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Electrical resistivity of thin potassium films: Evidence of a weak quantum confinement
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A study of the temperature dependence of the electrical resistivity due to the electron-phonon um-

klapp scattering process [p( T) —(T/B)" exp( —B/T)] of thin potassium films shows that the thickness
dependence of the parameter e, when n is a fixed constant, is closely related to the sample thickness
dependence of the energy difference, b e between the adjacent electronic subbands, which is caused by
the weak quantum confinement of a free-electron gas, i.e., whenever the thermal energy k& T, the level
broadening A/t, and be are interrelated as kz T)Ae »R/t. It is suggested that this type of confinement
may cause the recently reported anomalous behavior in the temperature coeKcient of the resistivity of
thicker samples of alkali metals that have been studied at much lower temperatures than the 4.2—17.4-K
range of the present study.

In an infinite crystal, the electron energy is known to
be a multivalued function of the crystal quasimomentum
k. For a thin metallic film with an infinite extension in
the XFplane and confinement in the Z direction, the en-
ergy spectrum in the case of perfectly Oat surfaces is
given by a particle in the box model for independent elec-
trons as

E(k, n)=A' k /2m +eon, n =1,2, . . . ,

so that the in-plane momentum is specified by a continu-
ous quantum number k and n is a discrete subband in-
dex. The zero-point energy eo is given by
eo=(irt~) /2md, where d is the film thickness and m is
an effective mass. The energy difFerence between adja-
cent subbands for a given k value is

b,e=eo(2n+1), n =1,2, . . . , (2)

which, for the subbands in the vicinity of the Fermi ener-
gy, is written as

he~= vF(birr/d ) . (3)

For the weak-quantization case, we assume that
n =nF )) 1 and the Fermi velocity UF is specified in terms
of the Fermi momentum kF =AmnF /d by the substitution
UF =kF/m. We note that this model is equivalent to the
assumption that electronic states are represented by
standing waves, which correspond to the elastic refIection
at the film boundaries. ' The subband splitting might be
washed out by the level broadening due to the diffusive
reflection (rough surface), impurity scattering, and/or the
background scattering mechanism (e.g., electron-phonon,
electron-electron, lattice imperfections) which, in the
relaxation-time approximation, is of the order of A/t.
Here t is the relaxation time of the bulk specimen. The
temperature smearing of the discrete nature usually
occurs whenever k~ T))AeF, where kz is the Boltzmann

constant. Trivedi and Ashcroft have recently shown
that, in the case of a strong quantization (i.e., kz T« b,e),
the perfect reAectivity from the film boundaries does not
result in the recovery of the bulk electrical resistivity as
one might expect for the thin-film resistivity from the
models which are based on the Fuchs-Sondhiemer
analysis. Unfortunately, the treatment of Trivedi and
Ashcroft is limited to the T =0 K case, which makes it
dificult to compare it with the data of the temperature
dependence of the electrical resistivity in the limit
k~T&heF))A'/t. Let us, at this point, compare the
characteristic energies ks T, b.e, and A/t for the recently
reported study of the temperature dependence of the elec-
trical resistivity of thin potassium films with the thick-
ness d in the range 3.4—67 pm and for the temperature
range T=4.2 —17.4 K. For the film thicknesses of the
order of tens of pm (which is comparable with the mean
free path of pure bulk potassium at helium temperatures),
the quantum numbers of the levels in the Z direction in
the perfectly specular case are still as big as several tens
of thousands. However, for d = 10 pm and T = 5 K, the
thermal energy k~T=0.43 meV is only slightly larger
than the separation between the adjacent levels that is of
the order of 0.18 meV for this case. Here we have used,
in Eq. (3), that, for potassium, the free-electron value of
the Fermi velocity at T=5 K is OF=0. 86X10 m/sec.
Using the data of Ekin and Maxfield for electrical resis-
tivity of bulk potassium samples, pz, and the free-
electron relation

t =0.22/p~(rla) X 10

we estimate the A/t term to be 0.002 meV at T=5 K
[here rla is a ratio of the free-electron sphere radius to
the Bohr radius, which is equal to 4.86 at T=5 K; p& is
expressed in pA (Ref. 6)].

