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We have observed radiation emitted by electrons channeled along the (110) and (100) planes of silicon
for four different beam energies ranging from 16.9 to 54.5 MeV. Taking advantage of the great sensitivi-

ty of the positions of some of the spectral peaks to the vibrations of the Si nuclei, we have determined the
vibrational amplitude at room temperature to be 0.0813+0.0009 A for the (110) plane and 0.0789+0.0007
0
A for the (100) plane. The values obtained from channeling-radiation measurements differ substantially

0
from the value of 0.075 A obtained from x-ray-diffraction measurements, which fail to distinguish be-
tween vibrational amplitudes for different planes. For many crystals, electron-channeling-radiation mea-
surements of thermal-vibrational amplitudes may prove to be more accurate than x-ray measurements.

I. INTRODUCTION

In a number of previous papers, we have reported mea-
surements of channeling radiation (CR) which have
thrown light on properties of both perfect and imperfect
crystals; Refs. 1 —4 review our work in this field. In par-
ticular, Ref. 5 details our use of the interplanar potentials
derived from isolated-atomic potentials to interpret our
channeling-radiation studies with perfect diamond crys-
tals, Refs. 6 and 7 report our determination of the Debye
temperature for silicon from measurements of channeling
radiation from cooled crystals, and Ref. 8 reports the
determination of occupation lengths in silicon crystals.
In the present work we extend the use of the continuum-
potential approximation to a systematic study of channel-
ing radiation from silicon at several incident electron-
beam energies in order to determine the thermal-
vibrational amplitudes for both the (110) and (100) planes
at room temperature.

The experimental method is detailed in Refs. 1 and 3.
Briefly, a well-collimated, low-divergence beam of elec-
trons from the Lawrence Livermore National Laboratory
Electron-Positron Linear Accelerator is incident on the
crystal under study, which is mounted in a three-axis
goniometer. After having passed through the crystal, the
electron beam is swept by a magnet into a deep beam
dump. The zero-degree spectrum of channeling radiation

produced in the crystal when one of its major planes is
aligned along the beam direction is measured in a high-
resolution germanium-lithium x-ray spectrometer. De-
tails of the experimental apparatus and setup, beam-
tuning procedures, etc. , are given in Refs. 1, 3, and 5.

Many details of the data reduction and analysis are
given in Refs. 5, 8, and 9. Over the years, our refinement
of these procedures has kept pace with the improvement
in quality of our experimental data. A secondary purpose
of this paper is to present our most accurate measure-
ments of channeling-radiation spectra of electrons chan-
neled along the two major planes of silicon.

II. ANALYSIS

A. Preliminaries

In most respects, experimentally obtained electron pla-
nar channeling-radiation spectra are usually in good
agreement with spectra calculated by the technique of
Refs. 5 and 8. For example, Fig. 1 compares calculated
and observed spectra for the case of 30.5-MeV
(y=60. 78) electrons channeled along the (110) planes of
a silicon crystal. The observed spectrum was obtained by
the experimental procedures outlined above, and was pro-
cessed by subtraction of the bremsstrahlung background
and corrections for detector efficiency, escape of 9.8-keV
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FIG. 1. Calculated (solid curve) and observed channeling-
radiation spectra of 30.5-MeV electrons channeled along the
(110) planes of silicon. Calculation assumes the nominal beam

0

energy of y =60.78 and vibrational amplitude u =0.075 A. All

except the 1~0 and 3~0 transitions match the observed spec-
trum to within experimental error.

TABLE I. Calculated and observed channeling-radiation
peak energies for 30.5-MeV electrons channeled along the (110)
planes of Si. The calculated energies are based upon the as-
sumptions y =60.78 and u =0.075 A.

x rays from the Ge detector, and pileup, as described in
Ref. 9. Numerical values for the observed and calculated
peak energies are given in Table I. It can be seen that the
calculated positions of the peaks associated with the
4—+3, 3~2, 2~1, and 4~1 transitions are in excellent
agreement with the measured positions, but the calculat-
ed 1~0 and 3~0 energies are significantly too high.

