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Bulk-plasmon dispersion relations in metals
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Using an extended-random-phase-approximation sum-rule technique, we have investigated the bulk-

plasmon dispersion relation, incorporating in a simple way exchange and correlation effects within the
jellium model. The results obtained are compared with recent experimental findings. The key role
played by exchange and correlation effects in improving the agreement between theory and experiment is

stressed. The static polarizability has also been calculated as a function of q. The formulas can be easily
modified to incorporate band-structure effects (through an intraband electron effective mass) and core-
polarization effects (through a static dielectric constant).

I. INTRODUCTION

Recently, high-resolution electron-energy-loss spec-
troscopy (EELS) experimental results of the bulk-
plasmon dispersion relation in aluminum and alkali met-
als have been reported. These accurate measurements
have been used by the authors of Refs. l and 2 (thereafter
referred to as SFF) to discuss the shortcomings of
different theoretical approaches aimed at describing the
bulk plasmon, in particular the apparent inability of the
random-phase approximation (RPA) to reproduce their
findings. In this work we will show that the extended
RPA (ERPA), which results when exchange and correla-
tion effects are taken into account, is able to fairly repro-
duce the bulk-plasmon dispersion relation for high-
density nearly-free-electron (NFE) metals, whereas it fails
to reproduce the experimental results for low-density
NFE metals like Cs.

The method we have used has been described in detail
in Refs. 3—5 and references therein. It is based on the
evaluation of a few ERPA sum rules mk, defined as

m„—:g~„E„"/(, n [Qfy) /',

where the sum extends over all the excited states. Q is
the operator causing the excitation of the system, and c„,
~n ), and ~P) are, respectively, the excitation energies, the
excited states, and the ground state (g.s.) of the system

Defining the average energies Ek—= (mklmk 2)', it
can be shown that the mean excitation energy
E=m&/mo is bounded as E& ~E ~E3. The usefulness of
this inequality lies in the fact that mi and m3 (thus Z3)
can be obtained with ERPA accuracy, while there are ar-
guments to infer that m, ERPA (thus E, ) can be es-
timated with some accuracy from constrained Thomas-

II, THK E l AND E3 AVERAGE ENERGIES
FOR A PLANK-WAVE OPERATOR

For EELS in bulk materials, the plane wave is the most
natural operator to describe the collective excitations of
the material. Within the jellium model, it is straightfor-
ward to obtain m &, m&, and m3. We shall consider an
electron Hamiltonian density consisting of a kinetic term,
a Coulomb direct term, a Coulomb exchange term of
Slater type:

j. /3
3 3

E
4

n 4/3no

Fermi (TF) and hydrodynamical (HD) calculations.
If a collective state exhausts most of the strength corre-

sponding to a given excitation operator Q, E3 and E, are
close and any of them can be taken as an estimate of E.
In actual physical situations, it is not always simple to
identify the operator causing the excitation, and one has
to resort to physically reasonable choices, like multipole
oPerators of the kind r Yzo and jt (qr)YLo, where ji (qr)
is a spherical Bessel function and YLO a spherical har-
monic, or plane-wave, operator e'q'. It may well happen
that E& and E3 are rather different for a state whose col-
lectivity is well established experimentally, this being an
indication of the inability of the chosen operator to test
the collective character of that state. As we shall indicate
below, E& and E3 embody different physics, so it is also
possible that E, or E3 corresponds to the right descrip-
tion of a physical phenomenon, but not both.

This paper is organized as follows. In Sec. II we obtain
the E, and E2 average energies corresponding to a
plane-wave operator in the jellium approximation. These
energies are compared with the experimental results of
SFF in Sec. III. Finally, we draw our conclusions in Sec.
IV.

1492 1991 The American Physical Society



BULK-PLASMON DISPERSION RELATIONS IN METALS 1493

and a correlation term of Wigner type:

ano
cor

where no is the electron density, r, = [3/(4~no)]' is the
bulk radius per electron, a =0.44 and b =7.8. We shall
use atomic units (a.u.}throughout.

