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Electronic correlations of cubic boron nitride
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We have calculated total and binding energies of zinc-blende-structure boron nitride. Starting from a
self-consistent-field ground-state calculation within a finite basis of Gaussian orbitals centered at the
different atoms, the electron correlations were treated by applying the local ansatz. The electronic corre-
lations are predominantly short ranged, as was also found for its isostructural compound, diamond. Of
specific importance are correlations on the atomic scale. Electrons correlate strongly at the nitrogen
atoms. The correlation strength within the B—N bonds and the reduction of the total-atomic-charge
fluctuations is discussed in detail. For an agreement between calculated and experimental binding ener-
gies, additional basis functions on interstitial sites turned out to be necessary. Without them, correla-
tions in the interstitial regions are too poorly covered. Such an effect should be relevant for all future
calculations on open-structure materials. The final results for the binding energy compare well with cal-
culations made within the local-density approximation.

I. INTRODUCTION

There is considerable interest in the properties of the
zinc-blende-structure compound boron nitride (BN). It
has been studied in detail from an experimental point of
view as well as by theoretical investigations. Like car-
bon, BN crystallizes in two forms, a cubic zinc-blende
and a hexagonal (graphitelike) structure. This makes a
comparative study of these isostructural compounds par-
ticularly interesting from a more basic perspective.

As far as ground-state properties are concerned, ab ini-
tio calculations have been performed in the Hartree-Fock
(HF) approximation ' as well as in the local-density ap-
proximation (LDA).

We reported here on ground-state correlation calcula-
tions for cubic boron nitride that were performed using
the local ansatz. ' This scheme uses a HF calculation
as the starting point and includes correlations with the
help of a variational ansatz for the correlated ground
state. It has been tested on calculations for small mole-
cules' '" and has been applied for several solids, ranging
from three-dimensional semiconductors like diamond' '
and silicon' to two-dimensional graphite' and one-
dimensional polyenes. ' '

These calculations are performed within a well-
specified subspace spanned by a finite number of basis or-
bitals for each atom. In this respect, the method com-
pares with standard quantum-chemistry schemes. Due to
that restriction, the real-space integrations inherent in
the HF and correlation calculations are performed
analytically. While within the HF approximation, such a
restriction does not lead to problems, it shows shortcom-
ings when performing correlation computations. These
are mainly connected with the convergency of the corre-
lation energy with increasing basis size. It was tried rath-
er successfully before to obtain reliable estimates for
finite-basis-size corrections to the energy. "' '"'

Contrary to quantum-chemistry methods, the scheme

is restricted to correlation operators with a well-defined
local meaning. This is the reason why correlation calcu-
lations for solids can be performed.

In this study, we extend our investigations to BN in an
attempt both to understand in detail how electrons corre-
late in this partially ionic compound and to test further
how well the local ansatz applies for quantitative calcula-
tions of the correlation energy contributions to cohesion
in covalent structures. Besides, the finite-basis-size
corrections are critically investigated.

In addition, we hope to obtain insight into the elec-
tronic properties of these compounds that cannot be
gained from the LDA, and try to improve the quantita-
tive understanding by using the local ansatz.

The paper is organized as follows. In Sec. II the equa-
tions are summarized which are required for ab initio cal-
culations of the correlation energy. In Sec. III, we report
on details of the calculations and discuss the results.
Correlation contributions to the binding energies are also
given and compared with calculations within the LDA
and with experimental information, as well as with previ-
ous work on diamond and graphite. Section IV contains
a discussion of the charge distribution and the strength of
electron correlations in these compounds. Conclusions
are given in the last section and a comparison is made
with an alternative method that has been recently
developed for correlation calculations in solids. ' ' This
is a Monte Carlo computation scheme for a Jastrow an-
satz' with a minimal number of variational parameters,
applied to inhomogeneous systems.

II. FORMALISM

The ab initio calculations are done within a finite basis
set If,.(r)I of Gauss-type orbitals (GTO's) centered at
different atoms. In terms of them the Hamiltonian is
written as
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H =HD+H;„,
1= g T; a; aJ + —, g VJkla; ak al .aJ~+

»J~ O' i,j,k, l

with

S=—g g„O„. (12)

where

T; = f d r f;*(r)[ ,'b. + V—(r—)]f(r)

and

V, .kl= f d r f d r'f;*(r)f (r). , fz(r')fl(r) .
1

(3)

The operators O„are of the following three forms:

OnnJynnJ
n r

CJ~ CT

s;.s; .

(13)

The term Vz represents the interaction energy of the nu-
clei. Atomic units (a.u. ) are used. V(r) is the single-
electron potential due to the nuclei. Electrons in states
f;(r) with spin ir are created or annihilated by operators

The fermion operators a;~, a; in the above
equations are defined by the following anticommutation
relations:

[a, , it ~ j =5, 5

[a, ,at ~ ) =S,, '5 (4)

[i't, , a, ~

J =S;,5

where S;J.=f d r f;*(r)f (r) defines the overlap matrix
between the basis functions.

A prerequisite for the correlation energy calculation is
the knowledge of the self-consistent-field (SCF) ground-
state wave function Ipse„& and its energy. It is deter-
mined by the one-particle eigenstates of the effective one-
particle Hamiltonian

scF Q FJa;~aJ

where

+'j j+ X ( Vijkl '2 Vilkj )(akualcr &

k, l, o.