There are two possible weak links in the chain of calcu-
lations that lead to the calculated curves in Fig. 1. The
first of these occurs at the very beginning of the calcula-
tion, before the application of the continuum-potential
approximation. ' The crystal potential is computed by
adding the potentials of isolated atoms. Might the co-
valent bonding of the silicon atoms in the crystal, which
is not taken into account by this superposition, result in a
shift of the calculated photon energies? A careful con-
sideration of this question reveals that covalent bonding
in silicon cannot be blamed for these discrepancies. Co-
valent bonding in diamond, which has the same structure
as silicon, does cause a noticeable shift in photon energies
for electrons channeling along the (110) axis of the (111)
plane, but the geometry of the bond is such that the shift
is negligible for the (100) and (111) planes. ' Further-
more, covalent bonding has much less of an effect on the

potential of silicon that it does for diamond because a
smaller fraction of the electrons participate in the bond
for silicon —4 out of 14 for silicon as opposed to 4 out of
6 for diamond. A quantitative comparison of a Si(110) po-
tential obtained from a solid-state pseudopotential calcu-
lation' with a Si(110) potential obtained from the usual
superposition of atomic potentials confirms that covalent
bonding has a negligible effect on this plane.

The second possible weak link in the calculations con-
cerns the effect of multiple scattering on the positions of
the observed CR peaks. Planar-channeled particles
scatter in the direction parallel to the planes and perpen-
dicular to the forward direction. A particle traveling in a
direction 0 with respect to the forward direction may
emit channeling radiation in the forward direction. Since
this radiation is emitted at an angle of —0 with respect to
the particle's direction, the photon energy will be down-
shifted by a factor of approximately (Oy), provided that
0«y '. As a result of the downward Doppler shift of
radiation emitted by scattered particles, channeling-
radiation peaks acquire a low-energy tail and the maxima
are shifted slightly downward in energy. Could the
downward shift induced by multiple scattering account
for the discrepancies between the observed and calculated
peak energies?

B. Multiple scattering

In order to investigate the inAuence of multiple scatter-
ing on channeling-radiation spectra, a computer program
capable of simulating this effect was developed. Al-
though little is known about the multiple scattering of
planar-channeled particles, it is reasonable to assume that
their behavior is qualitatively similar to that of unchan-
neled particles, which is reasonab1y we11 understood. "
The one major difference is that the multiple scattering of
planar-channeled particles is one dimensional rather than
two dimensional —it is constrained to take place in the
direction parallel to the planes and perpendicular to the
forward direction. If the direction of the scattered parti-
cle with respect to the forward direction is denoted as
0, =(8„$,), where P, is measured from the x direction
(the direction normal to the planes), then P, =90'. Based
on these considerations, we postulate that the multiple-
scattering distribution for channeled particles in the state
i n, Ir ) can be written in the form

f„(8„z)= e
vrO„(z)

where

Transition

(4~3)(iso)
(3~2)(i io)
(2~ 1)(iso)
( 1 ~0)(110)
(4~ 1)(i lo)
(3~0)(iio)

Ey(calc)
(keV)

14.76
20.98
31.22
49.76
67.33

102.05

Ey(obs)
(keV)

14.9+0.2
21.1+0.2
31.1+0.2
48.4+0.3
66.8+0.5

100.2+0.8

is the multiple-scattering angle as a function of the
penetration depth z. The proportionality constant AMs
is known for unchanneled particles. For channeled elec-
trons, 3„„is probably somewhat larger than AMs be-
cause the overlap between the electrons and the vibrating
nuclei is enhanced. Conversely, for channeled positrons,

is probably somewhat less than 3Ms.
In order to simplify the analysis, we lump together the

parameters A„„into a single phenomenological propor-
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tionality constant AMs. ,h, the corresponding multiple-
scattering distribution for channeled particles is designat-
ed by

OMs;ch(He, 'z)= AMs;chz (3)

The multiple-scattering distribution must be convolved
with the differential cross section for channeling radia-
tion. If, as in Eq. (3), the multiple-scattering distribution

is assumed to be independent of the initial state, the total
ideal channeling-radiation spectrum can be convolved
with fMs. ,h (rather than performing a convolution withf„,for each transition and then adding the individual
transitions). One can show that, to a very good approxi-
mation, the differentia channeling-radiation cross section
can be expressed in terms of the differential cross section
in the forward direction

d XcR(Er, Qr)
dE dA dz

sin P~+(I —H y ) /(1+H~y ) cos Pr d XcR((1+H~y )E~,O)

( 1 + H2y2)2 dE dQ dz
(4)

where the angle of the emitted photon with respect to the particle direction is denoted fl =(Hz, P ) and P is measured
with respect to the x direction, Since the angles involved are quite small, spherical geometry can be replaced by Eu-
clidean geometry, and the angles can be described as two-dimensional Euclidean vectors projected onto the plane per-
pendicular to the z direction.

