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Generalized semiconductor Bloch equations: Local fields and transient gratings
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Equations of motion for two-point equal-time electronic correlation functions, which describe near-
resonant optical excitation of semiconductors in the Hartree approximation, are derived. These equa-
tions generalize the common semiconductor Bloch equations to incorporate inhomogeneous excitation
of the medium and strong dielectric effects. We show that the many-body effects on the optical non-
linearity cannot be fully included by simply replacing the external electric Geld by the local 6eld.

I. INTRODUCTION

The properties of semiconductors excited by laser light
are currently attracting considerable interest. ' Early
investigations primarily focused on the theory of the
many-body effects related to interacting electrons and
holes. ' Later this area acquired a growing attention
triggered by experiments performed using picosecond
and femtosecond laser pulses. Early experiments of this
type investigated the Stark shift of the excitonic lines '
and the reduction of oscillator strength of the excitonic
medium induced by optical excitation. " ' Numerous
nonlinear optical effects in semiconductors were subse-
quently investigated, including phono n-induced non-
linearity and the time-dependent optical Stark effect. '

Particular attention was devoted to the effect of optical
saturation in semiconductor nanostructures with reduced
dimensionality using an excitation quasi-resonant with an
excitonic line. ' '" ' ' ' In this case, optical excita-
tion can be attributed to virtual excitonic population, and
the nonlinear excitonic effect can be described in terms of
the Stark shift of the excitonic line and the renormaliza-
tion of the oscillator strength (phase-space filling). These
effects have been widely explored experimentally' '"
and the results were found to be in very good agreement
with theoretical calculations performed using the Kel-
dysh nonequilibrium diagrammatic technique. ' When
the interaction of carriers with phonons is neglected
(which is always justified for off-resonant excitation), and
neglecting the hole band anisotropy and the exchange in-
teraction, these theories result in the semiconductor
Bloch equations (SBE).' These equations are commonly
used to describe the optical properties of semiconductors
driven by external electromagnetic fields, and are com-
pletely analogous to the Bloch equations used for atomic
excitation. The main approximation in deriving the SBE
is the Hartree factorization of higher electronic correla-
tion functions. Additional important approximations are
the assumption of uniform excitation of the electronic
medium, which implies that two-point electronic correla-
tion functions depend only on the relative variable and
not on the center-of-mass variable (i.e., translational in-
variance), and the neglect of the dipole-dipole interaction
between unit cells of the semiconductor. The uniform ap-
proximation for the excitation is usually valid for pump-

probe experiments, and the neglect of dipole-dipole in-
teractions (the external field approximation) may be
justified for optically thin systems (quantum wells and
quantum dots). The SBE were found to be adequate for
the description of the Stark shift and phase-space filling
in semiconductor quantum wells. "

In this paper we derive the equations of motion for
second-order spatial (equal-time) electronic correlation
functions of semiconductors, using the Hartree factoriza-
tion. We consider a general nonuniform excitation and
take into account the dipole-dipole interaction between
unit cells (see Sec. II). Nonuniform excitation clearly
needs to be considered in grating experiments, where
the density of carriers varies on a length scale comparable
to the optical wavelength. The dipole-dipole interaction
is responsible for the strong dielectric effect in semicon-
ductors. This interaction is particularly important for
bulk semiconductors and potentially also for large semi-
conductor particles and thick semiconductor layers. The
generalized semiconductor Bloch equations (GSBE) for
electronic correlation functions derived in this paper ex-
tend the standard semiconductor Bloch equations to in-
clude nonuniform optical excitations and strong dielec-
tric effects. In the limit of uniform excitation, the equa-
tions can be recast in the local-field form. We show, how-
ever, that it is impossible to incorporate all the effects of
dipole-dipole interaction in the local field, and additional
contributions to the optical nonlinearity coming from the
dipole-dipole interaction between unit cells need to be
considered. When the dipole-dipole interaction is
neglected and the excitation is taken to be uniform, we
recover the conventional SBE.'

II. GENERALIZED SEMICONDUCTOR
BLOCH EQUATIONS

The minimal coupling (p A) Hamiltonian provides an
exact and a commonly used starting point for the micro-
scopic theory of electronic systems coupled with the radi-
ation field. For systems with localized electronic states
(e.g. , molecular crystals), a canonical transformation can
bring the Hamiltonian to the multipolar (p D) in which
the local-field approximation and the connection with the
Bloch equations is more transparent. ' When the
transverse electric field is treated classically, that goal
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may be accomplished using a similar procedure based on
a gauge transformation, which brings the transverse field
explicitly into the Harniltonian. This transformation,
which does not assume localized electronic states, and
can therefore be applied to molecular as well as semicon-
ductor systems, is carried out in Appendix A, resulting in
the following two-band model Harniltonian of a sernicon-
ductor:

tial are

iq R„ 2
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H =f dr P (r) + V~(r)+er Ez(r, t) f(r)

+fdr, dr~/ (r, )f (r~)f(r~)g(r, )V, (r, —r~) . (2.1)