T" + V"c"
EJ EJ

defines the Fock matrix. The expectation value ( & is
defined as the one within the SCF ground state It(so„&.

The Hamiltonian (1) is separated into a SCF part and a
residual interaction part H„„i.e.,

H =
Estop +H sgp +H

with

E„„=(H&,
H,',„=H„„—(H„„&,

and

H„,=H;„,—g VJ "at a + —,
' g V~jc"(at a. & . (10)

&,J,a

For the treatment of electron correlations, the local an-
satz is used. ' This variational ansatz is written as

Ifo& =e I@scF&

The n; are occupation-number operators and s; are
spin operators for electrons in local region i with spin o..
The different regions are described by localized functions
in terms of the basis orbitals

(14)

A proper choice of these functions is essential for the
method and has been described in detail before. Here, we
will follow the procedure used for silicon. '

The operators O„are local operators which generate a
correlation hole around each electron. The operator
n;tn;l, for examPle, when aPPlied to Ipse„& select that
part in which electrons are simultaneously present in the
local region g, (r). When added by means of the exponen-
tial prefactor, this part obtains less weight (g & 0) than it
had in Ipse„&. Similarly, the operators n;nJ (s; s)) intro-
duce density (spin) correlations between electrons in local
orbitals g;(r) and gJ(r). This wave function without the
spin operators, when chosen for the homogeneous elec-
tron gas, is the Jastrow function. '

The operators O„(13) when applied to Ipse„& create
one- and two-particle excitations out of the SCF ground
state. The states generated by them are not orthogonal to
Igscz &, either. In the following only those contributions
of the operators orthogonal to I/so„& and to all one-
particle excitations are kept. These modified operators
allow one to reduce charge fluctuations around the
charges found for the SCF ground state. The inclusion of
the one-particle excitations would allow the charge distri-
bution of the correlated ground state to be modified as
compared with the SCF ground state. This readjustment
is expected to be reasonably small in covalent semicon-
ductors, however.

The variational parameters q are determined by
minimizing the energy

(15)

According to a linked-cluster theorem one can also
write E=(goIHIgo&„where the subscript c implies that
only connected contractions must be taken when the ex-
pectation value is evaluated. Since this expression cannot
be computed exactly, a variational expansion in terms of
the g„parameters up to second order is made. This re-
sults in
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Ecorr =E EscF

n, m

(16)

where H=H —EscF. The individual expectation values
are computed by using Wick's theorem. There, the re-
striction to Auctuations for the operators O„simply
means that no contractions within the operators are al-
lowed.

Owing to this expansion, one no longer obtains an
upper bound for the exact energy when minimizing Eq.
(16). This approximation works only if the correlations
are sufficiently weak. It corresponds in quantum chemis-
try (QC) to a specific coupled-cluster calculation and is
there called CEPA-0. The local ansatz compares with
standard QC schemes in quality but it reduces drastically
the number of two-particle excitations out of the SCF
ground state that are considered. As a result, it is possi-
ble to calculate correlations for larger systems than with
conventional QC schemes. Such a reduction in correla-
tion space costs a price, though. Typically 5% of the
correlation energy obtainable by a complete coverage of
these excitations for a given one-particle basis are

t 10, 11

The actual computation of the correlation energy for a
solid separates into independent sets of calculations. The
starting point is a SCF calculation within a sufficiently
good basis set (here a double- g plus polarization function
set is used; this means two sets of GTO's for each occu-
pied orbital and one set of d orbitals for each atom).

The second step is the coverage of interatomic correla-
tions for the whole solid. The corresponding operators
describe mostly correlations which arise due to bonding.
In the case of BN, the natural choice for the localized
functions g,.(r) forming these operators is the one of
atomic hybrids, i.e., hybridized s and p atomic orbitals,
which point into the bond directions. They are obtained
from the occupied orbitals of the SCF ground state (see
Ref. 14). All these atomic orbitals are orthogonalized to
the core states and to each other. These correlations are
quite strong and for them, Eq. (16) is computed without
further approximations. The most important contribu-
tions come from operators where the orbitals i and j are
on the same atom [see Eq. (13)]. Operators built from
pairs of orbitals on neighboring atoms are considered too,
and longer-range correlations are estimated. Details will
be given below.

The final step is the inclusion of the intra-atomic corre-
lations. They describe the short-range part of the corre-
lation hole. In order to treat them properly, the atomic
volume of the different atoms needs to be subdivided as
finely as possible. It is separated into different shells,
each of which is segmented into different angular regions.
This subdivision depends on the number of basis func-
tions available on a given atom. The segmentation of the
atomic volume becomes finer the higher the angular func-
tions used. Here, we used two shells for each atom, one
with a 12-fold and the other with a 4-fold segmentation.
The optimization of the intra-atomic regions was per-
formed by minimizing a partial contribution to the total
correlation energy making a number of simplifying ap-

proximations. This step was explained in Ref. 14 in de-
tail. The dominant part of the total intra-atomic correla-
tion energy is obtained by adding these contributions
from all atoms independently. Small corrections need
then to be computed. They come from overlap effects of
different atomic volumes and from short-range correla-
tions of electrons on neighbor atoms and will be discussed
in connection with the actual calculation.