The CR spectrum observed in the forward direction (0=0) is calculated by first convolving the multiple-scattering
distribution fMs. ,h of Eq. (3) with the total ideal CR cross section given by substituting into Eq. (4) the CR differential
cross section in the forward direction:

d NcR(i~f )

d Q&dE&dz

'2
eK, E 'y+ '" p o 'y ~m, ~'s z, —cos0—
~«2y (1—PcosH) 1 —PcosH f' ~ 1 —PcosH

where

diaz

is the differential solid angle of the observed photon, dz is the differential crystal thickness, and Mf; is the
matrix element:

Mf;=ufe" u;=uf u;

(The approximate equality represents the usual dipole approximation, in which the x component of the photon's wave
vector, q„is set equal to zero. ) Then, after allowing for photon absorption in the crystal and the finite occupation
length of channeled particles, the result is integrated over the thickness of the crystal. Since P, is constrained to be 90
and Q=O +0,=0, the numerator of Eq. (4) simplifies to 1, and the full expression for the channeling-radiation spec-
trum observed in the forward direction from multiply scattered particles is

d &cR;Ms(&r~0) & ~ e
"' '" 'e ' -' d &cR(( +H y )&r~

dz dH fMs ,„(H;z) .
2 2 z (7)

dE dQ o — ' (1+Hy ) dE dQ dz

where Z is the crystal thickness, p, (E ) is the photon ab-
sorption coefficient, ' and L„,is the occupation length of
the channeled particles.

There are two undetermined parameters in Eq. (7)—
the multiple-scattering proportionality constant 3Ms. ,h

which appears in fMs. ,„(H,;z) in Eq. (3) and the occupa-
tion length L„,. AMs. ,h is taken to be equal to the value
for unchanneled electrons passing through silicon, A Ms.
This is almost certainly an underestimate, but in Ref. 8 it
has been shown that the actual value is probably less than
2 A Ms. The occupation length, the length scale over
which channeled particles become dechanneled, has been
measured for 16.9- and 54.5-MeV electrons for both the
(100) and (110) planes of silicon. Linear interpolation
between the 16.9- and 54.5-MeV results yields estimates
of the occupation lengths for 20.0- and 30.5-MeV elec-
trons. The values which were assumed for AMs. ,h and
L„,are given in Table II. The crystal used for the 16.9-

TABLE II. Parameters AMs. ,h and L„,used in multiple-
scattering calculations.

Beam energy
(MeV) Ms; h (mrad/pm' )

1..„(~m)
(100) (110)

16.9
20.0
30.5
54.5

2.5
2.15
1.4
0.8

16
17
20
24

20
21
28
36

and 20.0-MeV experiments was approximately 10 pm
thick; the one used for the 30.5- and 54.5-MeV experi-
ments was approximately 20 pm thick.

Figure 2 illustrates the effect of the multiple-scattering
correction on the calculated CR spectrum of 30.5-MeV
electrons channeled along the (110) planes of a 20-pm-
thick silicon crystal. For purposes of comparison, the
ideal spectrum has been multiplied by an effective thick-
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FIG. 2. The effect of the multiple-scattering correction on
l l d s ectrum of Fig. 1. The uncorrected (gray) and

corrected (solid) calculated spectra are displayed toget er or
n. The multiple-scattering correction assumes a cryscomparison. e mu

tal thickness of 20 pm, an occupation length o pm,

FIG. 3. Calculated spectrum with mult'pulti le-scattering correc-
F' 2 (solid curve) and observed channeling-radiationtion from ig. so i

trum of 30.5-meV electrons channeled along Sispectrum o . -me
1~0 and 3—+0 transitions still fail to match e oh the observed spec-
trum to within experimental error.

f 14 m. As expected, the peaks acquire low-ness o pm.
tails and the maxima shift downwar

~ ~

rd somewhatenergy tai s an
shifts iven in TableThe ma nitudes of these downward s i s, g'e magn

These multiple-scattering-III, are approximately 1%. The
correcte re su sd lt are compared with the data in Fig. 3.

and 3~0 tran-s that the agreement for the 1~0 and
hat is still unsatisfac-sitions, although improved somew-at, is s i

tory.

