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Quantum-dot helium: EfFects of deviations from a parabolic confinement potential
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The magneto-optical response to far-infrared radiation of quantum dots containing two electrons
is studied theoretically. The symmetry-breaking eR'ects of deviations from a strictly parabolic con-
finement potential are emphasized. VVe demonstrate the evidence of many-particle effects in systems
where the generalized Kohn's theorem is no longer applicable. The calculated resonance spectrum
reflects and explains all features observed in recent high-resolution measurements.
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Here m* = 0.067mo is the eA'ective mass of an electron
in GaAs.

Quantum dots can be regarded as artificial atoms to
which the electrons are bound by a "manufactured" con-
fining potential. Usually arrays of such dots are prepared
on semiconductor heterostructures, such that all of them
contain the same number of electrons. Experimental con-
ditions not only allow the number of electrons per dot
to be tuned, thus switching from one quantum dot "ele-
ment" to another, ' but also determine whether the indi-
vidual atoms are isolated or couple with each other. Far
infrared radiation (FIR) experiments provide some infor-
mation about the internal level structure of the dots.

A convenient description for quantum dots assumes a
parabolic confinement potential. In this exceptional
case the electronic motion can be separated into an un-
coupled center-of-mass (c.m. ) motion and relative mo-
tion (RM). The Coulomb interaction, which only affects
the RM, leads to a highly complicated energy spectrum
and tends to shift the angular momentum of the RM
ground state with increasing magnetic field to increas-
ingly higher (absolute) values. s The ground state of the
two-electron system is given by the product of the c.m.
and RM ground state. Since the angular momentum of
the c.m. ground state remains zero, the total angular
momentum of the quantum-dot helium ground state in-
creases with increasing magnetic field according to the
angular momentum of the RM. However, since the FIR
only couples to the center-of-mass motion (the incident
electric field is constant in a single dot), neither the fea-
tures of the energy spectrum, which are specific for each
quantum-dot element, nor the change in the angular mo-
mentum of the ground state can be detected for dots with
purely parabolic confinement. According to the general-
ized Ikohn's theorem the dipole-resonance frequen-
cies are given by the one-particle excitation energies
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where the efkctive frequency ~,~ is composed of the cy-
clotron frequency w, = eB/(m*c) and the characteristic
frequency of the confinement potential w(),

The situation changes, if deviations from the parabolic
confinement are taken into account or the re-
sponse to electric fields with higher angular momenta
is regarded. Under such condit, ions, as well as in the
presence of a strong electrostatic coupling between neigh-
boring dots, additional resonance frequencies occur.
However, for most experiments ' the electrostatic cou-
pling is of minor importance due to the large distance
between neighboring dots.

In this paper we consider the magneto-optical response
to FIR of quantum-dot helium, accounting for deviations
from the parabolic confinement. In contrast to recent
work by Gudmundsson and Gerhardts, who used a self-
consistent Hartree —random-phase-approximation (RPA)
method, we calculate the two-particle energy spectrum
by exact diagonalization of the Hamiltonian. This ap-
proach allows for a detailed study of the symmetry-
breaking mechanisms leading to the experimentally ob-
served splitting of the ~+ mode25 and the mode cou-
pling rejected in an anti-crossing behavior of this mode
at smaller magnetic fields.

We use the basis function set of the noninteracting two-
electron system in a circular-symmetric parabolic con-
finement potential. This is the product basis of t;he c.m.
and RM wave functions,

InaMcntt Mtt) = Inc Mc) (nttMtt),

with C and R denoting the c.m. and the RM coordinates,
respectively. Both the c.m. Hamiltonian and the RM
Hamiltonian yield the same energy spectrum

h
s„M = (2n+ ~M~+ 1)her, tr+ M —cu, ,2

which equals the one-electron spectrum. Here n denotes
the radial quantum number and hM the angular momen-
tum. The corresponding eigenfunctions of the effective
one-particle Hamiltonians are given by

1
(r/nM) = exp(iMp) P„M2' A

in both cases, where the characteristic length A is defined
by A~ = h/(2muetr). The only difference results from the
relevant mass, which is rn = 2m* for the c.m. motion

13 132 1991 The American Physical Society



QUANTUM-DOT HELIUM: EFFECTS OF DEVIATIONS FROM. . . 13 133

and m = m'/2 for the relative motion. The radial wave
functions are given by

Q„M(() = V n!/(n+ [M[)!exp( —-() (!M!~' 1&~M!l(()
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with 1~( l a Laguerre polynomial. The Coulomb inter-
action partly lifts the degeneracies of the total energy
spectrum, E„c, M~.„„,M„—e„~M~ + z„„l„,but due to
the rotational invariance it does not couple states with
different angular momenta M~ of the relative motion.
It is easily shown that the degeneracy F„~I„„
E„o M „„M. still holds in the presence of the Coulomb
interaction, which, of course, does not aA'ect the c.m.
motion.