III. NUMERICAL APPLICATION
TO BORON NITRIDE

A. SCF calculation

The SCF calculation was performed with the Hartree-
Fock self-consistent-field (HF SCF) computational
scheme CRYSTAL. ' This program has been adapted to
the aims of the local ansatz and has been used for correla-
tion calculations on diamond and graphite before. ' For
boron nitride, the SCF calculation was done within a
finite basis set by using for each atom a (7s3p/4s2p) con-
tracted GTO basis set which was optimized by Roos und
Siegbahn for the individual atoms. An additional set of
polarization functions was also included. Since the elec-
tronic charge redistributes in the crystal as compared to
the atoms, for each atom the outermost exponents of the
s and p functions were replaced by a common exponent
and were reoptimized on the SCF ground-state energy.
Due to a large change for the outer exponents on the B
atom, the third s and the first set of p functions on it
needed to be rescaled too in order to avoid linear-
dependency problems in the SCF computations. The
basis functions are represented in Table I.

The total energy per unit cell of this SCF ground state
is EscF= —79.209 a.u./unit cell. Within the original
basis set, the SCF ground-state energies for the single
atoms are E~ = —24. 513 a.u. and E&= —54. 335 a.u. ,
respectively. This implies an electronic binding energy of
ssc„=—0.361 a. u. /unit cell. The additional sets of d
functions contribute to it with an energy of —0.025
a.u./unit cell. In order to estimate the Hartree-Fock lim-
it we analyzed the results of calculations for small mole-
cules such as BH3 and NH3 within a more complete basis
set. There it was found that an additional set of d and f
functions leads to a gain in energy that is one order of
magnitude smaller than with the first set of polarization
functions. We assume that the corrections are of the
same order for BN. The final results are listed in Table II
together with the estimated uncertainties. A previous
calculation within a different basis had given a SCF bind-
ing energy of EscF= —0.354 a.u./unit cell, in very good
agreement with our result. There, the basis set was of
comparable quality for the valence orbitals but had only
one orbital each for the core states, thus keeping them
frozen in the form for the neutral atoms.

B. Interatomic correlations

The first part of the correlation procedure consists in
performing the interatomic correlation calculations. For
this purpose, the functions g,.(r ) for the interatomic
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TABLE I. Exponents and coefficients for the basis orbitals and the core and valence atomic orbitals
for the B atom and N atom in BN.

B Sl

Exponents

992.49
147.33
31.735 9

8.389 4

Coefficients

0.0075
0.0583
0.2801
0.7484

Core orbitals

0.6203

Valence orbitals

—0.0437

$2

$3

$4

Pl

p2
d]

2.486 51
0.508 6
0.2
4.233 4
0.832 55

0.2
0.5

1.0
1.0
1.0
0.1983
0.8908
1.0
1.0

0.4470
0.0395

—0.0096
0.0

0.0
0.0

—0.0631
0.0548
0.1421
0.0967

0.1071
0.0

Sl

$2

$3

S4

p&

p2

2038.41
301.689

66.463
17.808 1

5.304 5
0.765 0
0.31
5.954 6
1.232 9
0.31
0.7

0.0074
0.0574
0.2729
0.7540
1.0
1.0
1.0
0.2201
0.8729
1.0
1.0

0.6022

0.4663
0.0576

—0.0044
0.0

0.0
0.0

—0.0463

—0.0645
0.1229
0.2076

—0.2042

—0.2582
0.0

TABLE II. SCF binding energy and HF limit (a.u. ).

(4s2p 1d)
finite basis corrections

HF limit

~SCF

—0.361'
—0.003b+0.002
—0.364~+0.002

'Present work.
Estimated.

correlations of the valence electrons were calculated to-
gether with the atomic core functions to which all these
functions need to be orthogonalized. This way, the corre-
lations restrict to the valence shell only. We assumed
that the core orbitals are sufficiently well described in
terms of the basis functions on the individual atoms. The
corresponding coefficients were obtained after a Wannier
transformation of the Bloch states which described the
lowest occupied bands and by neglecting contributions
from other sites. The core orbitals in terms of the basis
orbitals are given in Table I.

With these core states known, the density matrix is re-
duced to the density matrix of the valence electrons.
From the latter, the functions g;(r) for the valence elec-
trons, i.e., orthogonalized atomic hybrids, were generat-
ed. ' First the two different atomic hybrids, which point
into the bond direction, were constructed from a bond or-
bital. The latter one was generated by localizing the oc-
cupied eigenfunctions of the density matrix.

The last column of Table I contains the basis orbital

coefficients of a bond orbital from which the two respec-
tive hybrids were generated. Here, the N atom joined by
the bond is assumed to be in the (1,1,1) direction of the B
atom. In the table, the coefficients for the p orbitals
represent the values to be taken for each of the x,y, z or-
bitals. d-orbital contributions were omitted.

The other functions were generated by applying the
operations of the space group. In a next step they were
orthogonalized among each other and to the core states
of different atoms. Such an orthogonalization is per-
formed within a cluster of finite size. More than 99% of
the total electronic charge is covered by these states so
that they are well suited for a charge distribution analysis
(see Sec. IV).

