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An accurate description of the density of states, properly combining both statistical and many-particle
effects, seems not available for heavily doped semiconductors. We propose a semiclassical approach
which exhibits a number of attractive features. First of all, the resulting density of states is easily com-
puted in contrast to quantum-mechanical models. The proposed model describes the exact high-density
limit and simply includes the many-body effects, yielding still an analytical expression. Two-dimensional
systems appear to be best described. The model approximates the number of the majority carriers very
well. The main drawback lies in an overestimation of the number of deep energy states. A formula to
estimate the Fermi-level shift purely due to band tailing is derived which allows the easy incorporation

of the effect of band tails in a device simulator.

I. INTRODUCTION

In a heavily doped semiconductor, the density of states
(DOS) differs from that of the pure crystal due to a num-
ber of different physical mechanisms. The electron-
electron interactions' mainly shift the conduction and
valence bands towards each other, but also slightly de-
form the DOS through a modification of the quasiparticle
energies. A stronger distorting of the DOS occurs when
electrons interact with impurities. This electron-impurity
scattering has been calculated in detail by Serre and Gha-
zali in three dimensions (3D) and by Ghazali, Gold, and
Serre’ in 2D. Beside these many-body effects, the ran-
dom distribution of impurities, a statistical effect, intro-
duces band tails in the DOS.

A detailed description that rigorously combines both
many-body and statistical fluctuation effects must be
exceedingly complicated, if it exists. A theory* that par-
tially includes many-body effects with statistical effects
has been given, but this requires huge numerical calcula-
tions and a number of approximations. A totally
different approach would be an introduction of many-
body effects into a Feynman path integral because in the
absence of many-body effects, an exact path-integral for-
mula exists,” which was the basis of the work of Sa-
yakanit.> "1 However, it is known that the path-integral
method is not the best one to describe many-fermion sys-
tems.

The discouraging difficulties arising in first-principles
models suggest approximate techniques. We would like
to demonstrate that a combination of both the electron
medium and the statistical fluctuations can be comprised
in a semiclassical model. Because band-tail effects as well
as many-body effects only significantly alter the DOS at
high doping concentrations, a semiclassical approach!!
(SA) looks highly suitable, since it covers the high-density
limit (HDL) exactly.” The major advantages of the gen-
eralized semiclassical DOS are its simple physical inter-
pretation and the explicit use of an arbitrary isotropical
energy versus wave vector, E (k), relation, necessary to
include many-body effects and to deal with nonparabolic
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unperturbed DOS’s (such as the DOS of InSb,As;_, ).
Moreover, the expression for the DOS can be written as a
closed analytical formula. In addition, the semiclassical
model is the only existing simple formula that covers the
whole energy range. The analyticity of our approach in-
troduces the possibility to present DOS expressions in
different dimensions. However, it does not describe im-
purity bands, nor the deep energy tail region.

In material research, one is mainly interested in estima-
tions of the expected band-gap narrowing (BGN). In or-
der to make quick estimations of the band-tailing effect,
an analytical closed formula is presented. All numerical
results are calculated for n-type GaAs.

II. THE GENERALIZED SEMICLASSICAL DOS

A. The SA

Kane'? and Shlovskii and Efros'’ have applied the
semiclassical method to the calculation of the DOS in
heavily doped semiconductors. Our approach generalizes
their result to different dimensions, interacting Fermi
liquids, and arbitrary initially unperturbed DOS’s.

The SA assumes basically one approximation: the clas-
sical description of the electron wave packet. The poten-
tial fluctuations caused by the charged impurities are as-
sumed to be smooth in the sense that they change little
over the electron wavelength. The electron only ‘feels”
the potential of the point where it is located. This ap-
proximation considers electrons with energies sufficiently
higher than the average potential ¥,, in Fig. 1 such that
the actual potential ¥ (r) can be replaced by the
smoothed, slowly varying potential V (r). Let py(E)
denote the DOS in the crystal not perturbed by impuri-
ties. The energy E is measured from the bottom of the
band in the noninteracting electron system, which will be
represented by the subscript » while the interacting elec-
tron system will be denoted by the subscript i. From Fig.
1 and Refs. 11 and 12, we obtain a semiclassical expres-
sion for the DOS:
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FIG. 1. Sketch of the semiclassical method: all states with
energy above the smoothed potential V(r) are counted. The
summation of states within the shaded infinitesimal energy strip
in coordinate space is equivalent to the shaded area (convolu-
tion) of the right-hand-side plot.