The sum rules m, and m 3 can be obtained from

mi =-,' & Wl [Q ', [H, Q]] lg &,

=-,'&Wl[[Q+, H], [H, [H, Q]]]lg&,
(3)

2

N 2 ~ 5F 3w 4

where

2~ ~cor0= —no
Bn0

2a b +2rs
' (b+r, )

(5)

In these formulas, co =(3/r, )'~ is the plasma frequency
and vz=(3m no)' the Fermi velocity. Thus, we obtain
for the E3 energy:

m( ~ 5 3m 4

=co +e3q + —,'q (6)

This expression, hereafter referred to as the elastic
dispersion relation, has been deduced in Ref. 5 using the
spherical Bessel functions expansion of e' ' and consider-
ing the limit of a large sphere of constant density no. The
q term in Eq. (6) has three contributions. The 3vz/5
contribution has a kinetic-energy origin, and is the only
one that appears in what is called the RPA coe%cient.
The uF/3m contribution comes from the exchange in-
teraction and the g term from the correlation energy; it is
smaller than the exchange contribution. The q term also
comes from the kinetic energy; it is the quasifree-electron
kinetic-energy contribution. Equations similar to our
Eqs. (4) were also obtained in Ref. 11, although the ex-
change and correlation contributions were not given in
an explicit form.

Equation (6) is an exact ERPA result involving no q
expansion. It is valid for any q, even above the cutoff
value q, =co /uF. The only assumptions made to arrive
at it are (i} the operator e''i' causes the bulk excitations
of the infinite system; (ii) the positive charge background
is described within the jellium model; and (iii) exchange
and correlation effects in the electron-electron interaction

where Q is the plane-wave one-body operator,
Q =gkexp(iq. rk), and H is the Hamiltonian of the elec-
tron system. m

&
and m3 can be evaluated either directly

from Eqs. (3), or scaling the g.s. wave function, as ex-
plained in Refs. 3, 5, and 10. The anal expressions for
these sum rules per electron are

01) q2

2

are described in a local-density approximation (LDA).
Actually, it is due to the use of the LDA for the
exchange-correlation energy that there are no exchange-
correlation contributions of order higher than q . To
avoid any misunderstanding, we want to point out that
the m

&
and m3 sum rules have been evaluated using in

Eqs. (3) the one-body kinetic-energy operator —
—,
' gb,

A deeper understanding of the meaning and limitations
of E3 can be obtained by comparing Eq. (6) with the
plasmon peak energy co which can be obtained within
RPA performing a q expansion (see, for example, Sec. 15
of Ref. 12). Up to the q terms, we find

~2 ~2 + 3
U

2
q

2 + + q
41 12 UF

4
(7)

Ico3(q)=co + A3q +B3q (8)

where A3 =a3/2' is the elastic q dispersion coefficient
and B3=(1—4A 3 )/8'~.

So far, we have used rni and m3 to define the E3(q)
[co3/(q) ] average excitation energy. It has been shown '
that the m3 sum rule (sometimes called the elastic sum
rule) can be interpreted as a restoring force parameter as-
sociated with a collective motion of the system. Within
the Landau theory of Fermi liquids, this motion is viewed
as the collisionless propagation of a zero sound (see, for
example, Sec. 16 of Ref. 12).

The sum rule m
&

can be obtained with ERPA pre-
cision from constrained Kohn-Sham (KS) calculations
(see Refs. 7 and 14 and references therein). This sum rule
is closely related to the static polarizability of the system,
a =2m &, and allows one to de6ne the
Ei —= (mi/m i) mean excitation energy. Ei is associ-1/2

This formula was erst derived by Ferrell, ' although up
to the q term was already known after the work of
Bohm and Pines.

The comparison of Eq. (6) without exchange or corre-
lation and Eq. (7) shows that co=E3. Indee—d, we have
checked that for values of q as big as q„ the difference be-
tween co and E3 is smaller than 2% for all the metals here
studied.

Since E3 +co one might think at erst glance that the
inequalities E& (E(E3 are being violated. This is not
quite so. Let us stress again that E is an average over the
whole spectrum, including all the electron-hole excita-
tions and not only the collective mode, which is the only
one described in an approximated way by Eq. (7). As a
consequence, at high q, E3(q) goes over q /2, but not
co(q) which is strictly not valid above q, . The q /4 term
in Eq. (7) should not be interpreted as the quasi-free-
electron energy. The key point is that for values of q for
which the bulk plasmon is a we11-defined collective exci-
tation, E3 is a reasonably good approximation to E and
to co. For small q, it is reasonable that E (co because E
comes from an average of co with noncollective small-
energy electron-hole excitations bearing very little
strength (see for illustrative purposes Fig. 1 of Ref. 13).