The interatomic correlations separate into three parts.
First the contributions from operators defined on single
atoms were calculated. Due to crystal symmetry, this
problem reduces to six different g parameters, one for
each kind of operator defined for the two different atoms
[see Eq. (16)]. The calculation of the expectation values
(O„H), and (O„HO ), converges well within a small
cluster. In a first step, clusters which contain one of the
central atoms and its four nearest neighbors were con-
sidered (cluster I). These clusters were then systematical-
ly increased. Convergency was reached when all next-
nearest-neighbor effects were covered. There is no need
for a cluster that contains all next-nearest neighbors of a
given atom at once. Rather, it is sufficient to include a
subset of next-nearest neighbors only. This leads to a
cluster with eight atoms that when properly chosen
serves the calculations on nitrogen as well as boron at the
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TABLE III. Expectation values ( O„K ), ( 0 HO„) for interatomic operators on the B atom and the
N atom each for difFerent cluster sizes.

Cluster I
Corrections cluster II

Binding direction No-binding direction Final result

&n, ,n, ,H&
& n, n, 8&
&s, .s,8 &

0.026 14
0.028 86

—0.003 51

B atom
+0.000 58
—0.003 38
+0.000 30

—0.000 16
—0.000 69
+0.000 06

0.026 26
0.020 74

—0.002 79

(n;tn;~Hn;tn;~) 0.099 11
0.418 70
0.064 98

+0.000 69
+0.003 18
+0.000 33

+0.000 06
—0.00007
+0.000 05

0.099 97
0.424 93
0.065 74

&n, ,n, )H)
& n, n, 8)
&s; sI8&

0.031 09
0.040 61

—0.004 06

N atom
—0.001 30
+0.001 04
—0.000 09

—0.000 03
+0.000 12
—0.00003

0.029 71
0.042 91

—0.004 28

(n, tn;~Hn;tn;~)
(n;n, Hn;n, )
( s;.s,Hs; s, )

0.084 84
0.371 52
0.052 63

+0.003 46
+0.006 97
+0.001 72

+0.000 24
+0.001 02
+0.000 19

0.088 22
0.387 49
0.056 45

same time. Table III shows that for both atoms the larg-
est cluster to be computed contains eight atoms. These
are the two central atoms and all their nearest neighbors
(cluster II). The dominant corrections come from expec-
tation values where the local orbital in the direction to-
ward the additional atoms is involved.

Correlations between neighbor atoms were included
and longer-range contributions estimated. They describe
van der Waals polarization effects, i.e., they behave like
1/R with increasing distance. The final results are
presented in Table IV.

The calculation of the interaction matrix elements V; &I

needed for these computations was performed within the
Karlsruhe version of the Columbus program package.

C. Intra-atomic correlations

The next part of the correlation calculations consists in
computing the intra-atomic correlations. To determine
the intra-atomic orbitals g;(r) for boron and nitrogen, we
used the same method as for Si before. ' As done there,
the cutoff parameters and weight factors by which these
states were generated from the atomic orbitals were opti-
mized by a set of calculations within a small five-atom

TABLE IV. Contributions to the correlation and binding energies.

Boron nitride
(a.u./unit cell)

Interatomic correlations

B atom
(a.u. )

N atom
(a.u. )

Binding energy
(a.u./unit cell)

Single-site operators
Neighbor-atom operators
Longer-range correlations
Total interatomic contributions

—0.065 92
—0.003 1
—0.001 0
—0.070 1

+0.000 5
+0.000 5 —0.021

Single-site operators
Overlap corrections
Neighbor-atom operators
Total intra-atomic contributions

—0.117 1

+0.002 3
—0.016 8
—0.131 6

Intra-atomic correlations

—0.037 —0.086

Result LA
Correction LA
Correction finite basis

—0.201 7
—0.010
—0.084

Total correlation energies
+0.000 5 —0.058
+0.001 —0.003
+0.006 —0.011

—0.086
—0.005
—0.036

—0.058
—0.002
—0.037

+0.001
+0.001
+0.006

Final result —0.296 +0.007 —0.072 —0.127 —0.097 +0.007
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cluster each, including the atom involved and its nearest
neighbors. For these optimizations, the calculations were
restricted to second-order perturbation expansion, i.e.,
the values (OHO ), were replaced by (OHs&„O ), .

Since interatomic and intra-atomic operators are
nonorthogonal, both types of correlations have to be tak-
en into account simultaneously in order to determine the
intra-atomic contributions. Intra-atomic contributions
are defined in the following as modifications due to the
newly added intra-atomic operators.

First the single-site contributions were computed. In
evaluating the matrix elements only those basis functions
were included which are centered either at one of the cen-
tral atoms or at one of its nearest neighbors. Going to an
eight-atom cluster increases the single-site intra-atomic
contributions on boron by roughly 5% leading to a total
correction of 20%. Here, the more delocalized character
of the electrons on boron shows up since corresponding
calculations for nitrogen converge better. In order to ob-
tain a well-converged result for boron, an additional com-
putation was performed for a cluster that includes three
specific third-nearest neighbors in one direction. The in-
clusion of these additional local states did not change siz-
ably the results anymore, guaranteeing that convergency
was reached by the calculation within the smaller cluster.

The total intra-atomic correlation energy is not just a
superposition of single-site contributions. As has been
found out before, the only relevant corrections to such a
superposition arise from neighbor sites. They are split
into two different contributions. The first is an overlap
effect. It arises because neither the local regions around
individual atoms are well separated from each other nor
are the intra-atomic correlation operators on difFerent
sites orthogonal. Such an overlap effect is computed by
performing a calculation with intra-atomic correlations
on a boron and a nitrogen site at the same time and com-
paring the result with the individual boron and nitrogen
contributions. When summed up, the overlap corrections
are one order of magnitude smaller than the single-site
contributions.