E—p)(0)
pE)= [ polE —V)P(V)dV

— ®©

- fpo_l(o)po(v)P(E—v)dv , 2.1
where P(V¥) is the distribution function for the potential
energy V(r) which is to be determined, and where
x =p, My) is the inverse DOS function or solution of
¥ =po(x). This notation is required for interacting elec-
tron systems, where the DOS shifts down to lower ener-
gies due to many-body interactions. Hence, pg;'(0) <0,
in contrast to pg,'(0)=0, by definition as reference ener-
gy.

Figure 1 illustrates that in the SA, all energies above
V,(r) contribute to the DOS. The actual energy levels as
E; are discrete and spaced farther from each other as the
potential well gets narrower, which happens for lower en-
ergies. As the SA ignores this quantum-mechanical
effect, the semiclassical DOS overestimates the number of
electrons in the deep tails, but gains accuracy for increas-
ing energies and finally becomes exact in the HDL. For
degenerate semiconductors, most of the physics will be
included if the electron can be regarded as classical. En-
ergy states deep under the unperturbed energy band sure-
ly need a quantum-mechanical description, such as that
given by Halperin and Lax.'* Because these deep-lying
energy states are not properly taken into account in a SA,
the presented model will only describe majority carriers
(with Fermi level above the unperturbed band edge)
sufficiently well.

Let us now assume that the energy versus wave
vector relation is isotropic in k space, then
E(k)=E(|k|)=E (k). From the Bloch theorem, we can
derive an explicit relation between the DOS expressed as

a function of k and the band structure.!»'® For a
different dimension d, pg, i, (k) yields
k2
po;k:,(k)—ﬂ_zE—l(k) s (2.2a)
_ k
po;kz(k)— m s (2.2b)
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po;kl(k)=———7TE,(k) , (2.2¢)

where E’(k) denotes the derivative of E (k) with respect
to k. Observe that

pO,k(k)IPO(E(k)) .

A substitution of the independent variable V' by E —E (k)
in (2.1), yields

p(E)= fo“’po(E(k))P(E —E(k)E'(k)dk ,

(2.3)

(2.4)

since the lowest-energy p, '(0) corresponds to k =0. Ap-
plying (2.2) and (2.3) finally gives p,(E) in different di-
mensions,

_ 1 (=

p3(E)—;T7f0 k2P(E —E (k))dk , (2.5a)
1 e _

paE)=— fo k P(E —E (k))dk , (2.5b)
N

pE)y=— [ “P(E—E(k)dk . (2.5¢)

From these relations we conclude that, if the distribution
function P (V) and the E (k) relation of electrons in an
unperturbed crystal are known, the DOS for majority
carriers can be calculated.

B. The distribution function P ( V) of the potential
energy V in an interacting Fermi system

There only exists an analytical, exact expression for
P(V) on the condition that the potential at a certain
point r can be written as a superposition of the influences
of all impurities in a system with volume V. For, if the
probability p(r;) having an impurity at an arbitrary point
r; is constant and, hence, equals V Uand if the potential
energy V(r,{r;}) at r, caused by a configuration of N im-
purities at positions {r;}, can be written as a superposi-
tion,

N

Vir,{r;})= 3 v(r—r;), (2.6)
i=1

where v(r) is an arbitrary well-behaved function, then an

exact expression for the probability distribution function

P (V) can be derived!” %, yielding

=1 r- ; —iv(R)_
P=5—[" exp |iVt+n [dR(e™"™'—1)|dr ,

(2.7)

whose properties are further explored in Appendix A.
The superposition (2.6) implies a superposition of the
charge densities, indicating that the Poisson equation
must be linear, which generally is not the case in an elec-
tron medium.?! As long as the potential fluctuations are
small, linear-response theory®>?3 applies, providing a gen-
eral expression for the potential induced by an impurity
charge Ze8(r) in an electron medium,
v(r)zzf____alLdeiq-r U‘I
(27) e(q)
with v, the Fourier transform of the bare Coulomb po-

, (2.8)
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tential and &(q) the static dielectric function of the sur-
rounding electrons. With an explicit expression for E (k),
ﬁ2k2

E (k) m

+#2(k,E) (2.9
where #2(k,E) denotes the system’s self-energy due to
many-body interactions, all quantities to calculate (2.5)
are defined. In this general form, as both #X(k,E) and
€(q) depend on the number of electrons and thus on p(E),
Egs. (2.5) and (2.7)-(2.9) represent a coupled system of
equations.