C. Thermal-vibrational amplitudes

ile the calculated 1 —+0 and 3—+0 energiesTo reconci e e c
wit e o

'
h th bserved energies, one must raise e eve

n =0 state without affecting the other states. Thus, it is
d cr stal otential innecessary osary to increase the calculate crys a p —in thethe region w ere e n-h th =0 state is concentrated —in

vicinity o e af th tomic nuclei. This can be done y in-
creasing the one-dim ensiona p j1 ro ection of the root-
mean-square vibration amplitude e u often called t e
"thermal vibrational amplitude, ,

" in the direction perpen-
dicular to the p anes. e1 Th effect of u on the continuum

1 is illustrated in Fig. 4. If the atoms were com-

would have the cusplike shape shown in the figure. ote
that even in the absence of vibrations, the planar continu-

t 26um potential is far from being singular; it is only about 2
eV deep. ) However, a frozen lattice is impossible, since
zero-point vi rations ob

' f the crystal lattice broaden the
continuum potential substantially.

According to the International Tables for X Ray Crys-
tallography, u = . o=0.075 A for crystalline silicon at room

lt btained from x-ray diffractiontemperature, a resu o
s. ' The thermally averaged planar potentiameasurements. e er

V x for the Si(110) plane based upon this value o u
'

superimpose on e
ntial is reducedThe depth of the thermally averaged potential is re u

(where the interplanar distance x is
an ed inmeasured from the nucleus) and essentially unc ange in

the region ~xl) u.
~ ~

n in Fi . 5, when the thermal-vibrationa am-
5 p081 A h pplitude is increased from u =0.07

s from —17.07 to — . eenergy eigenvalue increases
naffected. T e ca-na . h 1-while the other energies are virtually una

culated spectrum based upon this revised therrnal-
vibrational amplitude of u =0. is iv' ' =0.081 A is displayed in Fig.
6 with the measured spectrum superirnp pirn osed u on it as
b f Now the positions of all six of the calculatede ore. o
bound-bound peaks agree with observation to w'within the
experimental uncertainty.

vise thermal-The hysical significance of this revised therma-
vibrational amplitude was investiga e y
CR spectra of electrons with four difFerent energies—

, 20.0, 30.5 and 54.5 MeV —for both the (110 and

ton-ener downshifts due to multiple scattering for 30.5-Me V
( y =60.78) electrons channeled along the, p, 110) lanes of Si. The crysta is assum

Transition

(4~3)(l &o)

(3~2)(I&o)

(2~1)(»o)
(1~0)(»o)
(4~1)(»o)
(3~0)(»o)

Ey(calc) (keV)
(no MS)

14.76
20.98
31.22
49.76
67.33

102.05

Ey(calc) (keV)
(with MS)

14.55
20.74
30.88
49.08
66.76

101.09

(kev)

0.21
0.24
0.34
0.64
0.57
0.96

Downshift
(%)

1.4
1.1
1.1
1.3
0.8
0.9
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FIG. 4. Continuum potentials for the (110) plane of silicon
assuming frozen lattice (cusplike gray curve) and thermal-
vibrational amplitude u =0.075 A (solid curve).

FIG. 6. Same as Fig. 3, except that u has been increased from
0

0.075 to 0.081 A. Now the 1~0 and 3~0 transitions match
the observed spectrum to within experimental error.

the (100) planes of silicon. By varying the energy of the
incident electron beam, one can alter the energies of the
eigenstates and thus sample difFerent parts of the continu-
um potential (see Figs. 7 and 8). However, since the
thermal-vibrational amplitude is an intrinsic property of
the crystal, the same thermal-vibrational amplitude ought
to fit the data for all beam energies.

When the calculated (using u =0.075 A) and observed
CR spectra are compared, we find that, in every case, the
agreement is excellent except for those transitions which
involve n =0, in which case the calculated peak is
significantly too high. This encourages us to seek a single
revised thermal-vibrational amplitude which is capable of
fitting the data for all four beam energies.

