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Excitons and interband transitions in III-V semiconductor superlattices
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The fundamental optical absorption of In& Ga As/In& yAlyAs and GaAs/Cxa& Al As superlat-

tices is calculated quantitatively using superlattice K.p theory. Electron-hole Coulomb interactions

yielding excitons and interband-transition Sommerfeld enhancement are incorporated. These fast, non-

variational calculations yield optical structure within 2—3 meV and absolute absorption coefficients

within 10% of experimental results for all but one of the twelve samples analyzed. Constituent bulk pa-

rameters and band ofFsets constitute the only input. Computer requirements are very modest. Calcula-

tions for different band ofFsets and other interface parameters using this versatile approach permit esti-

rnates of physically important quantities of relatively unexplored heterostructure systems, for example,
II-VI superlattices.

I. INTRODUCTION

This theoretical study treats the effects of the electron-
hole Coulomb attraction on the electronic and optical
properties of III-V semiconductor superlattices (SL's)
with emphasis on the remarkable quantitative agreement
with the experimentally measured absolute optical-
absorption spectra of several SL's. The present approach
is an extension of previous work' which developed the
K.p formalism to exploit the perfect periodicity of the SL
heterostructure for determination of the electronic struc-
ture. Johnson has brieAy reported the transformation of
the resulting SL crystal momentum representation
(CMR) into a SL crystal coordinate representation (CCR)
in connection with a calculation of the
lowest bound exciton binding energies of the
GaAs/Ga, Al As SL system. In the present work, all
Coulomb effects, including those on the continuum states,
are treated to understand the excitation energies and the
optical absorption in absolute terms.

The optical absorption has been generally calculated
for the isolated-quantum-well (QW) regime. Of not-
able exception is the work of Chu and Chang, ' who
have employed computationally intensive k-space sam-
pling techniques to study the SL absorption. Because of
very significant computational simplification, the present
work permits highly detailed quantitative comparison
with experiment over broad energy ranges and for a
variety of systems. In addition, it leads to verification (or
prediction) of band offsets in systems like the II-VI SL's,
where values are uncertain. For the III-V systems illus-
trated here, exciton peaks are shown to lie within 2—3
meV of their experimental locations and the overall ab-
sorption coefficient agrees within 10 fo.

As in previous work, the SL band structure is ob-
tained from the envelope function approach applied to a
modified Kane model for the band structure of the con-
stituent bulk materials. The only required input to the
calculations consists of those parameters required to
specify the Kane model in the constituents (gaps, heavy-

hole masses, and a momentum matrix element), a
valence-band offset which determines the lineup of the I 8

edges, and the index of refraction in the vicinity of the
energy gap.

As described in Sec. II, which summarizes the formal-
ism, the electron-hole Coulomb interaction is treated
within an independent subband approximation that asso-
ciates each exciton with a single conduction and a single
valence band. This approach, together with a simple
model for the SL Wannier functions, leads to an analytic
form for the electron-hole interaction which permits solu-
tion for the exciton wave function without resorting to a
variational approach. This nonvariational approach al-
lows accurate determination of the exciton oscillator
strength, and is not limited to bound states. Corrections
involving the SL Sommerfeld factor also follow from the
same formalism. A comparison with variationally ob-
tained exciton binding energies is presented to verify the
accuracy of the present approach.

In Sec. III the formalism is implemented and compared
to experimental data published by several different
groups. As already pointed out, agreement between ex-
periment and theory is excellent. All of the major
features displayed in the experiments are positively
identified within the present theory. The final section
discusses some implications of the present work with
respect to band offsets and possible growth imperfections.