Expanding the square root of Eq. (6) in a q series, we
get the dispersion relation
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ated with another possible kind of collective excitation in
metals in which a high-frequency collisional regime al-
lows the relaxation of the system during the perturbation
propagation. This collective motion corresponds to a vi-
bration propagating as a first (ordinary) sound' whose
frequency is well reproduced by a HD model or, alterna-
tively, a constrained TF calculation.

To work out m I we follow Refs. 4 and 6. Rather
than solving the constrained KS problem, we solve the
much simpler constrained TF problem:

s[n]+ Ae'~'n, , (9)

where s[n] is the energy density functional used in Refs.
3—5 supplemented, for the sake of completeness, with the
fourth-order gradient corrections to the TF kinetic-
energy density as given in Ref. 15. A, is a constraining pa-
rameter, small enough so that the variational density n
can be written as the unperturbed density no plus an arbi-
trary function y(r) times X: n(r)=no+Ay(r).

Linearizing the Euler-Lagrange equation pertaining to
the constrained TF problem (9) (see Ref. 4 for a thorough
discussion), we get the following integro-differential equa-
tion for qr(r):

——Ay+ —v~ — —
g q+noe'~'p 1 z UF

4 3 3m

+nof dr', + b, @=0.q)(r') 1 1

Ir —r'I 270 vg
(10)

To arrive at this equation, we have used the fact that the
density no of the unperturbed system is constant.

The Laplacian term in Eq. (10) arises from the second-
order (fi ) corrections to the TF kinetic-energy density,
and the bi-Laplacian term for the fourth-order (fi )
corrections. We shall use the exact value of the so-called
Weizsacker coefficients, ' P= —,', although other values are
also currently employed (see, for instance, Refs. 3 and 4
and references therein). g has been defined in Eq. (5).

Equation (10) can be analytically solved using standard
Fourier transform techniques. We get

—noq e'~'

6

3 ~ 3~ 4 270U'

3
1

1 x
1

1 —x/2
ln

UF x 4 1+~/2 (13)

where x=—q/qz. Setting to zero all the terms coming
from the Coulomb interaction, we obtain the free-
electron limit of Eq. (12):

2tpz

N N
0

—'"+~q + ' &'
3 4 270 UF~

(14)

Each term in the denominator of Eq. (14) has a clear ori-
gin. The first one comes from the standard TF kinetic
energy, the q term from the second-order (fi ) gradient
correction to it, and the q term from the fourth-order
(A ) gradient corrections.

Figure 1 shows m, /N as a function of q/q~; we have
used the Al v~ value (r, =2.07 a.u. ). Referring to the
three upper curves, the solid line is the exact result [Eq.
(13)]; the dashed line includes up to the R corrections
and the dashed-dotted one up to the R corrections, both
obtained from Eq. (14). One can see that the agreement
between the exact and TF calculations is excellent up to
q/q~ —1 (A' TF) and up to q/q~ —1.5 (R TF), well
above the q, /qz-0. 68 value. This is not surprising, since

2.0

1,5—

Z

from a TF (i.e., HD) calculation, it is a good approxima-
tion to the ERPA value. That may be easily shown in the
case of a free electron gas, for which the exact polariza-
bility per electron can be obtained as'

2HZ

and4'

m &= —
—,
' Jdre'~'y*(r) .

Consequently, the TF static polarizability per electron is

0.5—

0.
0.5 1.0

I I I I
I

I I I I

I
I I I

1.5

6

3 3m 4 270 U'

(12)

To our knowledge, Eq. (12) has not been previously dis-
cussed in the literature. Although it has been obtained

FIG. 1. m I/N for Al as a function of q/q~. Upper curves,
free-electron gas results: solid line from Refs. 6 and 12, dashed
line from A TF and dashed-dotted line from fi TF. Lower
curves, including the interaction: dashed line from A TF,
dashed-dotted line from A' TF, and solid line from the results of
Ref. 17.
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the exact expression (13) and the TF expression (14) coin-
cide up to order (q/qF}. Indeed, expanding these equa-
tions in powers of x, it is easy to check that

TABLE I. Experimental quantities relevant for our descrip-
tion of the plasmon dispersion relation. r„co(q =0), and A»F
are given in a.u. , m * in units of the bare electron mass, and e is
dimensionless.

