(13).

To determine the characteristic number no separating
the region where backscattering within a single mode
dominates (small z) from the region of strong mode mix-
ing (large z), we equate at z =no+ —,

' the two limiting ex-

pressions (39) and (41) valid for z «no and z))no, re-
spectively. This gives the crossover parameter

14

I
10

-1.4 -1.2 -1.0

181„/l,
2

ltr
ln

S

(42)

Although the differential scattering cross section for the
potential Eq. (36) deviates from the truncated form (5),
we can introduce O, -l, /l„as a measure of the second
moment of the scattering cross section o (6) [cf. Eqs. (9)
and (10)]. In this way a link is established between the es-
timate (7) and the result (42). As was already mentioned
in Sec. II, the correction (41) can be small at z )no only

FIG. 2. Two-terminal conductance G measured in Ref. 5 as a
function of gate voltage V~ for a channel with the estimated pa-
rameters L=0.9 pm and I,„=7 pm. The straight solid line
demonstrates that the averaged conductance (G) is a linear
function of the channel width d even in the absence of conduc-
tance quantization. This is consistent with the single-mode
mechanism for quantization breakdown proposed in Sec. IV.
The dashed lines separated by = 1.4e /h indicate the limits for
fluctuations in G. The upturn of the experimental curve at
G ~ 10e /h is due to the nonlinear dependence d ( V~) for weak
depletion and is not related to the breakdown of quantization.
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which has to be solved for (the maximum value of) nq by
iteration. It is easy to check with the help of Eq. (43) that
n & no for L )Lo and that the breakdown of quantiza-
tion therefore occurs in a single-mode regime.

In numerical estimates we shall use' l„—10 pm. It is
difticult to extract the value of l, from experiments; a ra-
tio l„/l, -50 seems to be reasonable. ' These parameters
give L0-0.01 pm and no-59. So, even for moderately
long channels (L ~0. 1 pm, say), the breakdown of con-
ductance quantization occurs in a single-made back-
scattering regime at n —n «no. For n ) n the function
6 (z) fluctuates randomly around an average conductance
G(z), which grows linearly with z. The reason is that
only a single mode is being backscattered. For the same
reason, the slope of G(z) should be the same as the aver-
aged steplike conductance has in the ballistic regime, and
the shift between these two averaged functions should not
exceed 2e /h. Ultimately, of course, more and more
modes will be involved in the scattering, which will tend
to decrease the slope of G(z) in the range of quite large z,
i.e., at z )no.

An example of experimental data from' for the con-
ductance of a long channel is presented in Fig. 2. We at-
tribute the observed large linear portion of G( Vs ), which
starts from G-2e /h, to the single-mode mechanism for
the breakdown of conductance quantization. Very simi-

lar behavior of 6(V~) was found in numerical calcula-
tions that did not assume mode mixing in the channel to
be weak.

V. AMPLITUDE OF CONDUCTANCE
FLUCTUATIONS

As was mentioned in Sec. II, the value of 56 depends
on the particular realization of the distribution of impuri-
ties that produce the random potential. This realization
can be changed by means of a lateral shift of the channel.
When the channel is shifted, both the number of impuri-
ties causing scattering and the interference between back-
scattered waves are subject to change leading to Auctua-
tions in 56. The change in number of impurities results
in a temperature-independent part of the conductance
fluctuations. This part, however, turns out to be small
because of the large average number of acting impurities.
The most important part is caused by interference and
becomes large at low temperatures. We will be able to es-
timate both these contributions by calculating

t
with the

use of Eq. (24)] the rms value of 5G,

~, —=
I
((56)') —(56 &']'" .

As detailed in Appendix C, one finds

2 2
2e m n;Lf dE &f(E)

00

Bf(E') 1

, k„krak' k,
'

f dy I V,I(k. +kr, y)l'
I V, (k' +k;,y)l'+2qrn;5(k„+k& k' —k,')—

x f dy V„&(k„+ki,y)l'f dy'I V, (k' +k,',y')I' (47)

Here the first and second terms in the last two lines of
(47) correspond to the fluctuations in the number of
scatterers (the "incoherent" part) and to interference
effects (the "coherent" part) respectively, and

2 2
e m n;L

Vnl(n y) f deye Fn&(ey)& (e. qy) ~ (48)
f dy I V„„(2k„,y) I'

As in the previous section, we shall analyze the general
expression (47) for the limiting case of narrow and wide
channels with the assumption that the temperature
satisfies the condition (26); (i.e., the step structure is not
smeared out by thermal averaging).

For a narrow channel, backscattering occurs mainly
within the propagating mode with the highest mode num-
ber. Hence we can put n =l =m =s in Eq. (47), which
then reduces to

A k„ 2+— n; f dyl V„„(2k„,y ) I

(49)

Equation (49) demonstrates the temperature dependence
of the coherent part of 66. One can make a crude esti-
mate of the relative importance of this contribution and
the one arising from fluctuations in the number of impur-
ities. Calculating their ratio, one finds
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A mkF
(r, k~) (n;kF) z —n' ' mdk, T (50)

Within our assumptions, the ratio between the incoherent
and coherent parts —Eqs. (52) and (55)—of the rms
value,

Because of the smoothness of the potential, its range r, is
large compared with 1/kF. The second term in Eq. (50)
is also large for temperatures where there is no thermal
smearing [cf. Eq. (26)]. The remaining terms are of order
one. Neglecting the incoherent term and using Eqs. (31),
(32), and (25), we finally find that

2 1/2

b G
=— 1 — — (5G(z) ), n (z (n+1 .