In view of the square arrays of quantum dots investi-
gated in experiments, 5 we consider deviations from the
parabolic confinement of the form

U(r) = ~i m'~4 (ar + bz y'),

with u4, a, and 6 constants, i.e. , the confining potential
has at least square symmetry. Even in the case of circular
symmetry (b = 0) this additional potential couples the
RM and c.m. of quantum-dot helium. As a consequence,
the generalized Kohn's theorem is no longer applicable.
Accordingly, additional resonances are to be expected in
FIR spectra reAecting internal features of the quantum
system.

We treated the two-particle problem numerically by
diagonalizing the Hamiltonian matrix. In the represen-
tation (3), explicit formulas for the matrix elements of
the Coulomb potential as well as the confining potential
U(r) can be obtained. To achieve an accuracy of about
99'%%uo for the low-lying energies and eigenstates, the radial
quantum numbers nc R ——0, . . . , 15 and the angular mo-
menta M~ R ———5, . . . , +3 were taken into account. Due
to the square symmetry even and odd angular momenta
do not couple. Therefore the problem divides into four
decoupled (sparse) subsystems.

To investigate the FIR response, we first calculated
the low-energy eigenvalues and eigenstates and, then,
used these result, s to calculate the dipole matrix elements.
Thus, we were able to evaluate the frequency spectrum
and the oscillator strength of the FIR excitations. For
the strictly parabolic confinement (w4 ——0), we repro-
duced the recent results of Merkt, Huser, and Wagner.
For the following it is important to note that, as a con-
sequence of the Coulomb repulsion, the ground state of
the RM occurs with increasing values of the magnetic
field at increasingly higher angular moment, a (larger val-
ues of —M). We use the notation ~n~M~, nrtM~) for
the (product) eigenstates of the interacting two-electron
system with parabolic confinement. It turns out that,
for small values of nR, these states have a large overlap
() 90%) with the corresponding eigenstates (3) of the
noninter acting system.

Figure 1 shows the result for a circular symmetric con-
fining potential. Only resonances with oscillator strength
exceeding 1% are drawn. The sum of these oscillator
strengths turns out to be greater than 99.9%. For mag-
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netic fields B & 4.6 T the spectrum is similar to that
of parabolic dots (with uo ——4.89 meV instead of 3.37
meV), i.e. , just the two resonances wy are observable.
For B ) 4.8 T the upper mode (u+) splits into two res-
onances. Such a behavior has been observed by Demel
et a/. in systems with about 210 electrons per dot and
very recently by Meurer, Heitmann, and Ploog on arrays
with two electrons per dot.

The blueshift of the spectrum is not unexpected: both
transitions occur between states with diAerent angular
momenta (~b, M~ = 1). But the higher the angular mo-
mentum of a state the larger is its spatial extend, and
the more it is aA'ected by the r potential. Moreover,
as was pointed out by Gudmundsson and Gerhardts,
a transformation of U(r) into c.m. and RM coordinates
yields an additional harmonic contribution to the c.m.
Hamiltonian which for our parameter values accounts for
a blueshift of 1.1 meV.

In our calculations the splitting of the u+ mode occurs
at the same magnetic field value (B = 4.8 T) at which
the angular momentum of the ground state switches from
MR ——0 to MR ———l. This happens because in the more
extended M = —1 state the Coulomb repulsion energy is
lower than in the M = 0 state, which according to Eq. (4)
at sufliciently high magnetic field has only a slightly lower
kinetic energy. For B ( 4.8 T the dipole transition be-
longing to the u+ mode takes place between the ground
state, which evolves from and is very well approximated
by ~00; 00), and the state ~01; 00), which is nondegenerate.
For B & 4.8 T the ground state has an overlap of more
than 99% with the state ~00; 0—1). In the parabolic con-
finement, the u+ transition leads to the state ~01;0—1),
which is degenerate with ~0—1;01), even with full inclu-
sion of the Coulomb interaction. Both these states be-
come coupled by the nonparabolic r4 part of the confining
potential (note: the total angular momentum of ~01; 0—1)
and ~0 —1; 01) is the same, M = M~ + Mc ——0). Thus,
the eigenstates in the non-parabolic confinement poten-
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FIG. 1. FIR resonance spectrum of quantum-dot helium
with circular symmetric deviations from the parabolic con-
finement potential. Parameters in Eq. (7): hero ——3.37 meV,
u4/uo = 10, a = 1/A, and b = 0. Only resonances with
oscillator strengths exceeding 1+0 are plotted. Dashed lines:
fit to Eq. (1).
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tial resulting from the coupling of these two states both
contain a contribution of the ~01;0—1) state. Therefore
dipole transit;ions to both states become allowed, showing
up in a splitting of the upper resonance.