(1——'x ——'x-cx 3 2 4
2 12 240

cz

1V exact
o)(q =0) ~SFF

Using the order-A corrections to the TF kinetic-energy
density as derived by Murphy, ' we have verified that the
(a/N) A' TF expression agrees with the exact result up
to orderx .

From m ) and m i we get

Al
Na
K
Rb
Cs

2.07
3.93
4.86
5.20
5.62

1.05
1.13
1.21
1.29
1.37

1.05+0.04

1.25+0.06

0.551
0.212
0.140
0.125
0.107

0.30
0.17
0.075
0.045

—0.18

E2
m

=ro+ —vz — —g q+ —q+2 lz 'F 2P4
3 3~ 4 270 U2

6—=co+aq+ —q+4 270 g2
(15)

coi(q)=ro + A, q +B,q (16)

where A
&
=a&/2' is the hydrodynamical q dispersion

coefficient and B,=(P—4A i)/8'~. It is worth noting
the appearance in A

&
of the square of the first sound ve-

locity v~/3, whereas in A3 appears the so-called RPA
coefficient 3v~/10'~.

To finish this section, we would like to point out that
both average energies, E& and E3, have been used in the
past to estimate the plasmon frequency of NFE metals in
a variety of geometries, the former one after the work of
Lushnikov and co-workers' ' and the latter one after
the work of gertsch and Fkardt.

III. RKSUI.TS

This expression, together with Eqs. (6) and (12), is the
basic results of the present study. It is worth noting that
contrary to E3 and m3, E&, and m, are q expansions
due to the A expansion inherent to the TF kinetic-energy
density. Indeed, associated with each order-A " gradient
correction to the TF kinetic energy, there is a q

"+ term
in the denominator of Eq. (12).

An equation similar to (15), using P= 1 and without in-
cluding exchange, correlation, or R terms, has been
given by Penn. ' That equation would appreciably un-
derestimate the free m i/N value. For comparison, we
show in Fig. 1 (lower solid line) the complete (ro~ term in-
cluded) m i/X result obtained using Penn's formula, as
well as the interacting electron results up to orders A

and fi obtained from Eq. (12) (lower dashed and dashed-
dotted lines, respectively).

Neglecting the q term in Eq. (15) (its contribution is
negligible for the q /q~ values we will be showing) and ex-
panding the square root of this equation in powers of q,
we get

2, the latter quantity has been obtained in these refer-
ences from a fit to their q &q, experimental data. Since e
is not available for the metal state, it has been obtained
either from the corresponding experimental ion polariza-
bility using the Clausius-Mossotti relation, or from the
experimental susceptibility. As indicated in Ref. 2,
these e values are probably too high due to the way they
have been determined.

Some care should be taken about which electron
effective mass to consider if one wants to include band
efFects. We completely adhere to the point of view of
SFF that m * should be the one obtained from the study
of intraband transitions. This point has been thoroughly
discussed in Ref. 2.

Table II collects the results we have obtained for
co(q =0), A i, and A3 using Eqs. (8) and (16). One can see
that A

&
and A 3 are very different, especially for low elec-

tron density metals. This indicates that the ro, (q) and
~o3(q) dispersion relations yield completely different re-
sults for nonzero values of q. It is also worth noting that
the Cs HD dispersion coefficient A

&
is negative.

We display in Figs. 2 and 3 the results for Al and Cs.
The solid lines correspond to the E& and E3 energies cal-
culated from Eqs. (15) and (6), respectively. Actually, for
the range of q values displayed in these figures and in
those of Refs. 1 and 2, Eqs. (8) and (16) are a very good
approximation to the exact Eqs. (6) and (15). The use of
other state-of-the-art representations of the local correla-
tion energy, like those of Refs. 24 and 25, do not change
the value of the q coefficient in more than 1% for Al and
4%%uo for Cs.

Also shown in the figures are the SFF experimental
data (dots}, the results obtained from the Lindhard-

TABLE II. Values of the plasmon energy and q slopes at the
origin obtained from Eqs. (8) and (16). Also shown are the Fer-
mi velocity vF and the g parameter defined in Eq. (5). All these
quantities are in a.u.