6 T z

(~G )incoh 3 kB Tmd ~s

(b, G )„h 16m. ih' m.k~

' 3/2 k2p

nI
(56)

is obviously small. Therefore, Eq. (55) represents the
dominating contribution to AG. Because z))np lt /l„
Eq. (55) implies that fluctuations of the conductance are
definitely small in the temperature range T)T„.

(51)

It is obvious that the relative fluctuations hG/(5G ) are
small for all z if T))T,„. At low temperatures, fluctua-
tions of the conductance are limited by the fact that only
one mode is involved in backscattering. Hence deviations
of G (z) from the average value G( V ) are smaller than
e /h. This is in agreement with the observed ' depen-
dence of G (z); see Fig. 2.

Conductance fluctuations in a wide channel, z))np,
are due to scattering in many modes. The incoherent
part of AG caused by the fluctuations in the number of
scatterers in the channel can be easily estimated as

n,.Ld
(52)

2e m
(~G)..h=

g2

2
1

„, k„k,(k„+k, )
" ' d

(53)

Calculating the regular part following the same pro-
cedure as in the previous section, we replace sums by in-
tegrals to find

(~2 )
32m 1 ~UF

3 (kFd) k~T

d8iu(8)i
X — " (5G)

J d88iu (8)i
(54)

As a model for u we shall again use the screened
Coulomb potential (36) with q,zp) 1. We can now per-
form the angle integrations in Eq. (54):

3/2

(~2 )
16m. ~r 1» (5G)2G Coh 2 TS z

(55)

We shall calculate the coherent part of b, G using the same
approximations as were used in deriving Eq. (35). At low
temperatures [see Eq. (26)] the main contribution arises
from terms with n =m and l =s or n =s and l =m. Tak-
ing into account only these terms, we find for this part of
b, G in analogy with Eq. (34)

32~ n. LA

k~ Td

VI. CONCLUSIONS

It is well established from experiments that conduc-
tance quantization can be observed only in very high mo-
bility heterostructures. ' ' In point-contact geometries a
large number of steps can be observed. However, when
the geometry is changed to a longer channel the quanti-
zation at higher values of the conductance deteriorates,
and only the first few steps can be seen. In this paper we
analytically determine corrections to the quantized value
of the conductance arising from impurity scattering
within the channel. We find the conditions for the cross-
over from a region of conductance quantization to a re-
gion showing mesoscopic fluctuations. Quantization
occurs only for restricted values of the channel width
(which limits the ballistic conductance) and of its length.
The advantage of our analytical approach is that we are
able to express the criterion for conductance quantization
in terms of the transport and lifetime mean free paths of
the unconstrained 2D EG.

Our approach, based on lowest-order perturbation
theory, is valid only when the corrections to the ballistic
conductance are small, 5G (e /h. Furthermore, we used
the rms value AG to characterize fluctuations in the con-
ductance. This approach is reasonable only if 6G (5G.
The latter requirement is fulfilled starting from quite low
temperatures (a few degrees Kelvin). As follows from the
results of the previous section [see Eqs. (51) and (55)], the
restriction on the temperature becomes weaker as the
conductance becomes larger.

We have introduced in this paper the distinction be-
tween narrow and wide channels based on the assumption
that small-angle scattering is dominating in the 2D EG.
The large ratio between observed transport and lifetime
mean free paths supports this assumption. To establish an
explicit relation between these two parameters of the 2D
EG and the scattering properties in a channel we used a
screened Coulomb potential as the source of scattering.
The donors producing this potential were taken to be spa-
tially separated from the 2D EG.

Inside the channel the density of electrons is lower
than in the unperturbed 2D EG. ' Although this can
affect the screening, there is no guidance from experi-
ment allowing us to take this properly into account.

We studied scattering only from impurities inside the
channel assuming perfect matching conditions for wave
functions at the ends. Matching requires a gradual
change of the channel width over some length R at both
entrances. Nevertheless, the length L of the channel
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should be large (L ))R ), so that it is well defined. In
this situation it is also possible to neglect waves backscat-
tered into the channel from points outside.