II. FORMALISM

This section summarizes the formalism for calculating
the excitonic spectra and fundamental optical absorption
of a SL. The one-electron band structure is described
within the crystal momentum representation using the
envelope function approach. The SL wave function, de-
pending on the SL band index L and wave vector K, is
expressed in terms of the bulk-basis Bloch functions
(r~n, O) corresponding to bulk band n at k=O, and the
envelope functions F„(L, Kr) by

(r~L, K)= gF„(L,K;r)(r~n, O) .
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F(L,K;r), having components E„(L,K;r), is obtained
from

H"
~~ ~(k, k, k, —iB/Bz)F(L, K;r)

=EL (K)F(L,K;r) . (2)

H„i[~~ is a k p Hamiltonian modeling the band structure
utilizing a modified Kane model including the uppermost
six valence bands with finite heavy-hole mass and the
lowest pair of conduction bands at k=0 in the bulk ma-
terials A and B. (A denotes the well and 8 the barrier
material. ) Equation (2) is solved for K=O yielding SL
zone-center energies, EL (0), and SL cell periodic envelope
functions. These zone-center envelope functions deter-
mine the SL K.p matrix elements which are used to set
up a secular equation whose solution at finite K yields the
full band structure and momentum matrix elements
&L, KlplL', K&.

The optical absorption from the ground state IG & to
excited states IE & associated with a photon of energy fico

is

2m. e Aa(E)= fFGi «»n(E)mc

where m is the free-electron mass, p(E) is the density of
excited continuum states [(1/V)5(E fico) for d—iscrete
states], n (E) is the index of refraction, and

fFG =2I &ElplG & I /(mE) is the oscillator strength con-
taining the momentum matrix element. The index will be
approximated by an average n of the values for the con-
stituent bulk semiconductors at the band gap.

In the absence of electron-hole interactions"
&ElplG & =&L,KIplL', K & and

2 I &L,KlplL', K& I'
Vnmc zz, z m EI,(K)—EL(K)

X5(E EL (K)+El (K))—, (4)

where R„ is a lattice site. The Coulomb interaction cou-
ples all bands, but by imposing an independent subband
approximation the coupling is restricted to single pairs of
conduction and valence bands. All singlet excitonic
states can then be expressed in a basis of two-particle
Wannier states IL,R;L', R„& corresponding to a hole in
band L, at R and an electron in band I.' at R„.

The optical matrix elements are calculated for excitons
having vanishing center-of-mass total momentum. The
appropriate basis states

I&p,'L, L'& =& ' 'g IL,R„—R;L', R„&, (7)

depend only on the electron-hole relative coordinate R .
The exciton state is

&
= g UII. (Rp)IR;L, L'&,

P

where ULL. is the exciton wave function which obeys the
CCR equation

where Vis the sample volume.
The electron-hole correlation due to the Coulomb in-

teraction changes the absorption both qualitatively
(discrete exciton peaks appear) and quantitatively (the
continuum absorption is enhanced by the Sommerfeld
factor). Because of the additional term in the Hamiltoni-
an,

H, , = —e'/ elr, —r„l,
where e is the dielectric constant, and r, and r& are elec-
tron and hole coordinates, respectively, it will be most
convenient to work in the SL-CCR. A basis of SL Wan-
nier functions is defined by

&rlL, R„&=K '~ pe "&rlL, K&,

' [E (K)—E (K)] U (R )
—V(R )U (R )=Ey U, (R ) .

p K
L L LL p p LL p ex LL' p

Here V(R ) is the direct Coulomb term

V(R ) =fdr, f drhl &r, lL', R & I

ere
x I & rhlI. , O & I' . (10)

separable, parabolic in-plane, and tight-binding-like along
the growth axis:

EI (K) EI (K)=Eg +-
2Pll

The absorption in the presence of the Coulomb interac-
tion will be modified with respect to Eq. (4) by the pres-
ence of the SL Sommerfeld factor and energetically
discrete exciton peaks. Evaluation of the Sommerfeld
factor and exciton spectra requires the solution of Eq. (9)
for UIL, (R ). It can be determined both simply and ac-
curately by approximating the Coulomb integral V(R )

so as to be expressible in closed form. This calculation is
facilitated by using a SL model band structure which is

—g 2IV (n)[cos(nK, d) —1] .
n =]

The directions II and l are defined with respect to the
growth planes and are identified with the x-y and z direc-
tions, respectively. E is the interband gap given by
EL (0)—EL(0), p~~

is the reduced mass for the pair of
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bands, and d is the SL period along the growth direction.
The W (n) are the hopping matrix elements involving
nth nearest neighbors in the tight-binding model. For all
but the thinnest barrier SL's (L~ 820 A), a nearest-
neighbor model suffices. The parabolic in-plane approxi-
mation, which may be questionable for the valence-band
structure in view of anticrossing effects in the closely
spaced bands, is nevertheless adequate since only the re-
duced mass, which is dominated by the conduction
bands, is required.