First, however, it is necessary to obtain as accurate as
possible an estimate of the electron-beam energy. The
nominal beam energy, which is estimated to be accurate
to within +0.75%, is obtained by measuring the current
in the bending magnet used for energy selection and in-
terpolating a calibrated curve relating energy to current.
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channeling-radiation peaks and our ability to measure
them accurately are sufficiently advanced to allow us to
use the channeling-radiation measurements themselves to
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For example, the calculated energies of the 4~3,
3~2, 2~1, and 4—+1 transitions for @=60.78 electrons
channeled by the (110) planes of silicon are displayed in
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the second column of Table IV, along with the 2 —+ 1 tran-
sition for the (100) plane. A thermal-vibrational ampli-
tude of u =0.075 A has been assumed. (Transitions in-
volving the n =0 state have been excluded because they
are too sensitive to the exact choice of the thermal-
vibrational amplitude. ) The calculated derivatives of the
CR photon energies with respect to y and u are given in
the third and fourth columns. Since the derivatives with
respect to u are very small for these five transitions, the

FICx. 8. Continuum potential for the Si(100) plane, assuming
u =0.0789 A, with transverse-energy eigenvalues for beam en-

ergies of {a) y=35.35, {b) y=41.07, (c) y=61. 15, and {d)

y = 106.76.

derived value of y is fairly insensitive to the thermal-
vibrational amplitude. The measured photon energies,
along with their estimated uncertainties, are displayed in
the fifth column. For each transition, one can determine
the value of y which best fits the observed photon energy
for that transition. After combining these estimates, it is
found that the overall best estimate is y=61. 12+0.12,
which is in good agreement with the nominal beam ener-
gy of y =60.78.

Having established the beam energy, the values of u
which best fit the measured 1 —+0 and 3—+0 transition en-
ergies for the (110) plane and the 1~0 transition energy
for the (100) plane now can be determined. The calculat-
ed energies for these three transitions (assuming
y =60.78 and u =0.075 A), along with their derivatives
with respect to y and u, also are included in Table IV.
Note that the derivatives dE&/du are nearly 2 orders of
magnitude greater for the transitions which involve the
n =0 state than for those which do not. After using the
derivatives dE~ /d y to make a slight adjustment to the
calculated energies Ez, the derivatives dE&/du can be
used to determine the value of u which best fits the ob-
served photon energy. Using this procedure, the best fit
for the (110) plane is u =0.0815+0.0014 A, while for the
(100) plane, u =0.0787+0.0015 A.

Following the same procedure for the three other beam
energies —16.9, 20.0, and 30.5 MeV —and performing a
statistically weighted average of the results based upon
the individual uncertainties at each beam energy, we ob-
tain u =0.0824+0.0014 A for the (110) plane and
u =0.0789+0.0007 A for the (100) plane. However,
these results cannot be regarded as final because the re-
vised vibrational amplitudes deviate so substantially from
u =0.075 A that the derivative d E /du may be im-
portant, particularly for the (110) plane. In particular, in
the case of the 54.5-MeV (110) data, transitions involving
the n =1 state have a significant dependence upon u-
about 20% as strong as those involving the n =0 state.
At this energy, the n =1 state has become sufficiently lo-
calized near the nuclei to be inAuenced by thermal vibra-

TABLE IV. Calculated and observed channeling-radiation peak energies for 30.5-MeV electrons
channeled along the {100) and {110)planes of Si, along with derived best-fit values of y and the
thermal-vibrational amplitude u. The nominal value of y=60. 78; the overall best-fit value obtained
from sixth column is y =61.12+0.12. The calculated energies in the second column are based upon the
nominal y and u =0.075 A. Multiple scattering has been included in the calculation.

Transition

{4~3)(»o)
{3~2)(»o)
{2~1)(&io)

{4~1)(»o)

Ey(calc)
{keV)

14.60
20.78
30.93
66.91

y
{keV)

0.55
0.70
0.98
2.22

dE~ /du
{keV/A)

—1.0
—1.3

—10.9
—10.6

Ey(obs)
{keV)

14.9+0.2
21.1+0.2
31.1+0.2
66.8+0.5

61.33+0.36
61.24+0.29
60.95+0.20
60.81+0.23

unfi)
{A)

{2~1)(100) 18.90 0.69 —4.5 19.55+0.2 61.72+0.29

{1~0)(»o)
{3~0)(»o)

49.30
101.61

1.35
3.02

—229.3
—234.5

48.4+0.3
100.2+0.8

0.0809+0.0015
0.0854+0.0037

{1~0)(ioo) 37.31 1.07 —162.5 37.06+0.2 0.0787+0.0015
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tions. In order to obtain a reasonable estimate of y from
the 54.5-MeV Si(110) 2—+I and 4~1 transitions, it is
necessary to start from a good estimate of u for the (110)
plane. Therefore, we have iterated the above procedure
once more, starting from the revised vibrational ampli-
tudes mentioned above. The results for all four beam en-
ergies are given in Table V.