The second contribution arises from short-range corre-
lations between neighboring atoms. They are covered by
operators built from pairs of intra-atomic states, one
from boron and the other from nitrogen. The individual
contributions and the final results are presented in Table
IV.

This fast convergency of the intra-atomic correlation
contributions is not astonishing because the dominant
longer-range parts are covered by the interatomic contri-
butions.

As mentioned above, for these computations the larg-
est cluster from which all information may be gained to
obtain well-converged results for the single-site intra-
atomic contributions contained 11 atoms. Most compu-
tations were performed for clusters containing eight
atoms only. In previous calculations, ' '"' only for the
two central atoms of such an eight-atom cluster the basis
set needed to be extended by d functions. The reason for
this restriction was that these calculations were based on
a SCF computation within a basis of double-g quality and
only for correlation purposes one set of d functions on

each of the central atoms was added.
Here, polarization functions were already used on the

SCF level. Within the present calculation, d orbitals
were therefore included on all the atoms of the clusters.
Leaving them completely out would cause on the intera-
tomic level an increase in interatomic correlation energy
of 9%. For intra-atomic calculations, the effect of the d
orbitals could not be well estimated from results with d
orbitals on the two central atoms only. It turned out that
the effect of the d functions on two nearest-neighbor
atoms is not additive. For nitrogen a complete set of
nearest-neighbor B atoms including d functions was need-
ed. These functions, although not used for the local
states in this calculation, changed the total intra-atomic
correlation energy on nitrogen by 13/o. A set of addi-
tional d functions on one of these nearest neighbors alone
already changed this energy by 11%. A guess of the
effect of nearest-neighbor d functions based on the latter
value alone would have led to a correction of 44% and
caused an error of 31%. Convergency for the intra-
atomic correlation energy on boron with respect to neigh-
bor d functions was better. There the final result could be
predicted from a cluster calculation with d orbitals on
two sites only with an accuracy of 0.3%. An explanation
for this difference is certainly that the d orbitals on the B
atom are considerably more delocalized than those on the
N atom.

D. Binding energy

Knowing the corresponding value for the free atoms
and the solid within the related finite basis sets, it is easy
to calculate the individual contributions to the binding
energy. So-called interatomic correlations on a B atom
refer to excitations within the valence shell, i.e., from the
2s occupied orbital into 2p unoccupied ones. Such an ex-
citation does not exist for the N atom. In Sec. III A, the
calculated binding energy in the SCF approximation and
the estimated HF limit were discussed. Correlation ener-
gy contributions to the binding energy are listed in the
last column of Table IV.

The calculations done so far have two shortcomings.
The first is due to the specific selection of operators from
the total space of two-particle excitations within the re-
stricted basis set. From molecular calculations, it is
known that the local ansatz misses roughly 5% of the to-
tal correlation energy due to this restriction. ' '" We as-
sume that the same shortcoming applies for solids as well.

The second and most important correction is connect-
ed with the finite basis used here. It is known that such a
basis set underestimates the correlation energies for the
independent free atoms by —0.011 a.u. for boron and—0.036 a.u. for nitrogen, respectively. The correlation
energies of the atoms when calculated within the same
basis set as used in the solid computation (but without
contractions of the outer exponents) were determined by
a standard quantum-chemical calculation. The corre-
sponding correlation limits were taken from the litera-
ture. ' It is further known how these corrections
change when the atoms are part of a small molecule like
BH~ and NH~ (for a detailed discussion, see the Appen-
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TABLE V. Binding energy contributions of boron nitride
(a.u. /unit cell).

TABLE VI. Electronic binding energy of BN, diamond,
graphite, and polyethylene (a.u. /unit cell).

SCF result
Finite-basis corrections
HF limit (estimated)

Correlation contributions
Result local ansatz
Corrections LA
Finite-basis corrections

—0.361
—0.003
—0.364

—0.058
—0.002
—0.037

+0.002
+0.002

+0.001
+0.001
+0.006

Binding energy

Boron nitride
Diamond
Graphite
Polyethylene

Estimated value

—0.449+0.007
—0.541+0.007
—0.556+0.007
—0.470+0.005

Experimental value

—0.485
—0.555
—0.555
—0.468

Final result
Zero-point motion

—0.461
+0.012
—0.449

+0.007

+0.007

Experimental value

'Reference 5.

—0.485'

dix). A first guess for the basis size defects is to transfer
these values to the solid calculation. That is for the total
correlation energy roughly the correction for a free B
atom multiplied by a factor of 1.6 and that for a free ni-

trogen atom by a factor of 1.9. From similar compar-
isons on C rnolecules it is known that such factors usually
vary by 10% for diff'erent bonding.

Adding these finite-basis-size corrections to the final re-
sult, an estimated total correlation energy per unit cell is
obtained, together with an error bar representing the un-

certainties for estimates on small molecules. These values
as well as the final values for the correlation contribu-
tions to the binding energy are listed in Table IV, too.
The final result for the binding energy is presented in
Table V. In order to compare with experimental values,
corrections due to zero-point vibrations of the atoms
were subtracted. The outcoming binding energy is un-

derestimated by 0.036 a.u. as compared with the experi-
mental value. The defect is one order of magnitude
larger than the error bar due to uncertainties in the esti-
mates of the finite-basis-size corrections.