The assumption of linearity is, of course, an approxi-
mation, but a very good one for heavily doped but non-
compensated** semiconductors and becomes exact in the
HDL. Thus, the proposed model based on the SA and
the requirement of linearity describes exactly band tailing
and many-body interactions in the HDL. In the follow-
ing, we will illustrate the proposed model for a simple
case of a 3D interacting system and a 2D noninteracting
system.

III. THE INTERACTING FERMI LIQUID IN 3D

Since a detailed discussion of the self-energy is beyond
the scope of this paper, the calculation will be demon-
strated for the simplest expression of the self-energy. We
confine ourselves to exchange effects because they dom-
inate in the HDL. We neglect the correlation influence
and describe the exchange effect by the simple Hartree

model?® (at T=0K)

e’ k|
3S(k,E)=———k,F s (3.1)
277'263 F kF
where
1, 1—x?, | 1+x
_g - A . 2
F(x) 2+ e I —x (3.2)

Further, we choose the Thomas-Fermi dielectric func-
tion.20:21
ion,

2

K3
eg)=1+—, (3.3)
q
yielding for the potential (2.8),
e?
v(r)= dmerr exp(—«3r) , (3.4)

with «; the inverse screening length in 3D, which obeys

o2 dny(Ep) |'7? 35
K= |——— .
3 €; dEp
or, worked out,
2 dfppE —Ep)
s e ® FD F
=— E)————————dE , 3.5b
3 €3 f—oop( ) dEF ( )

where frp(x)=[1+exp(x/kzT)] ! is the Fermi-Dirac
distribution function. At this point, we have the problem
that (2.7) diverges for the screened Coulomb potential
(3.4) because all semi-invariants (A5) of order higher than
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FIG. 2. The 3D noninteracting screening length, calculated
both self-consistently («3,;) and not self-consistently (k;,) vs
versus doping concentration for different temperatures. Notice
that in the HDL, the screening length becomes temperature in-
dependent.

2 diverge. The same problem occurs in Kane’s model.!!
Restricting ourselves to the HDL, however, P(V)
reduces to a Gaussian (A12) that only needs the
knowledge of «;. Although (3.5) reveals that «; has to be
solved self-consistently, we argue that this self-consistent
procedure is needlessly sophisticated compared to the ap-
proximations already made. Indeed, in Fig. 2 we show
the 3D noninteracting screening length, calculated both
self-consistently (ks,;) with (3.5) and not self-consistently
(K3, ), where

2
2 € f°°

K5, =— (E
3n e PJ“O)pO

)dfFD(E_EF)

dE, (3.6)

dE ,
while in Fig. 3, the relative difference Ax;, /K3, is drawn,
where Ak;, =k;, —kj,,. For heavily doped materials,
where naj > 1 with ap =4me #* /me? is the effective Bohr
radius (Or ng,a, > 10" cm™?) this difference is obviously
negligible.?® Moreover, in the HDL, we prove in Appen-
dix B that (3.5) tends to (3.6). Consequently, further cal-
culations invoke (3.6) rather than the unattractive (3.5).

10°

ARy Ky

10°

= L " 1 1
10" 107 10% 10"

Dopant concentrationn (cu™>)

FIG. 3. The relative difference Axs, /K3, vs doping concen-
tration for different temperatures.
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We still have to determine the interacting inverse
screening length (at 7 =0 K). If the E (k) relation is iso-
tropic, the number of carriers at zero K equals

1 .3
ng=—=kp .
el 377'2 F

Plugging the Hartree 3D expression for the exchange
(3.1) into (2.9), we find

_ﬁﬁ 2 e?

(3.7

Ep=——kfg——kp . 3.8
Foom™F 4r%e © 3.8)
Solving this equation for ky results in
2 ) 172
kp=——+ | |1 | +2E, (3.9)
Tag Tag m

Substituting (3.9) into (3.7) and using (3.5a) not self-
consistently, we find the zero-temperature inverse screen-
ing length for the interacting system

_ 2kF
\/7TaBkF—1 '

A comparison with the noninteracting DOS and free-
electron DOS, shown in Fig. 4, shows the supplementary
downwards shift due the electron exchange,22
AE,, =(3e?/16m%€;)kp. Besides the low-energy band
tail, a stronger nonparabolical behavior around the Fermi
level is observed. At high energies, all DOS functions
tend to the free-electron DOS.