The best-fit thermal-vibrational amplitudes for each en-
ergy and plane are summarized in Table VI. Note that
the error bars are smaller for the higher beam energies.
At higher beam energies, the increased localization of the
n =0 wave function makes it more sensitive to the details
of the potential in the vicinity of the vibrating nuclei ~ In
addition, the approximate y' dependence of the 1~0
peak energy outpaces the y dependence of the germani-
um detector resolution, so that the relative measurement
uncertainty decreases approximately linearly with energy.

According to Table VI, the overall best fits are
u =0.0813+0.0009 A for the (110) plane and
u =0.0789+0.0007 A for the (100) plane. Since the

mean values are separated by about three standard devia-
tions, the anisotropy is statistically significant. In order
to check how well a single value of u is able to fit the data
for four diA'erent beam energies, the observed peak ener-
gies were compared with the calculated peak energies for
the (100) and (110) planes. For the published value of
u =0.075 A, the errors for the 1 —+0 transition energy
are enormous —ranging as high as seven standard devia-
tions or more for the (110) plane. In this case, the re-
duced y value is approximately 10 for both the (110) and
(100) planes. For the revised thermal-vibrational ampli-
tudes, the individual errors rarely exceed one standard
deviation, and the overall reduced g is somewhat less
than one in both cases, indicating that the fit is very
good.

III. RESULTS AND DISCUSSION

After performing this analysis for all four electron-
beam energies and both planes, using the average

TABLE V. Derivation of beam energies and thermal-vibrational amplitudes from observed
channeling-radiation peak energies for 16.9-, 20.0-, 30.5-, and 54.S-MeV electrons channeled along the
(110) and (100) planes of Si, along with derived best-fit values of y and the thermal-vibrational ampli-
tude u. The nominal values of y are given in the first column; the best-fit values obtained from the
fourth column are given in parentheses. Multiple scattering has been included in the calculation.

34.11 (35.3S+0.17)

Transition

(3~2}(110)
(2~1)(11o)
(1~0)(»0)
(3~0)(»0)
(1~0){100)

Ey(obs)
(keV)

7.0+0.4
10.7+0.1

18.9+0.1

36.5+0.2
13.95+0.1

36.35+0.97
35.32+0. 17

+ (fi)
(A)

0.0838+0.0029
0.0853+0.0041
0.0804+0.0036

40.23 (41.07+0.24) (3~2)(11o)
(2~1)(»o)
(1~0)(»0)
(3~0)(»0)
( 1~0)(1oo)

9.2+0.2
14.4+0.2
24.6+0.2
48.2+0.3
18.2+0.1

41.23+0.42
40.99+0.29

0.0831+0.0033
0.0852+0.0066
0.0818+0.0029

60.78 (61.15+0.12) (4~3)(»o)
(3-~2)(11o)
(2~ 1)(11o)
(4~1)(»o)
(2~ 1 )(100)

(1~0)(»o)
(3~0)(»0)
( 1~0)(100)

14.9+0.2
21.1+0.2
31.1+0.2
66.8+0.5

19.55+0.2
48.4+0.3

100.2+0.8
37.06+0.2

61.70+0.36
61.22+0.29
61.09+0.20
60.85+0.23
61.32+0.29

0.0804+0.0015
0.0833+0.0037
0.0781+0.0015

107.56 (106.76+0. 15) ( 5~4)(11o)
(4~3 )(»0)
( 3~2)(11o)
(2~ 1 )(11o)
(5~2)(11o
(4~ 1 )(110)
( 3~2)( 1oo)

(2~ 1)(1oo)
(1~0)(»0)
( 1~0)(100)

(3~0)(100)

36.8+0.6
48.6+0.6
63.5+0.5
87.3+0.5

149.8+2.S
198.4+2.0
36.8+0.4
60.9+0.3

120.2+ 1.0
95.7+0.4

193.3+2.0

106.12+0.76
107.32+0.65
106.77+0.43
106.87+0.31
106.95+0.85
106.67+0.54
106.43+0.48
106.76+0.25

0.0804+0.0015
0.0789+0.0009
0.0773+0.0036
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TABLE VI. Derived thermal-vibrational amplitudes for the
(100) and (110) planes of Si, including multiple-scattering
correction.