From these estimates one sees that the study of Ref. 4
corresponds to the case k~ T & heF &)R/t. It was found"
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the Fermi velocity at T =5 K. This observation, togeth-
er with the approximate relation that is given by the
second line of Eq. (6) brings us to suggest that, under the
conditions of the weak quantum confinement (i.e.,
kit T )he~))A'/t) of the conducting electrons, the prin-
cipal temperature-dependent part,

bp, (T)=p, (T)—p, (0)

0.2 04

of the electrical resistivity of potassium may be expressed
in terms of its ideal bulk counterpart, hpti(T), in the fol-
lowing form:

1/d( m )
Ap, (t) —bp~(T)exp( v~kr—r/dkti T) . (8)

FICx. 1. The linear increase of 6 (fixed n =1.00) as a function
of the reciprocal of the film thickness (p m)/d, see Eq. (5).

that, for T =4.2 —17.4 K, the temperature dependence of
the electrical resistivity of thin potassium films can be ex-
pressed in the form

p&( T) =p&(0)+ C&( T/6)"exp( —B/t), (4)

where the subscript 5 indicates the size-effect case. We
quote here that, for a fixed value of the power n =1,
which was found for the bulk case by van Kempen
et al. , the parameter e shows a linear increase with the
increase of the reciprocal thickness 1/d. This observa-
tion is presented in Fig. 1 and the empirical thickness
dependence of 8 is given by

6=6( ~ )+ A/d, (5)

=p, (0)+C,septi(T)exp( —A/dT) . (6)

Here, b,pti(T) stands for the temperature-dependent term
of the background scattering mechanism for a bulk speci-
men, which, in the present case, is due to electron-
phonon umklapp process. ' The most surprising result is
that the A /d term which appears in the exponent of Eq.
(6) is, in fact, closely related to the subband energy gap
b,eF, which, at the Fermi level, is specified by Eq. (3). Di-
viding heF of Eq. (3) by the Boltzmann constant k~ (thus
expressing it in terms of K), we find that the ratio of
be~/k~ to the A/d term [see Eq. (5)] is quite close to
unity:

( b, ep /ktt ) /( A /d )= ( v Fh'm. /ktt X 2. 3 X 10 )

=0.89+0.05,
where v~=0. 86X10 m/sec is the free-electron value of

where 6(~)=16.8 K and A =(2.3+0.1)X10 Km.
The slope of this increase has been found to be insensi-
tive to a wide range of the fixed value of the power-law
parameter n. Since the value of 6 in the bulk limit
(d —+ ~ ) has been found to agree quite satisfactorily with
the reported values of 8=20—23 K, ' we may decom-
pose the second term on the right-hand side of Eq. (4) and
get, with the help of Eq. (5), the following:

p, (T)=p, (0)+C,(T/B)exp[ —6( ~ )/T]exp( —A /dT)

This result, however, is capable of giving the observed
anomalous behavior of the temperature coeKcient of the
electrical resistivity BgldT that has been reported by
Pratt and Lee et al. ' for potassium and Yu et al. " for
Li and Rb. This anomalous behavior has been discussed
by Kaveh and Wiser, ' Haerle, Pratt, and Schroeder, '

and van Vucht et al. ' It has been pointed out by
Haerle, Pratt, and Schroeder' that the explanation of
their results requires the appearance of a multiplicator of
the form exp( —b, E/T) at the lowest temperatures to fit
their data on the temperature dependence of the
electron-electron scattering T terms which is a feature of
bulk potassium samples at T &2 K. They have used the
model developed by Gantmakher and Kulesko' for the
scattering of electrons by dislocations in metals. In fact,
this model relies on the assumption that, due to the dislo-
cations, there are electronic levels which are elevated by
some characteristic energy Ac, above the energy of the
Fermi level. As we have found, the exponential term
does show up for the above-listed weak quantum condi-
tions and its characteristic energy As is equal to the value
of the level splitting heF due to the quasiconfinement of
the conducting electrons in thin potassium films. Since
the b,e~ that is given by Eq. (3) is proportional to the re-
ciprocal of the length of the smallest sample axis, we sug-
gest that the confinement of the discussed type may show
up in a study of thick potassium samples at very low tem-
peratures. We note however, that our suggested form
presented by Eq. (8), which postulates that the exponen-
tial term due to the weak electronic confinement is a
common feature of the temperature dependence of the
electrical resistivity of simple metals, should be given a
more rigorous theoretical justification. Indeed, despite
our experimental evidence that Eq. (8) holds for the
electron-phonon umklapp scattering process in potassium
films, we found no theoretical treatments of the case
k~ T) b,eF ))fi/r that would support the form of Eq. (8)
when, e.g. , b p~ ( T)-T, that is, a case for the bulky
electron-electron scattering events. The experimental ex-
tension of the study of the implication of the weak quan-
tum confinement upon the electrical resistivity of thin po-
tassium films for different scattering processes is welcome
and encouraged.
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