E. Inclusion of new basis functions on empty sites

The deviation of the binding energy computed so far
from the experiment can only be explained by a poor esti-
mate of finite-basis-size corrections. As was explained
above, the basis size defects were guessed by transferring
the corresponding values found for small molecules to the
solid calculation. Table VI present a few results obtained
by the same method as in the present calcUlation.

As can be seen, the defects occur only for both three-
dimensional solids diamond' ' and BN but not for
graphite' and polyethylene. ' There is an important
diff'erence between these systems. While the outer envi-
ronment in all low-dimensional systems looks like that of
small molecules, the situation in a three-dimensional solid
is very diA'erent. There is no outer-atom-like part of the
electronic charge around the atoms. Besides, in the cases
considered here, the three-dimensional structure contains
large open areas. These areas contain a non-negligible

part of the electronic charge that might be seen as being
condensed from the outside charge of the individual
atoms. It is plausible to assume that correlations within
these areas are very diAerent from correlations in the
outer parts of a molecule or atom. Although the charge
distribution within these areas is apparently well de-
scribed by the basis orbitals centered on the individual
atoms, these basis orbitals contain no degree of freedom
for a finer short-range correlation within these domains.
Therefore all changes in correlation energy due to such a
charge redistribution were left out so far. When compar-
ing diamond with BN, then we expect larger corrections
for those domains for BN because the charges around B
atoms, although smaller than those around C atoms, are
significantly more delocalized. This argument would al-
low one to understand the increase in deviations for BN.

In order to test this idea, we have repeated the correla-
tion calculation including an s-like function on each of
the interstitial positions. As the exponent, we have
chosen o. =0.4 a.u. These interstitial positions can easily
be imagined when describing the BN crystal structure
within a cubic supercell with length a. There, the B
atoms have a fcc-like order with one atom fixed at
r=(a /4)(0, 0,0) in the unit cell and the N atoms the same
order with one atom fixed to r=(a/4)(l, l, l). One set of
empty sites is used to add four new neighbors around
each B atom to the existing four N atoms. We call these
sites pseudo-N-sites. They are represented by the posi-
tion r = (a /4)(1, 1,—1). Corresponding, pseudo-8-sites
are generated at the position r=(a/4)(0, 0,2) and its fcc
lattice. The change in the SCF energy is 1.010 a.u. , in-
dicating that there is no need for such functions on the
SCF level.

For the correlation calculation these interstitial orbit-
als were used as additional intra-atomic regions on the in-

terstitial sites. These positions were treated like normal
atoms. This leads first to a single intra-atomic correla-
tion contribution on each of them and next to overlap
and pair correlation corrections with neighbor B and N
atoms each. As was already explained in Sec. III C, for
the evaluation of matrix elements only basis functions on
a small cluster were used. When these intra-atomic
correlation calculations for the pseudo-atom-sites were
performed, a complete neighborhood of each of the two
diA'erent pseudoatoms was included. This led to a cluster
of 16 atoms. To make such a computation feasible, d
functions were added only on B atoms and on the central
N atom.

From the positions of the pseudoatoms in the unit cell,
it follows that each pseudo-N-site has four nearest-
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neighbor B atoms, four nearest-neighbor pseudo-B-sites,
and six next-nearest-neighbor N atoms. A similar rela-
tion holds for each pseudo-B-site.

Table VII gives the additional contributions to the
correlation energy. When added up, a sizable increase of
the total correlation energy is found. For the binding en-

ergy, the effect of these additional basis functions for the
individual atom calculations needs to be considered. It
was found that four additional s orbitals in the pseudo-N
positions around a B atom lead to an increase in correla-
tion energy of 0.0015 a.u. , the corresponding pseudo-8
functions for a N atom to 0.0017 a.u. As can be seen,
these functions are roughly a factor of 4 more relevant
for the solid leading to a sizable contribution to the bind-
ing energy that amounts to —0.010 a.u./unit cell. The
rescaling factors 1.6 and 1.9 found from molecules would
only have given a contribution to the binding energy that
amounts to —0.002 a.u./unit cell. Therefore one-quarter
of the original defect in the binding energy estimate is re-
moved by adding only a single s orbital on each of the in-
terstitial positions. The outcoming value is —0.4S7
a.u./unit cell. Adding a larger basis set on these places
would allow one to improve this result even more.

When returning to the empirical rescaling of finite-
basis-size defects, one sees that values halfway in between
the rescaling functions as found from the molecules and
as found from the interstitial contributions would bring
the binding energy close to the experimental value.

Our results indicate that the calculations done so far
have covered correlations in the interstitial regions poor-
ly. An important task for the future will be to cover
these contributions better and to develop a way to derive
an empirical correction for the finite-basis-size defect that
includes these contributions as well.

Our present guess for the binding energy is still 0.028
a.u. above experiment. It is of interest to compare this
value with results obtained within the LDA. ' There,
calculations using plane waves as basis functions obtain
values that overestimate the binding energy by 0.041 a.u.
A difterent LDA calculation in a GTO basis set of
double-g quality led to a binding energy of —0.496

a.u. /unit cell. Its deviation from the first result of 0.030
a.u. /unit cell originates from the lack of polarization
functions which contribute significantly as seen in our
SCF calculations. There, the di6'erence between a
double-g result and our guess of the HF limit amounted
to 0.028+0.002 a.u. /unit cell.