The Coulomb interaction between electron and hole
cannot be treated within the normal effective-mass ap-

proximation in the growth direction since the SL unit cell
in that direction is comparable to the bulk exciton Bohr
radius. However, along the in-plane directions the
effective-mass approximation for Wannier excitons, as
used in the bulk problem, is appropriate.

The model employed is that introduced by Johnson,
who calculated very satisfactory binding energies for the
lowest bound excitons of the GaAs/Ga, Al„As system
within a SL-CCR framework. The electron and hole
Wannier functions are modeled by one-dimensional rods
of lengths L, and Lh along the z axis. Within this model
the Coulomb integral can be expressed in closed form

LI, /2 p +L /2 1V(R ) = dzh dz,'
jlz —z )'+ ' ]' ' (12)

Here p, and p„are the growth direction and in-plane
components of the electron-hole relative coordinate R,
respectively (measured with respect to the hole position).
For the present calculations the rod lengths, L, and L&,
have been taken to be equal to the width of the well lay-
er. ' Figure 1 schematically illustrates the present model
where electron and hole rods are localized in wells
separated by p, along the growth direction.

This model interaction reduces properly to the ap-
propriate limiting cases, for example the two-dimensional
hydrogenic limit in narrow quantum wells. The indepen-
dent subband approximation is seen to fail when the
quantum-well size is much larger than the exciton Bohr
radius, a case that falls outside the parameter range of in-
terest here.

The wave functions obtained as solutions of Eq. (9) cor-
respond to bound excitons and resonant states having a
continuum density of states. The momentum matrix ele-

(13)

lcf. Eqs. (7) and (8)].
In the Wannier exciton limit the Fourier transform,

g(K)=N ' ge ~U«. (R )

P

(14)

of U«.(R ), is strongly peaked about a particular in-
plane K value, K=K~l. For bound excitons K~~ =0.
For the continuum states it is approximately
E A' K

~~
/2@~~ For the range of parameters of in-

terest the electron and hole are located in the same or
nearly adjacent wells. The momentum matrix elements
can therefore be averaged over the Brillouin zone along
the K~ direction. Equation (13) can thus be expressed in
terms of the SL momentum matrix element:

ment for singlet states with energy E,„ is given by

&Z,„lplG &
=N-'"y U«, (R, ) y &I.,R„—R, lplI. , R„&

P P

=N '"y U„(R,) y e' '&L, KlplL', K &

A
g I

1

I
VJX+J2'J'3
t I

Pz

I I &&,„IplG &
= &g(K)&L,KlplL', K&

=N' U«. (0)&L,KiilpIL', Kii& .

The Sommerfeld factor is defined as

&(E)=NI U„,(o) I' . (16)

(-A (-a

FIG. 1. Schematic illustration of relative band alignments
and the representation of electron and hole Wannier functions
by rods localized in the wells. 2 is the well material, B is the
barrier material, and the I 8 valence-band edges are o8'set by A.

In the absence of electron-hole interactions UI I (0)
=N '~ and S(E)= 1.

Figure 2 illustrates the effects of the electron-hole
interaction on the absorption of an (80-A
In, Ga„As)/(114-A In, Al As) SL. The absorption
in the absence of electron-hole interactions, the contribu-
tions due to the bound exciton peaks, and the enhance-
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FIG. 2. The efFect of the electron-hole interaction on SL
0

absorption. Theory for the absorption of an (80-A
Inp 53Gap 47As)/(114-A Inp, 2Alp 48As) superlattice is plotted
with (solid line) and without (dashed line) electron-hole
Coulomb interaction. Contributions due to Sommerfeld factor
enhancement of continuum. transitions (dotted region) and due
to bound exciton peaks (crosshatched region) are separately
identified.

ment due to the SL Sommerfeld factor for the continuum
states are separately identified. The Coulomb interaction
strengthens the overall absorption by about 20% and em-
phasizes the quasi-two-dimensional density of states steps
with bound exciton peaks.