Beam energy (y)

35.32
41.07
61.15

106.76

(100)
(A)

0.0804+0.0036
0.0818+0.0029
0.0781+0.0015
0.0788+0.0009

(110)
(A)

0.0841+0.0025
0.0835+0.0030
0.0808+0.0014
0.0804+0.0015

Overall best fits: 0.0789+0.0007 0.0813+0.0009

thermal-vibrational amplitudes from Table VI, a final set
of calculated transition energies has been obtained and
compared with the measured energies for the (110) and
(100) planes in Tables VII and VIII, respectively. The
values of g, given in the last column of these tables, are
close to one for both planes, indicating that the fits are
very good.

The final results are shown graphically in Figs. 7—10.
Figures 7 and 8 show the transverse energy eigenvalues
calculated for the (110) and (100) planes, respectively, us-

ing the final values for y and u given in Table VI. Fig-
ures 9 and 10 show the measured channeling-radiation
spectra for the (110) and (100) planes, respectively, com-

pared with the spectra calculated using the potentials and
eigenvalues of Figs. 7 and 8.

Although there is some uncertainty about the exact
values of AMs. ,b and t.„„whichought to be inserted
into Eqs. (3) and (6), we have verified that the derived
thermal-vibrational amplitudes are essentially unchanged
even when the effects of multiple scattering, occupation
length, and photon absorption are completely neglected
in the calculation. The following intuitive argument ex-
plains this insensitivity. Although the multiple-scattering
angle 8Ms(z) is a function of the penetration depth z, the
total multiple scattering which occurs throughout the
thickness of a crystal can be characterized by some aver-
age multiple-scattering angle OMs.„.Due mainly to the
diminution of the intensity of radiation emitted off axis
(given by the factor of [1+(y8Ms.,„)] in Eq. (4)) and
also partly to the finite occupation length, OMs.

„

is
significantly smaller than the value that one would obtain
from the more obvious assumption 8Ms. ,„=8~+(Z)/2.
The channeling-radiation spectrum will shift downward
by a factor of approximately [1+(y8Ms.„)] '. Conse-
quently, multiple scattering will cause all of the peaks of
a given spectrum to shift downward by approximately the
same percentage —a fact which is apparent from Table
III.

This same downward shift can be mimicked closely in
calculations which do not include multiple scattering

TABLE VII. Calculated and observed channeling-radiation peak energies for electrons channeled
along the (110) planes of Si. Calculated energies are based upon the best-fit values of y for each beam
energy and the derived value of u given in Table VI, with multiple scattering taken into account. The
deviations of the calculated from the observed energies are given in standard deviations.

35.35

Transition

(3~2)(»0)
(2~ 1)(»o)
(1~0)(»o)
( 3 ~0)(11o)

E~(„1,) (keV)
(u =0.0813 A)

6.59
10.72
19.07
36.71

E~„b„(keV)
7.0+0.4

10.7+0. 1

18.9+0. 1

36.5+0.2

Deviation
(st. dev. )

—1.0
0.2
1.7
1.1

41.07 (3~2)(11o)
(2~ 1)(»o)
( 1~0)(110)
( 3~0)(11o)

9.12
14.46
24.78
48.56

9.2+0.2
14.4+0.2
24.6+0.2
48.2+0.3

—0.4
0.3
0.9
1.2

61.15 (4~3 )(11o)
( 3~2)(11o)
(2~ 1)(11o)
(1~0)(»0)
(4~1)(»0)
(3~0)(11o)

14.60
21.05
31.17
48.21
67.47

100.70

14.9+0.2
21.1+0.2
31.1+0.2
48.4+0.3
66.8+0.5

100.2+0.8

—1.5
—0.3

0.4
—0.6

1.3
0.6

106.76 ( 5 ~4)(110)
(4~ 3 )(11o)
(3~2)(»0)
(2~1)(»o)
(1~0)(»0)
(5~2)(»0)
(4~1)(»0)