IV. CHARGE DISTRIBUTION
AND CORREI.ATION STRENGTH

It is very easy to deduce the ionic charge distribution
in BN from our calculation, since for correlation pur-
poses orthogonalized atomic orbitals (hybrids) were gen-
erated. For the SCF ground state, we obtain a valence
electron charge (n, & for atomic orbitals i on B sites of
0.3146 and for hybrids on N sites 0.6841. This leads to a
total charge of np, =2.517 and nN =5.473. The approxi-
mations made when the atomic hybrids were determined
cause a total loss in charge of roughly 0.1%. This ionic
charge on boron of +0.48 is much larger than values
found by a Mullican population analysis within a calcula-
tion using a minimal basis before. We did not attempt to
find out whether this discrepancy originates from ar-
tefacts of the small basis in this calculation or whether it
is connected with principal shortcomings of a Mulliken
analysis for solids. Our interpretation of the charge dis-
tribution with the help of orthogonalized atomic orbitals
leads to an ionizity in fair agreement with a value needed
to explain the pion capture at the boron nucleus. 28

There, interesting differences arise for the difterent struc-
tures of BN.

When correlations are included, this charge distribu-
tion changes only very little. Therefore BN comes out
rather ionic with half an electron transferred from the
rather delocalized atomic orbitals on boron into the local-
ized ones on nitrogen.

Of interest is furthermore the strength of the correla-
tions X. It is defined as the reduction of charge Auctua-

tions within an atomic hybrid i around the average
charge distribution due to correlations
(b, n; 5n; —), compared with the maximal reduc-

corr SCF

tion {b, n —b, n ), present in the completely correlat-
0 SCF

ed state, i.e.,

TABLE VII. New contributions to the correlation energy
(a.u./unit cell).

pseudo-N correlations

An, —An,
corr SCF

An, —An,

Single-site operator
pseudo-N-8 operators
pseudo-N-N operators

pseudo-8 correlations
Single-site operator
pseudo-8-8 operators
pseudo-8-N operators

pseudo-N pseudo-8 correlations

Final result

—0.0030
—0.0039
—0.0026

—0.0010
—0.0006
—0.0018

—0.0001

—0.0130

(18)

where n'n; is defined as b, 'n, = &n,2& —&n,

Within a perfectly correlated limit but with a charge
distribution n; that is not an integer number, there is a
residua1 charge fluctuation that amounts to

n, (1 n, ), O~n, ~1—
(19)An; ='

(2—n, )(n, —1), 1 ~n, ~2 .

Charge fluctuations are largest in the SCF ground
state:
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TABLE VIII. Relative and absolute reduction of charge Auc-

tuations within the atomic hybrids and of the total charge Auc-

tuations.

Boron nitride
B atom N atom Diamond

X
hn, ;

—hn;
corr SCF

2 2~ +corr ~ nSCF

23%
0.024

28%
0.42

30%
0.031

40%
0.60

16%
0.040

32%%uo

0.64

The actual charge fluctuations in the correlated ground
state are roughly given as

b, n; =—b nscF —2+g„(O„n;tn;t), . (20)

Table VIII contains the correlation strength as well as
the absolute reductions of the charge Auctuations in an
atomic orbital for boron and nitrogen and compares it to
the values on a C atom in diamond. It can be seen that
the electrons in nitrogen are rather strongly correlated.

Another value of interest is that of the total charge
Auctuations. In the SCF approximation, this value
5 nscF is given as the sum over the individual charge
Auctuations in each atomic hybrid while correlated
reductions of charge Auctuations 6 n„„arise from
correlations in the individual hybrids but between them
as we11. Table VIII gives the values 6 n„„—6 nsc„and

2 2
corr ~ nSCF

n scF
(21)

V. CONCLUSIONS

We have given results of a detailed correlation calcula-
tion for the ground state of boron nitride. As in all cases
handled before, correlations on the atomic scale, i.e.,
correlations described by interatomic operators, play a
dominant role. Charge Auctuations that come in due to
bonding are reduced by almost 50% as compared with
the SCF ground state. It is due to these corrections that
many-body effects inAuence ground-state properties
mostly. This is seen by the answer to the quest for the
origin of dimerization in polyacetylene' as well as by an
explanation for a lot of smaller or larger defects of the
description of transition metals within the LDA. ' In
the latter case, these conclusions could not yet be made

Here, it can be seen from the values for 8, C, and N
that the relative reduction 6 rises almost linearly with
the occupation. These values demonstrate once more
that electrons in inhomogeneous systems correlate sizably
on an atomic scale. Atomic charge Auctuations are al-
ways reduced to values almost halfway in between the un-
correlated and the strongly correlated limits. The results
for these correlations are very little inAuenced by short-
range correlations. Therefore the restriction to a finite
basis set per atom does not matter for them.

from ab initio calculations but were based on a careful
treatment of a reasonable model Hamiltonian. Even for
high-temperature superconducting compounds, these
many-body effects could be analyzed —this time by ab ini-
tio calculations but for finite clusters only, not yet for the
ol'd 32, 33