We display in Table I the experimental quantities
relevant for the discussion of our results. r, is the bulk
radius per electron, ro(q =0) the plasmon energy at q =0,

the q dispersion coefticient, m ' the electron
effective band mass, and e the static dielectric constant.
m ', co(q =0), and As„F have been taken from Refs. 1 and

Al
Na
K
Rb
Cs

0.582
0.222
0.162
0.146
0.130

0.160
0.054
0.0185
0.0070

—0.0065

0.357
0.197
0.147
0.131
0.113

0.927
0.488
0.395
0.369
0.342

2.5
3.7
4.1

4.2
4.3
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FIG. 2. Bulk-plasmon dispersion relation for Al as a function
of q . Circles from SFF measurements (Ref. 1); solid lines calcu-
lated from Eqs. (6) and (15); dashed-dotted line calculated from
Lindhard-Mermin function; dashed line with additional in-
clusion of the Vashista-Singwi corrections; and crossed-dashed
line with further inclusion of core polarization. The cutoff q,
(arrow) has been obtained from the experimental co(q =0) and r,
values.

Mermin (LM) dielectric function (dashed-dotted line),
and the results from the Vashista-Singwi (VS) model,
which corrects the LM results by adding exchange and
correlation effects as defined by Nozieres and Pines
(dashed line); finally, the crossed-dashed line has been ob-
tained from the VS results by further inclusion of core po-
larization. ' We want to indicate that these figures, as
well as Figs. 4 and 5, have been obtained adding our re-
suits to the corresponding SFF figures.

Some interesting conclusions can be drawn from the in-
spection of Figs. 2 and 3, and from the comparison of
Tables I and II. Notice that when exchange and correla-
tion effects are taken into account, Eq. (6) reproduces the
SFF results for aluminum within -6% even for values of
q higher than q, =0.63 a.u. SFF find for the q disper-
sion coefficient the value As„F =0.30+0.01 a.u. , whereas
from VS and our Eq. (6) one finds 0.357 a.u. , in much
better agreement with SFF than the value of 0.44 a.u. ob-
tained using the RPA coefficient. A similar agreement
between E3(q) and the experimental results is found in
Na (see Tables I and II).

Had we neglected exchange and correlation energies,
we would have obtained for Al A3 =0.44 and A

&
=0.25

a.u. instead of the values shown in Table II. The
quenching of the q dispersion coefficients is mostly due
to the Coulomb exchange contribution. Indeed, for ail
the metals we have studied the correlation contribution is

INo

m' =1.05
e =1.05

Qr

lX
UJ

LLj

0.2
ii qc

0.4 0.6 0.8 1.0

2(A )

0.2 0.4 0 6 0.8 1.0

2(A )

FIG. 3. Same as Fig. 2 for Cs. The experimental results have
been taken from Ref. 2.

FIG. 4. Same as Fig. 3 for Na. The E& and E3 curves have
been obtained from Eqs. (17) and (18).
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2
COp 1 VFE)= +

m*e 3 m'

2
1 z

m E'

P 1 q' q'
4 270 v m*

(17)

1 order of magnitude smaller.
The discrepancy between E3(q) and the experimental

results for Al and Na consist in a fairly q-independent
small amount. The origin of this disagreement can be at-
tributed to atomic lattice effects, such as core-
polarization and band-structure effects' ' which are
beyond the simple jellium model.

This situation is somehow close to that of the free-
electron gas: co(q) is rather well reproduced by co3(q), the
origin of the discrepancy being traced back to atomic lat-
tice effects. As r, increases, the agreement between
theory and experiment is gradually lost, even at q =0.
Moreover, the experimental q dispersion coefficient
As„„,which was close to A3 for Al and Na, lies now be-
tween A

&
and A3, and gets eventually smaller than A

&

for Cs, the only alkali metal for which we have found a
negative q dispersion coefficient.

Within our formalism, there is a phenomenological yet
simple way of including atomic lattice effects in Ej and

E3 It consists in substituting the bare electron mass by
m * everywhere, and incorporating in the Coulomb ener-

gy a static dielectric constant e. We obtain

and

CO

E = +3
m

+—1 q'
4

3 UF

5

2
UF 1 z

m 6'

(18)

where for the sake of clarity, we have kept for co, v~, and

g the definitions given after Eq. (4), with the only change
b .be/—m '. We have considered a constant core polar-
ization represented by e. This is a valid assumption when
the characteristic frequency of core-valence electron tran-
sitions is large compared with the plasmon frequency,
i.e., when the core electrons are tightly bound, as is the
case for alkali metals.