37.31
48.08
63.49
87.30

119.65
149.26
198.93

36.8+0.6
48.6+0.6
63.5+0.5

87.3+0.5
120.2+ 1.0
149.8+2.5
198.4+2.0

0.8
—0.9

0.0
0.0

—0.5
—0.2

0.3

Reduced y': 0.95
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Ey(ca)c ) (keV)

Transition (u =0.0789 A)

E
~(obs)

(keV)

Deviation

(st. dev. )

35.35 (1~0)(1oo) 14.04 13.95+0.1 0.9

41.07
61.15

( 1 ~0)(1oo)
(2~ 1)(100)
( 1~0)(100)

18.38
19.43
36.93

18.2+0.1

19.55+0.2
37.06+0.2

1.8
—0.6
—0.7

106.76

Reduced y:

(3~2)(1oo)
(2~ 1)(1oo)
( 1 ~0)(100)
(3~0)(1oo)

37.08
60.89
95.69

192.37

36.8+0.4
60.9+0.3
95.7+0.4

193.3+2.0

0.7
0.0
0.0

—0.5
0.93

TABLE VIII. Calculated and obs d h
peak ener ies

o serve c anneling-radiation
pea energies for electrons channeled alon the (100'

e ca culated energies are based upon the best-fit values of
y for each beam energy and the deriv d
T bla e VI, with multi le'p scattering taken into account. The de-
viations of the calculated from th b
in standard deviations

e o served ener id g es are given

simply by assuming that y is slightly smaller than its ac-
tual value. The reason is

peak energies is nearly independent of which transi-
tion is being considered. CR eak ener i

a out 1.7 for the 1~0 transitions to about 2.0 for t
transitions whic iic& involve states lying near the top of the

a ou . or the

potential well. ' The derivative of the h
with res ect to

've o e p oton energy
respect to y for a peak at an energy E is 0. 'E .

Aside from the 1' 4 ~
~ is 0'y

this is v
s ight vanation of 0. between 1.7 d 2.0,

is is very nearly proportional to the h
an

is, a sma variation in y will cause all peaks to shift
by approximately the same percentage.

Since both multi le'p scattering and a variation in y shift
the CR eaks b a

~ ~

orti
p y n amount which is approxim t 1

p 'onal to their energy, and since is all
a ey pro-

in the data fittin
e y is a owed to vary

absorb e
e a a ttsng, t e multiple-scattering effects b
bed into an effective value of h' h

'
cs can e

lower than the actual value. Also b h
y w ic ss slightl

a sli ht misali
so, y t e same argument,

a s ig t misalignment of the detector could be absorbed
into a lower effective y. Therefore, the proper adjust-
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fore, x rays can reveal information only about the elec-
tron clouds which surround the nuclei, whereas channel-
ing radiation provides information about the atomic nu-
clei as well. If the rigid-atom model of crystal structure
were not quite valid, the electrons would not respond per-
fectly to the vibrational motion of the nuclei, and their
thermal-vibrational amplitude would be slightly less than
that of the nuclei. This might explain why the x-ray mea-
surements yield a smaller value of u than the channeling-
radiation measurements.

The channeling-radiation technique possesses at least
two inherent practical advantages over the x-ray tech-
nique. First, since the n =0 electron wave function is
well-localized near the vibrating nuclei, it is much more
sensitive to the vibrations than are x rays, which are
nearly plane waves. Second, it is much easier and more
reliab1e to measure the positions of CR peaks (which can
be determined to within about 0.5%) than it is to measure
the intensities of thousands of x-ray-di6'raction peaks. ' ' '

Diffracted intensities must be corrected for a variety of
effects, such as absorption, extinction, and thermal diffuse
scattering. These difficulties are acknowledged in the

concluding paragraphs of Thermal Vibrations in Crystal-
lography: ' "the correction of x-ray intensities for the
contribution of thermal diffuse scattering can be as large
as 25 per cent, but the evaluation of the correction re-
quires a knowledge of the elastic constants and the use of
a theory which is built on numerous approximations. " In
fact, the inconsistencies between thermal parameters ob-
tained by different x-ray-diffraction techniques has led
Zachariasen to declare: "Looking at the many structures
which have been published in Acta Crystallographica dur-
ing the last few years, it is evident that the positional pa-
rameters are reasonably good. . . [but thatj the thermal
parameters are all nonsense and must all be done again in
a sensible way. " Perhaps the "sensible" method sought
by Zachariasen is to use channeling radiation.
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