The largest shortcomings within our correlation calcu-
lations arose for the correlation energy and its contribu-
tions to binding. The reason for this defect is well known
from molecular calculations. Within a given one-particle
basis, the very short-range cusp of the correlation hole
around the individual electrons is poorly described. It is
averaged over the partial atomic volume spanned by the
typical hybrids that can be formed from the given basis.
Within the actual basis set used, the valence electron
correlation energy is underestimated by 30%. A finite-
basis-size correction was introduced before that splits the
basis defect into a set of contributions on the individual
atoms. These contributions were taken from results on
small molecules. While this empirical correction has
worked rather well so far, a deficiency of 10% was found
for the compound BN. It was demonstrated that this de-
fect originated from a poor coverage of correlations in
the interstitial positions within the given basis set. For
the future, the basis sets used need to be extended by
functions on interstitial positions, as was done here.

It is of interest to make a comparison with another
scheme with which correlations in inhomogeneous sys-
tems can be handled. ' ' lt is a Monte Carlo integration
of a specific Jastrow ansatz. Starting from an SCF
ground state, correlations are added by an exponential
operator. In its exponent, a two-particle density operator
is written that simulates the correct correlation cusp for a
homogeneous electron gas with the average density of the
solid or alternatively contains a single variational param-
eter determining this cusp. This way, the short-range
part of the correlation hole is much better covered than
within a calculation limited to a finite one-particle basis
set. However, no special attention is given to correlations
described by atomic operators and the long-range corre-
lations may well be described completely wrong. Cover-
ing these correlations by additional operators would re-
quire one to optimize too many variational parameters
within such a Monte Carlo calculation. It was a remark-
able success that within this scheme the correlation of the
valence electrons of diamond could be computed. '" It
turned out there that within such a single parameter
treatment almost 90% of the correlation energy could be
obtained. ' ' ' For diamond, interatomic correlations
contribute with 25% to the correlation energy, ' ' indi-
cating that more than half of the energy gain due to these
correlations is covered by the single parameter ansatz.
For the binding energy contribution, the deficiency of
this ansatz is somewhat larger. This shortcoming is hid-
den by a too large estimate for the HF binding energy.
Within a Monte Carlo calculation, one is restricted to
systems of finite size. Therefore, on the level of the one-
particle calculations, a finite size correction needed to be
estimated. This correction was apparently overestimated,
as can be seen when comparing the resulting HF binding
energy with previous estimates. ' ' ' A detailed com-
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parison will be given elsewhere. '

There are difFerent alternatives to improve beyond the
present state of our correlation calculations. The first is
to stay in finite but more extended basis sets. A set ex-
tended to two d-function sets and one f-function set per
8 or N atom can be handled within the correlation treat-
ment without problems. When some basis functions on
the interstitials are added too, then such a basis should
decrease the actual basis size defect to less than half of its
present size and should allow one to obtain a more pre-
cise estimate of the contributions still lacking.

An alternative is to introduce two-particle wave func-
tions so that the correlation cusp is better described but
to stay within an analytic treatment. Such schemes have
been recently worked out for atoms and small mole-
cules. When extending the local ansatz, these func-
tions would come in for intra-atomic correlations only.
Due to the experience gained for intra-atomic correla-
tions, they would, even for a solid calculation, enter only
for single sites and pairs of neighbor atoms; furthermore,
they were to be included only in second-order perturba-
tion expansion, restrictions that make such an extension
feasible.
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APPENDIX: ESTIMATE OF FINITE-BASIS-SIZE
CORRECTIONS FOR THE MOLECULES BH3 AND NH3

In order to be able to estimate the basis size defects for
solid calculations, it is necessary to obtain them for small
molecules. Here, we have selected BH3 and NH3 as
representatives for the solid 8N. The experimental
values for the binding energy of these molecules c.„,has
been deduced from standard heat of formation data.

TABLE IX. Contributions to the binding energy (a.u.).

~e]ec

HF limit

~corr

e„„(fb)
~~XH

3

'Reference 25.
Reference 39.

'Reference 27.

BH3

—0.443 32
—0.371 57'
—0.071 7S
—0.059 60'
—0.012 15

NH3

—0.473 82
—0.325
—0.149
—0.112'
—0.037

Those were corrected by the zero-point vibration energy,
E„;b(0K), i.e., the electronic contribution to the binding
energy is defined as

E]Ept E'b(OK) (22)

—0.00615 a. u. , X =8
—0.03086 a. u. , X=N . (23)

The same basis set underestimates the correlation ener-
gies for the independent free atoms by —0.011 a.u. for
boron and —0.036 a.u. for nitrogen, respectively. For the
molecules, the deficit in total correlation energy is
represented by the one for a free 8 atom multiplied by a
factor of 1.6 and that for a free N atom, multiplied by a
factor of 1.9.

When subtracting from E,&„ the HF limit of the bind-
ing energies, an estimate for the correlation energy con-
tribution to the binding energy (E„„)is obtained. This
value is compared in Table IX with the corresponding
contribution obtained within the finite basis E„„(fb).

The resulting defect b, E~H (X =B,N), is roughly
3

separated into X and H atomic contributions. The
corrections for the X atom within the molecule XH3, i.e.,
b.~(XH3), turn out to be

b «(XH3) = —3bH(XH3) + bc~H
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