K3i (3.10)

IV. THE NONINTERACTING 2D FERMI GAS

Assuming a noninteracting system [#2(k,E)=0], the
potential energy v(r) is readily obtained from the Poisson

J
mkgT
) In

which is perfectly linear in v(r) at T=0 K and almost
linear if E F,, /kgT >1 (equivalent to a doping concentra-

tion >2.5X 10! cm™? in GaAs at 300 K), a condition
very well fulfilled in the study of band tails. Hence, the
Poisson equation is linear at T =0 K, perfectly satisfying
the required linearity for P(¥). For a 2D noninteracting
system, the SA clearly is best suited. Within the SA, all

FOn

1+exp —In

y(r)y=e? [8(r)+

1+exp
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8x10” |- .

— P3o(E)

— P3,(E)

---- Py(E)

61 |n = 5x10"%cm?
T = 0K

DOS (eV'em™)

1
-0.1 0.0 0.1 0.2 0.3 0.4

Energy (eV)

FIG. 4. A comparison between the DOS and the corresond-
ing Fermi levels for the unperturbed [p;,(E): free electron], the
noninteracting [p;,(E): Kane (DOS)], and the interacting
[p3:(E)] electron system for n =5X10'® cm™3 in GaAs. The
Hartree exchange shift equals AE., =13.8 meV and agrees with
Ep3n—Eps;.

equation or equivalently from (2.8) with (3.3) in 2D, yield-
ing?’

2
27762

v(r)= Ko(kyr) 4.1)
where K(x) denotes the modified Bessel function of zero
order and k,, not self-consistently,

172
me? 1

n#e, 1+exp(Ep /kpT)

Kyp = (4.2)

The charge density, neglecting self-consistency, equals,

EFDn+v(r)
kpT ’

which demonstrates that p,,(— ©)=0, p,,(®)=m /7#
and that p,,(E) continuously increases from 0 to m /7#2,
since P(¥V)>0. The analytical expression for the 2D
DOS is obtained after performing one integration invok-
ing the relation f(‘fe”""’du =(1/it)+8(t) and reads as
a function of a dimensionless energy,

(4.3)

impurity densities are exactly treated, in contrast to 3D, * 2meE 4.5)
where only the HDL is properly described through e ’
linearization of Poisson’s equation. Equation (2.1) then . . .
reads and a dimensionless density,
2mn
m E — 2
= v= , 4.6
P B)=—5 f_wp( vydv , 4.4) ey 4.6)
|
m 1 © 1 . © .
P (E*)= Py 1+—7;f_wdt7exp [1E*t +vf0 drr {exp[ —itKy(2)]— 1} ] ] , 4.7)
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Normalized p*,,(M)

—v=102
—v=10"*
...... v=10"

e V=1

eV = 1075

. v=10'

— HDL:erf (1)

1
3 4
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FIG. 5. The normalized p3,(n)=(7m#*/m)p,,(E*), where
n=(E*—v)/V'v for different dimensionless densities v. Apart
from the HDL, an asymmetry of the step round E*=0 is ob-
served.

and is shown in Fig. 5. The unperturbed Fermi level in
dimensionless quantities is found to be E#, =v combining
4.5), (4.6), Egp,=(#/2m)k},, kg, =1V 2mn,, and
K,y,(0)=(me?/m#*€,)!/2. In the HDL (see Appendix A),
invoking (4.5) and (4.7) reduces to

m E

(E)= 1+erf = , (4.8)

Pan 27H? 03, V'2
where
5 " 172
e 2

= —Z 4.9

T2n 26,60, | T “.9)

Physically, the DOS (4.7) may be used to explain the
asymmetry observed in absorption data®® of doped quan-
tum wells. For a pure 2D system, however, it is not pos-
sible to calculate the purely 2D Hartree-Fock exchange
energy as it diverges.

V. AN ESTIMATION OF BGN
PURELY DUE TO BAND TAILING

The tailing of the DOS induces a Fermi-level shift
AEp=Eg, —Eg,. The indices indicate that we confine
ourselves to noninteracting systems. Assuming complete
jionization,?® both introduced Fermi levels are easily cal-
culated from the impurity concentration n, preserving
electrical neutrality, as

n=ng=[" p(E)fpp(E —Ep,)dE
= [° p(E)fpp(E —Ep,)dE
+f0°°p(E)fFD(E—EFm )dE | (5.1

where Ep,, denotes the Fermi level using the tailed distri-

bution, whereas Ej,, is defined by
n= fo""po( E)fyp(E —Ep,,)dE . (5.2)

Combining (2.1) and (5.1), we obtain
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n= fo“’dx fen(—(x +Ep, ))fo“’dt polt)P(—(x +1))
+ fo“’dE fep(E —Ep, )fo“’dz po()P(E—1) . (5.3)