For the chosen parameters, the deviations from the
parabolicity of the confining potential are small. Con-
sequently, coupling of the states )01;00) and F01;0—1),
which can be reached by dipole transitions from the
ground state, by the r potential to other states, which
are nondegenerate with one of them, leads only to addi-
tional dipole-allowed transitions with negligible oscillator
strength, which are not observable.

Deviations from the circular symmetry give rise to fur-
ther resonances. This situation is shown in Fig. 2(a): At
a magnetic field B = 2.4 T the anticrossing of the ~+ line
with a second line becomes evident. For this magnetic
field the states ~01; 00) and i0 —1; 0—2) are accidentally
degenerate in the parabolic (as well as in the circular
symmetric) potential. The z y term of the confining
potential couples these two states, and thus lifts the de-
generacy. This term allows for coupling of states with a
total angular momentum difI'erence of 4, i.e. , states with
angular momenta MR and Mc become coupled to states
which dier from t,hese in both MR and M~ by +2, or
in only one of these quantum numbers by +4. This cou-
pling is strong enough to provide both transitions with
considerable oscillator strength within a finite range of
magnetic fields, 2.1 & B & 2.8 T. This does not hold
for the very similar crossing of the ~01; 00) line and the
~0

—3; 00) line at B = 3.4 T, which corresponds to a cou-
pling of states diff'ering only in the c.m. angular momen-
tum. Here the coupling is so weak that a second line only
appears in the small range of 3.3 & B & 3.5 T. Moreover
the line splitting of less than 0.23 meV is hardly resolv-
able. The occurance of two anticrossings is caused by
the Coulomb interaction of the electrons. Without this
interaction the states i0 —1; 0—2) and i0—3; 00) are de-
generate. But due to the larger spatial extend of its RM
wave function, the Coulomb energy of the first is smaller,
leading to the anticrossing at a lower magnetic field.

The difI'erence between both anticrossings is origi-
nated in the corresponding potential matrix elements,
(01;00[V(r) i0 —1;0—2) and (01;00~V(r) i0 —3; 00), respec-
tively. While the energy splitting at the crossing (of the
unperturbed spectra) is proportional to this matrix el-
ement, the oscillator strengths are proportional to its
square. Since the matrix element belonging to the an-
ticrossing at B = 2.4 T is larger than that for B = 3.4
T by a factor of ~3, this accounts for the smaller energy
splitting of the second anticrossing as well as the smaller
magnetic field range where both lines are observable.

Experimentally the anticrossing behavior of the u+ res-
onance has been observed in the measurements of Demel
et at.5 indicating that the confinement potential in their
systems has contribut, ions with only quadratic symmetry.
As has been argued by Gudmundsson and Gerhardts
the oscillator strengths of the ~01; 00)-i0—3; 00) anticross-
ing decreases with the number N, of electrons per dot as
I/N, , since the characteristic length of the c.m. motion,
cf. Eq. (5), decreases as

¹

~ . Thus it cannot be seen
in this experiment, where N, = 210.
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FIG. 2. (a) FIR resonance spectrum for a square symmet-
ric confining potential. Parameters: as Fig. I, but b = I/A .
A lifting of the degeneracy of the uy resonances at B = 0
T is not resolved for the chosen parameters. (b) Oscillator
strengths corresponding to (a). Equal line styles in (a) and

(b) refer to the same resonance mode.

The discontinuity in the oscillator strength of the ~+
mode [Fig. 2(b)j is due to the line splitting. Both reso-
nances for B & 4.8 T share the strength of the u+ res-
onance for 8 ( 4.8 T. The sharp transition, however, is
an artifact of our calculation: Taking into account finite
temperatures (and a finite linewidth of the resonances)
would smear out the discontinuity.

In summary, we showed that even small deviations
from the exceptional case of a strictly parabolic dot con-
finement allow for FIR spectra with a rich structure.
They are strongly influenced by Coulomb interaction ef-
fects, though the main features of the collective excita-
tions, i.e. , a rigid c.m. motion (u~ mode), remain domi-
nant. In particular, the occurance of the second ~+ mode
is due to the fact that, the ground state changes with in-
creasing magnetic field from a state with RM angular
momentum MR ——0 to a state with MR ———1. This
is a consequence of the Coulomb interaction and enables
dipole transitions to a pair of states, which are degener-
ate in parabolically confined quantum dots and become
mixed by the nonparabolic perturbing potential. The an-
ticrossing behavior, on the other hand, appears also in a
noninteracting system. However, the Coulomb interac-
tion lifts the degeneracy of the states which may lead to
such crossings and shifts the magnetic field, at which the
dominant anticrossing occurs, to lower values. Although
the results presented here are obtained for a two-particle
system, they reveal the essential mechanisms leading to
the resonance structures observed also in experiments on
quantum dots with a larger number of electrons.

We acknowledge stimulating discussions with D. Heit-
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