Even from the qualitative arguments in Sec. II, one ex-
pects significant deviations from conductance quantiza-
tion for wide channels, where backscattering accom-
panied by mode mixing occurs. Our analytical calcula-
tion verifies this suggestion. It is quite surprising, howev-
er, that for parameters corresponding to the high-
mobility heterostructures used in current experimental
work, ' backscattering becomes important in a regime
where only one propagating mode (with the highest mode
number) is affected. In fact, backscattering within this
single mode leads to the breakdown of conductance
quantization. The number of observable conductance
steps determined by the proposed mechanism [see Eq.
(45)] is in reasonable agreement with experiment. For
the same parameters, the crossover to multimode back-
scattering occurs for much larger conductances. This im-
plies that there is a wide region of channel widths d for
which the conductance is not quantized, but depends on
width almost linearly. The reason is that all modes ex-
cept one propagate ballistically, and the mode with the
highest mode number adds random fluctuations. The im-
plication is, furthermore, that in this regime conductance
fluctuations are restricted by the value of the quantum
unit e /h. Experimental data are consistent with the
linear dependence G(d) as demonstrated in Fig. 2. Nu-
merical modeling also reveals a quasilinear G(d) depen-
dence. For fluctuations of the ballistic conductance stud-
ied in Ref. 11 the maximum value of 6G was estimated to
be 1.2e /h. This is also in agreement with our analysis
of conductance fIuctuations.

Finally, we remark that in our opinion the single-mode
mechanism of conductance quantization breakdown is
quite general. Our estimate shows that only for point
contacts (L —d) does multimode scattering contribute to
the breakdown.
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APPENDIX A

In this appendix we derive the reAection coefficient R„
given by (23). We first note that to first order in the
scattering potential the coefficients c „=c"„'are deter-
mined by the equations

+ [ei(x) E]—ci„"(x)= —Ui„(x)f„(x) .
2m

(A 1)

They can be found with the help of the adiabatic Green's
function GI(x,x'):

c,'„"(x)=—f dx'G, (x,x')U,„(x')P„(x'), (A2)

where

G&(x,x') =i , ~2 exp i f dx "k,(x")
m' [k,(x)k, (x')]'"

(A3)

for propagating modes.
The corrections to the quantized values of the conduc-

tance are due to backscattering. Hence we are interested
in the coefficient c&„(x—+ —~ ); from Eqs. (22), (A2), and
(A3) we have

1/2
. m

ci'„"(x) = i—exp i f dx "ki(x")—f dx' Ui„(x ')
exp i f dx "[k&(x")+k„(x")]

[k, (x')k„(x')]'

(A4)

Here x denotes a point outside, and x a point inside the
narrow channel (x (x'). As we take the limit x ~ —~
we can replace the coefficient [k&( —~ )/k&(x)]' by uni-

ty.
The coefficients c&„give the reflection amplitudes from

an incoming wave in mode n to back propagating modes
l. Using Eq. (A4), the total refiection coefficient is there-
fore found to be given by Eq. (23).

APPENDIX B

For the sake of completeness, we shall in this appendix
provide the few steps necessary to derive the result given
in Eq. (37) for the single particle or lifetime mean free
path (l, ) and the transport mean free path (I„). Starting
from the definition, one has'
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Is UF&s ~

(B1)f, f dzN, (z) iu (k —k') ~'6(E„—E~, )
(2ir)S

=n; f ~u (2kF sin(8/2)~
o 2~

and

~tr
=UF ~tr

(B2)
=n, f (1 —cosg)~u(2kF sin(8/2)~

o 2~

Here 2kF sin(8/2)=q is the transferred momentum and

u (q) is the screened Coulomb potential given by Eq. (36).
The 3D impurity density N; (z) will be taken to be a sheet
of impurities located a distance zo from the 2D EG. The
2D impurity density is denoted n;.

If the distance zo is not too small, forward scattering
(small momentum transfer; q ( I/zo ((k~) will dominate
and we can use the small-angle (small-q) limits of Eq.
(Bl), (B2), and (36). Replacing the integration limit 2m' by
oo, straightforward integration leads to the result (37).

APPENDIX C

Here we derive the expression (47) for b, G, which was
defined in (46). Substituting 5G from Eq. (24) in (46) we
find

2 2e I2

6—
2 2 f- dE —'f'E' f dE—

QE oo

Bf(E') 1

BE'

x x s„,( k+ kr;, r;)s„,( 'k+k, ', r„r, l)
—(xs„,fk„+k„r, , r, ))(xs, tk' +k,', r„r, ))

i,j,r, t l, J r, f

(C 1)

where

i~k. +k, i[~, —x ~

S„t(k„+kt,r;, r )=e " ' ' P'„t(k„+kt,y, )

X V*,(k„+kt,y ),
V„t(q„,y)= f" dq, e '"'F„,(q, ),

(C2)

(C3)

have either i =j and r =t or i =t and r =j. These two
sets of terms correspond to fluctuations in the number of
scatterers (the "incoherent" part) and to interference
effects (the "coherent" part). They combine to give Eq.
(47). In carrying out the average over impurity positions,
we have used a relation of type

and F„t(q~) is the form factor defined in Eq. (30). The
longitudinal wave vectors k, and k' depend on the total
energies E and E', respectively. For a long channel,
(k„+kt)L ))I, Eq. (Cl) can be simplified; after averag-
ing over impurity positions, the only surviving terms

S) y, S2 yJ
—

S& y; S2 y
l, J J

=n, L f dyS, (y)S2(y),

which is valid for large numbers of acting impurities. '

(C4)
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