The behavior of the Sommerfeld factor is examined in
more detail in Fig. 3 for the QW limit. The Sommerfeld
factor is plotted as a function of energy above the band

gap in exciton rydbergs (E E—
G ) /RH", where

&~"=p~~ RH/e, for several values of the reduced well
width, w =I

& /a&". For the systems examined in this pa-
per m is between 0.2 and 1.0. The 2D limit, m=0, corre-
sponds to the case examined by Shinada and Sugano, '

who found S(E)=e" /cosh(~a), where a =(E
EG)/—RH". The 3D limit, $(E)=brae /sinh(rra), is

not obtained within the present formalism since it re-
quires explicit consideration of the interaction of the sub-
bands as they merge into a 3D density of states. The re-
sult obtained here is seen to di6'er from the ideal 2D limit
even for monolayer confinements, w =0.03, which
motivated the work discussed in Ref. 14.

Figure 4 compares the results for QW exciton binding
energies obtained from variational calculations with the
results of the present formalism. Binding energies are in
units of exciton rydbergs and well widths are normalized
by the exciton radius az'. The variational approach uti-
lizes the eA'ective-mass approximation along all axes; bar-
rier layers are treated as step potential terms in the Ham-
iltonian. Separable solutions in Ref. 15 are obtained with
trial wave functions that are products of profiles resem-
bling envelope functions associated with particular con-
duction and valence subbands of the quantum well and
trial in-plane profiles, e.g. , decaying exponentials, that
contain a variational parameter. The nonseparable trial
wave function is a product of envelope functions and a
decaying exponential in all directions in the well, includ-
ing the growth axis. The resulting growth axis profile is
no longer just a product of QW envelope functions, and
thus cannot be uniquely associated with a single valence
and single conduction band. Binding energies for the 1s
exciton in exciton rydbergs, as obtained in Ref. 15 using
separable and nonseparable variational models, are plot-
ted together with results from the present formalism as a
function of the reduced well width, m. The separable
variational model yields results substantially identical to
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pl+. 3. Quantum-well Sommerfeld factor as a function of en-
ergy above the band edge (in exciton rydbergs) for several values
of reduced well width, w =L& la&", including the ideal 2D case
m=0.

FIG. 4. Comparison of the present theory for exciton binding
energies with variational calculations. The 1s exciton binding
energy (in exciton rydbergs) is plotted as a function of the re-
duced well width (see text) for the present nonvariational theory
(solid line), and for variational calculations based on separable
and nonseparable trial wave functions.
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the present formalism, which also agrees with the nonse-
parable model for reduced well widths, w ~ 1.0, the
values of interest in the experimental results to be con-
sidered here. For wells of width significantly greater than
the bulk exciton radius, the expected 3D bulk limit is ob-
tained for the nonseparable model, but the separable and
nonvariational binding energies slowly vanish because the
separability approximation is not valid for very wide
wells.

The above theory yields perfectly sharp exciton
linewidths. We introduce a simple model based on mono-
layer well-width fluctuations to obtain a finite linewidth
at low temperatures, (T=5 K). ' This model is based on
the notion that a SL interface plane consists of islands
containing materials of the adjacent layers. Excitonic
transition energies are calculated for a SL of nominal lay-
ers width, and also for SL's whose layer widths vary by
+1 monolayer while preserving the period, d. This gen-
erates a set of lines which are convoluted to produce a
linewidth which is then multiplied by a single constant (of
order unity and the same for all excitons calculated)
chosen to best represent the experimental results. ' This
assumption concerning widths introduces the only arbi-
trary element into the present calculations. The model is
supported by the fact that in the samples examined here,
Gaussian line shapes match experiments more closely
than Lorentzians, which would be expected if lifetime
effects were responsible for the width at low tempera-
ture 18 20

III. IMPLEMENTATION OF FORMALISM

This section centers on comparison of the present
theory with a broad selection of absolute optical-
absorption spectra for the GaAs/Ga i „Al„As and
In, „Ga„As/In, ~AI As systems. We have analyzed 12
sets of experiments by different groups and have obtained
detailed agreement with 11. (The number of absolute
measurements is actually quite limited. ) In the
In& Ga As/In»A1~As system the spectral range ex-
tends between 0.8 and 1.4 eV. Nonparabolic band effects

must therefore be included. These are contained within
the Kane model used to calculate the underlying band
structures. Table I provides a summary of the parame-
ters used to describe the relevant bulk semiconductors.