Equations (17) and (18) are useful if m" and e are
known experimentally. Since it is partially the case only
for Na and Rb, for these metals we have proceeded as fol-
lows. We have taken the experimental m* from Ref. 2
andi fixed e in order to reproduce co(q =0). This yields
@=1.05 for Na (in good agreement with the value 1.06 es-
timated by Taut ') and 1.10 for Rb, values smaller than
the ones estimated from the experimental ion polarizabil-
ity (see Table I). The corresponding A, and A3 are
A

&
=0.0514, A3 =0.188 for Na, and A

&

= —0.0120,
A3 =0.0814 for Rb. Still, the experimental q dispersion
coefficient A szz for Na is close to A 3, whereas for Rb it
lies between A

&
and A3. In Figs. 4 and 5 we compare

our results for these metals with the ones obtained from
other models and from the SFF experiments. We have
used the same type of drawing as in Figs. 2 and 3.

CC
UJ

LLj

0

m'=1. 25
=1.10

/
/ 8 r'

/ /

///
///

0.2 0.4 0.6 0.8

2(A )

FIG. 5. Same as Fig. 4 for Rb.

1.0

IV. DISCUSSION AND CONCLUDING
REMARKS

&Ve have obtained two analytical dispersion relations
for the bulk plasmon in NFE metals which include in a
transparent way exchange and correlation effects. As
compared with other methods of considering these
effects, like that of VS, our expressions are more rnanage-
able. In particular, the co3(q) dispersion relation yields re-
sults in full agreement with these of VS for small q values
(see, for example, Figs. 2 and 3), and in better agreement
with experiments than theirs elsewhere.

The use of a static dielectric constant allows one to
take care of core-polarization effects in an effective
manner. To account for band-structure effects, we have
phenornenologically included the electron effective mass.
In this way, atomic lattice effects can be considered
without complicating appreciably the dispersion rela-
tions.

As indicated in Sec. II, Eqs. (6) and (18) are exact re-
sults (within a LDA for exchange and correlation ener-
gies) of what should be interpreted as the upper bound of
the center of gravity of the ERPA electron-energy-loss
function. This bound is very close to the peak position
only for plasma excitations at small q values of weakly in-
homogeneous systems. When q increases, the E3 energies
contain an increasingly large electron-hole excitations
contribution (very likely, the experimental peak position
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is also affected at large-q values by the growing multiple-
scattering background ). Nevertheless, for high-density
NFE metals our method seems to be a successful ap-
proach even for q ~ q„as is the case of Na (see Fig. 4).

For Al we do not have the experimental band m*
necessary to carry out the calculation. However, in Ref.
29 Sturm calculates separately the shifts of the plasmon
energy at q =0 due to band-structure and core-
polarization effects. Taking his values (Atoz)b, „d= —0.3
eV and (hco~ )„„=—0.4 eV to infer the m ' and e to be
used in Eq. (18), we obtain m*=1.045 and @=1.05.
When used in that equation, these values yield results in
excellent agreement with experiment.

For low electron density alkali metals, correlation-
induced anomalies in the plasmon dispersion appear,
and regions with negative dispersion coefficient show up
as inhomogeneity and anisotropy effects become more im-
portant. Nevertheless, according to Taut's calculations,
due to their weak pseudopotential these effects are small
for Na and K, less than 0.1% for all the q values
displayed in the 6gures. For Al, the anisotropic effect is
also very small, as predicted by Sturm and con6rmed
experimentally in Ref. 1.

We conclude that for high-density metals like Na and

Al, E3 as given by Eq. (18) yields results in good agree-
ment with the experimental data. It bears the main phys-
ical ingredients needed to describe the perturbation prop-
agation which, in a monopolar point of view, is of collec-
tive character for small q values and becomes an
electron-hole excitation for large q values.

Since for small q values the anisotropy and inhomo-
geneity effects have little inhuence on the
coefficient, ' we would finally like to point out another
possible explanation of the evolution of A s„F with r, that
cannot be definitely ruled out. This is a gradual evolution
of the response of the system from a collisionless regime
for high electron density metals to a rather hydrodynami-
cal, collisional regime for low electron density metals.
This alternative explanation is prompted by the appear-
ance of negative A

&
values for large r, .
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