For energies above the unperturbed band edge (E >0),
polE) varies much more slowly than P(E), which is
peaked as a Gaussian (A9), justifying the following ap-
proximation:

“po()P(E —t)dt =py(E) [ “P(E —pdt .
S PP (E —ndt=p(E) [ “P(E—1)
For sufficiently high energies, we have to an excellent ap-
proximation
[PP(E—ndi~ [" P(E—vdt=1.
0 — e
Hence, for sufficiently high energies, the distribution

function P(¥) may be approximated by a Dirac function
8(V), yielding

fo""dz polt)P(E —1)=~po(E) . (5.4)

Substitution of (5.4) and (5.2) in (5.3) gives
I, P E)f vp(E —Epyy) = fr(E — Ep,) JdE

=f0°°dx fO“dtpo(t)P(—u +0)fpp(—(x +Ep,)) .
(5.5)

In the HDL, the Fermi level lies in the conduction band
(Er>0), providing a simplification for the right side of
(5.5) as

Sep(—(x +Eg,))=1

for all x > 0.

In general, the effect of tailing is relatively small, so
that AE.=Eg,, —Ep, is small. A first-order develop-
ment of fgp(E —Eg,,)— frp(E —Ef,) is therefore ade-
quate, reducing (5.5) to

AEg [ “poEN = f i (E —Eg,y, ) JdE

zfo dxfo dt po(t)P(—(x +1)) . (5.7)

(5.6

Integrating the right side of (5.7) by part, defining
E
My(E)= t)dt ,
o E)= [ o)

and applying (3.6) not self-consistently, we find

e? ro
AEp~— dt My(t)P(—1t) . 5.8
P~ J, o(DP(—1) (5.8)

Invoking (A12) finally gives the desired estimate for AE,

2
e 1
AEp~———
F™ e v
In two dimensions, only two approximations, (5.4) and
(5.6), lead to

S dt My(V2ot)exp(—17) . (5.9)

E
AEp,=Ep,,, —kpT |In{|1+exp %
O2n
Xexp —_—— | —1 N
V2mky T
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FIG. 6. The AEy; in GaAs vs doping concentration for
different temperatures. It should be stressed that AEg; is only
valid at the high-density region (n;>ajz?), as clearly demon-
strated by extrapolations to low doping regions.

while the zero-temperature AE,(0)=0,,(0)/V 21 varies
as a square root of doping concentration.

Formula (5.9) is calculated for GaAs in 3D and is
shown in Fig. 6. Values of BGN in the literature®® indi-
cate that the maximum band tailing contributes to BGN
at T=0 K for approximately one seventh of the many-
body interactions.

In the validity region (HDL), BGN due to band tailing
barely depends on temperature, a feature that seems to
characterize the complete BGN. Estimations of the
band-tailing effect in InSb,As,_,, which exhibits a
strong nonparabolicity, are discussed elsewhere.’! We
have built this formula (5.9) into a device simulator in or-
der to extract influences of band tailing on the perfor-
mances of recent bipolar transistors.’’ Usually, the
band-tail effect is neglected because it has a smaller im-
pact than does the BGN. We showed, however, that for
heavily doped devices, majority band tailing is too
significant to neglect.

VI. CONCLUSION

We have demonstrated that both the band-tail effect in
many-body interactions in different dimensions can be in-
cluded in an analytical model. Despite the semiclassical
approximation, the model is simple and very appropriate
for majority carriers.

Notwithstanding its unrealistic properties, a 2D system
turns out to be best described by our model, since P (V)
converges fastest to a Gaussian, and the superposition
principle for the potential is best satisfied. In order to es-
timate the Fermi-level shift due to the random distribu-
tion of impurities, an analytical expression is given, that
may easily introduce the band-tail effect into device simu-
lators.

APPENDIX A: PROPERTIES OF P (V)

The distribution function P(¥V) can be written as the
Fourier transform of a characteristic function
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#(1)=exp [nde(e*fvm”—l) : (A1)
from which all possible moments of the potential
fluctuations  are  deduced,  because (Vkr))
= [= VkP(V)dV=i*¢'¥(0). Differentiating (A1) yields

— o

ii%(tﬂ =—in de v(R)[e P Rig(n)],

and after taking the inverse Fourier transform of (A2), we
obtain an integral equation for P(V),

n [dRo(R)P(V —u(R)=VP(V),

(A2)

(A3)

which first appeared in one dimension in the work of Lax
and Philips."”