Experiment and theory are compared for the
Inc 53Gac 47As/Inc 5zAlo 4sAs system in Fig. 5. The
samples considered experimentally ' have respective well
and barrier widths of (34 A)/(114 A), (80 A)/(114 A),
and (138 A)/(115 A), and are lattice matched. Strain
effects, therefore, play no role. The present calculations
include the contributions of all s symmetry bound exci-
tons associated with each pair of bands. The 1s transition
accounts for roughly 90% of the total oscillator strength
of each family, and has the largest binding energy by a
factor of about 6 for the present case. As a result none of
the higher excitons is clearly resolved in the presence of
the line broadening.

The major structure in the spectra is due to pairs con-
sisting of transitions HHn~Cn, and at slightly higher
energy LHn~Cn for n=1, 2, 3, and 4. As n increases,
the spacing between the pairs increases due to the
different masses of the HH and LH bulk bands and the
fact that the confinement energy goes roughly as n . A/I
of the major features in the experiments, i.e., the absorp-
tion steps and excitons associated with the "allowed"
transitions HHn ~Cn and LHn —+Cn and the associated
absorption coeKcients, are accurately predicted by the
theory. In the case of the 138-A well no fewer than eight
such strong transitions exist in the photon energy range
of 0.6 eV under examination.

Above 1.2 eV the theory is no longer quantitative. Re-
sults fall below experiment for all samples. This behavior
is possibly associated with an Urbach tailing effect due to
the InP substrate on which the samples are grown, and
whose band gap, at 1.42 eV, limits the energy range
which can be examined experimentally.

Optical-absorption experiments for the GaAs/
Ga, „Al„As system require etching off the GaAs sub-
strate on which the sample is grown, since GaAs has
strong absorption in the relevant energy range. As a re-
sult there are relatively few measurements of absolute op-

TABLE I. Summary of the bulk semiconductor k-p parameters and the valence-band offsets, A, used
in the present calculations. E~ is the fundamental gap, 6 is the spin-orbit splitting, and mHH is the
heavy-hole mass along the [100] axis.

Parameter

E (eV) (4 K)
Eg (ev) (300 K)
5 (eV)'
mHH~m
EI (eV)
A (eV)

Inp 53Gap 47AS

0.813'

0.36
0.5

22.0
0.200'

Inp 52Alp 48As

1.508'

0.33
0.5

22.0

Ga& „Al As

1.519+1.247x
1.424+ 1.247x
0.34—0.06x
0.45
24.0
0.374x '

'Reference 21.
Linear variation (Ref. 22) valid only for 0.0 (x (0.45 due to band-gap bowing.

'Linear interpolation of values in Ref. 23.
EI is defined as (2/m) [(S~p, ~Z) ~; its value is deduced from the lt p model using electron masses

from Ref. 21 for the InAs alloys and m, =0.067m for GaAs.
'Corresponding to a 70%%uo-30%%uo conduction- to valence-edge offset distribution between pure GaAs and
the alloy.
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ton state which has been neglected here. The observed
structure could be obtained theoretically using an im-
proved optical matrix element in this spectral range.

Another sample, (120-A GaAs)/(58-A Ga, „Al„As),
is examined in Fig. 8. Here, satisfactory agreement is
once again obtained. Note that this sample contains
somewhat wider wells and narrower barriers than most
others, yet agreement is still good.

IV. IMPLICATIONS
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FIG. 9. Calculated fundamental optical absorption for
several values of valence-band o6'set in an (80-A

0

Inp 53Gap 47As)/( 1 14-A Inp 52Alp 48As) superlattice (see Fig. 5) .
The inset details the region of the spectrum around the
HH1 ~C1-LH1 —+ C1 doublet.