Here we are mainly interested in asymptotic forms of
P (V). One observes that lim,_,oP(V)=58(V). The HDL
is somewhat more complicated.!” Expanding the argu-
ment of (A1) in a power series, we obtain
S b

m=1

d(t)=exp s (A4)

where b,, is the mth semi-invariant of P(V),

b,=n[dRv™R) . (A5)
Defining
bl_V
0%=b,, x= , (A6)
o
we can write P (V) as
-1 r= ot 22
P(V) . f_wexp ixot > t }
© (—it)m
Xexp| ¥ b,——— |dt . (A7)
m=3 m!

If all semi-invariants exist, then ¢(z) is an integral com-
plex function, which can be expanded as a power series in
t, converging for all finite z. Thus, we can write

0 ( . lt)m

2 b

m=3

exp = 3 clito)k. (A8)
k=0

The remaining integral in (A7) can be done and written as
a function of Hermite polynomials H,, of order m,>3

1 re ivot—T itk
Zy. fﬂnexp( ixot 2 t°)(ito )*dt

— L exp(—x2/2)]
V2o dx*
D N Y] i .2
‘/—2?52 H, 1‘/5 exp(—x~/2) .
We finally obtain
—x2%/2 < Ck X
p(V)szﬂ:_i + _x_
V2o k§3 2k/2Hk V2 ’ (A9)

where the coefficients ¢, can be extracted from (A8).
Listed to order ten, we have
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co=1,
cl“‘CZ_O,
_ b
BT T e
4T ot
_bs
T T 518
oo L |be B3
S o 6 2032 )’
1 [bs | bsby
_— ._+ s
T T T T B
R O
] 3150 24 |
. 1 bg b3bg bybs bg
g | 9 36l 4lst (3
o= 1 m byb;  bubg b3 blb,
0 g0 100 3T 46 (s 2(31)%4l

The shift b; results from the average potential of the
charged impurities. Due to charge neutrality, however,
this energy shift is exactly compensated by the potential
energy of the electrons, and will be disregarded further.

In order to evaluate P(V) in the HDL where n ap-
proaches infinity, we find after regrouping the terms in
(A9) in increasing negative powers of n, for the different
dimensions, taking into account that inverse Thomas-
Fermi screening length k, ~0(n}/271/9),

2
P(V)~ex‘(/-ix—/z)(1+A1+A2+A3+A4), (A10)
wmo
where
b3 X
ST bl BVl I
L7 I L B
oot T | V2 | 2% S V2 |

J

—1
2 Po (0) =]
= P E — -
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and

A, ~O0(n; ™), (A11)

with p =1—d /4. If we put n,=L ~¢ where L is a unit
length, it follows from (A10) and (A11) that the second
dimension converges most rapidly. The distribution
function P (V) clearly converges to a Gaussian

(A12)

in the HDL, as it should, by virtue of the central-limit
theory.

APPENDIX B: HDL INVERSE
SCREENING LENGTH

We will prove that the inverse screening length «; cal-
culated self-consistently will tend to «, calculated non-
self-consistently. Consider the difference AK between

2:_ﬁfw (E)dfFD(E"“EF)

E B1
K €4 —P dE d (B1)
and
2 dfgp(E —Eg,)
,_ e FD Fo
=——— E)—————dE . B2
Kn €4 pgl(mpo( ) dE (B2)

Applying (2.1) and developing [dfgp(E —Eg)]/dE
around (E — Eg,) to first order, since AE,=(Eg, —Ep) is
small (B1) reads

+[" ” P(E —v)d
fp51<o>fpgl(0)p°w) (E=vidy dE

T AEp |dE (B3)

The first integral becomes negligibly small in the HDL, where E >>0, and hence

j— ez * @
AK= —g fp&‘m) pr(;"(OJPO(V)P(E Vv polE)

2
e © o
€4 Ffp&‘(mfpa‘(O)po(V)P( vid

dfppE —Ep)
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YA L A
dE?

dE dE

dE . (B4)
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The approximation (5.4) reduces (B4) to
af %’D(E —Efg,)

preD dE ,

e? ®
AK=——AE E)
€4 Ffpo_l(o)pO(

12 829

(BS)

which is very small. Indeed, both AEy and the integral are small because [df i (E —Fp,)]/dE? is a rapidly decreasing
odd function around Ep,, multiplied by a slowly varying function around Ep,, and integrated over a range sufficiently

far extended around Ep,. This completes the proof.
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