The above discussion has focused on two well-known
III-V systems because of their intrinsic importance and
because much of the most reliable data on SL and QW
heterostructures exists for these materials. The quality of
the agreement between experiment and theory suggests
that absolute optical-absorption measurements may be
useful as an aid in SL characterization. Here, we shall
briefiy describe two specific examples relevant to (1)
determination of valence-band offsets, particularly for
wide-band-gap II-VI systems where the offsets are largely
unknown; and (2) characterization of effects resulting
from possible growth defects.

To illustrate the dependence of absorption on the
valence-band offset A we consider the 80-A well In sys-
tem SL described above. Absorption curves for offsets of
A=30, 100, 200, and 300 meV are shown in Fig. 9. (Fig-
ure 5 shows the results corresponding to the solid line. )

For A=30 meV, the HH1~C1 and LH1 —+Cl exciton
peaks are not resolved from one another. This is to be
expected for common-anion-rule (near zero) values of the
offset (given that the system is strain free). As A in-

creases from 30 to 100 meV the LH-HH degeneracy at
K=O is split and the lowest peaks separate. (The inset
provides a magnification of this region. ) For A=150
meV this separation saturates at a value characteristic of
perfect confinement. Between A =30 and 100 the
HH2 —+ C2 and LH2 ~C2 peaks appear and become
resolved. For A) 1SO meV HH2 and LH2 become in-
creasingly confined and stronger. This is particularly no-
ticeable for the LH2~C2 exciton peak. For A~200
meV the HH2~C2 exciton peak slowly falls in energy as
HH2 is now fully confined and C2 begins to relax due to
the decreasing value of the conduction-band offset.

The above analysis supports the accepted value of A in
the In system of 200 meV within an uncertainty of
perhaps +30 meV. Thus it is expected that such calcula-
tions will be useful in characterizing less well understood
systems. Work is presently under way to exploit this sort
of analysis for the Zn, „Cd Se/ZnSe SL system, which
is being examined as a candidate for an emitter in the
blue-green region of the spectrum.

Optical absorption may also be useful in characterizing
SL growth defects. The so-called "forbidden" transition
observed in the GaAs/Ga& Al As sample is not ex-
plained by the present theory. Other calculations of SL
absorption, such as those of Chu and Chang, ' have also
failed to explain the strength of this transition. This
feature has been associated with the HH3 —+ C1 transition
and used to infer properties of the bulk heavy-hole
mass. The size and shape of the optical absorption in
this energy range is inconsistent with this interpretation.
Furthermore, the magnitude of the structure is sample
dependent. Work currently under way on the absorption
of quantum wells in the presence of electric fields suggests
that such a feature could be associated with intrinsic
internal electric fields which could be introduced during
the growth process. If correct, this interpretation would
suggest that the effect of miscuts be examined more care-
fully. "

Not considered in this paper, but also relevant to the
present theory, are superlattices having lattice-
mismatched barriers and wells. These systems are com-
plicated by effects such as the lifting of the I 8 degeneracy
of the constituent bulk materials at the valence-band
edge. Deformation potentials, which are less well deter-
mined in the II-VI's than in the III-V's, come into play,
as does the question of the effect of strain on the valence-
band offset. Mismatch effects have already been incor-
porated into the present calculations.

We emphasize that exploration of such effects is possi-
ble only because of the modest computer requirements
for this type of systematic analysis. While the present
theory does not necessarily improve upon the quality of
the best calculations already published in the literature
(although to our knowledge none of them compares with
experimental absolute absorption coefficients), the ap-
proach is suf5ciently versatile and accurate that a de-
tailed survey of the dependence of properties of band
offset and strain effects of potentially important systems
on parameters such as alloy concentration is entirely
feasible. This fact is of importance in candidate materials
like Zn& Cd„Se/ZnSe, mentioned above, and related
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systems such as CdTe/MnTe which are of interest as
blue-green emitters and for which reliable experimental
data are only now becoming available.
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