Here, f(r) is the electronic annihilation operator at point
r, P(r) is the electron momentum operator, V~(r) is the
periodic lattice potential, V, (r) is the (instantaneous)
Coulomb potential, and ET(r) is the classical transverse
electric field (we use the Coulomb gauge). The electronic
field operator written using the Bloch state basis set has
the form

and E,(k):—E,(k) and Ek(k) =—E&(k)+ g~&o(Vq+ —,
' Vq),

where E,(k) and E,(k) are the single-particle energies of
the valence and conduction bands, respectively. In the
derivation of Eqs. (2.3) we have performed a multipolar
expansion of the electron-electron interaction between
cells and retained only the monopole-monopole and
dipole-dipole terms. We further imposed a normal order-
ing with respect to electrons and holes and neglected
terms with the reverse ordering in order to define proper-
ly the vacuum (ground state). In addition, we have as-
sumed the electric field to be uniform over a unit cell (see
Appendix A), and the Bloch functions have been approxi-
mated as follows:

4(r) = & [&k'P k(r)+dk4 k(r)] (2.2) ik.(p+R ) ik R
P,k(p+R„)=e "u,k(p)—=e "u,k,(p), (2.4)

where ck (dk) denotes an annihilation operator for an
electron (hole) with momentum k ( —k). These operators
satisfy the Fermi anticommutation rules [ck,ck. ] =25kk.
and jdk, dk. ] =25kk. p, k(r) and p, k(r) are the corre-
sponding Bloch functions. The model of the electronic
system given by Eqs. (2.1) and (2.2) contains several ap-
proximations. First, the spin index has been omitted in
the electronic variables, which means that we neglect the
Hubbard-type Coulomb-induced coupling between states
with different spins. We have further neglected the de-
generacy of the hole band, i.e., the heavy- and light-hole
effect. Both approximations enter in the same way, as
discussed in Ref. 1. In Appendix B we substitute Eq.
(2.2) in Eq. (2.1) and, after making a series of approxima-
tions that will be discussed below, we obtain

H H&+H2

where

where ko denotes the wave vector at the center of the
Brillouin zone and R„ is the center of the nth unit cell so
that r=R„+p. We have thus neglected the momentum
variation of the periodic part (u, ) of the Bloch function.
A similar approximation was made for the valence band
involving P„and u„. With these approximations the in-
terband and dipole intraband matrix elements are given
by

R /2

d,„=f u, (p)u, (p)pdp,
C

i (kl —k2).R
d„(„)(k„k2)= g R„dp u, (,)(p)e

R„

(2.5a)

(2.5b)

The intraband matrix elements may be further approxi-
rnated as

H, = g [E,(k)ckck+E, (k)dkdk]
k

d„(k„k~)=d„(k,k')—=e, 5(k —k') . (2.5c)

+ P d,„[ET(q,t)e„+qd „+H.c. ]
kq

+ g Ez.(k —k', t)[d„(k,k')c kck
k, k'

+d„(k,k')d kdk. ], (2.3a)

The optical response of the system requires the calcula-
tion of the optical polarization. By quantizing the elec-
trornagnetic field and writing down the Heisenberg equa-
tion for the field E=[H+A~, E] and 8=i [H+H~, B]
(8'~ is the field Hamiltonian), we obtain the Maxwell
equation

H2= —,
' g [Vq(ek Ck Ck ~qCk q+dk dk dk ~qdk q)

k), k2, q
(, ) — ( )=

c Bt c Bt
(2.6a)

2( Vq+ Vq)ckidk2dk +qck q] (2.3b)

Here, H, and H2 denote the single-particle and the two-
particle parts of the Hamiltonian. d are the transition di-
pole matrix elements, both intraband (d„,d„) and inter-
band (d,„). The Fourier transforms of the monopole-
monopole and dipole-dipole parts of the Coulomb poten-

where the polarization operator is given by

P (r, t):g(r, t)rg(r, t) . — (2.6b)

Upon the substitution of Eq. (2.2) in Eq. (2.6) and trans-
forming to momentum space, we finally obtain

P(q)—:f dr exp( iqr)P(r), — (2.7a)
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P(q) = g (d,„ck+qdk+H. c. )
k

Dk(k2 =dk(dk2 (2.8c)

+ g [d„(k,k')ck+qck
k, k'

+d„,(k, k')dk+ dk ] . (2.7b)

(2.8a)

(2.8b)

The evaluation of the optical polarization therefore re-
quires the expectation values of the two-body variables:

Ykk ——dk C
1 2 j 2

In Appendix C we derive the Heisenberg equations for
these operators and close the hierarchy by invoking a fac-
torization of higher-order operators. For simplicity, and
similar to what is usually done in the derivation of the
SBE,' we neglect the intraband dipole couplings. We
then obtain the following equations of motion for the
two-point electronic correlation function Yk k ( t)

1 2=( Pk k (t)), Ck k (t)—= (Ck k (t)), and Dk k (t)
—= (Bk,k,(r)):

i —E, (k2) —e, (k~) Yk k (t)= —g [d,„Er(q, t)5k k +q+(Vq+ V )Yk q k (r)]
q

+ gd, „Er(q, t)[cq „k (t)+Dq k „(t)]
q

+ x(Vq+ q)[ k+qk q( ) kk (')+ k+qk —q(') kk (

q, k
(2.9a)

i —E, (k, )+e, (k2) Ck k (t)= —g [d,„Ez(q, t)Yq k k
—Er(q, t)Yq k k (t)]

q

+ g ( Vq+ Vq)(Yk k~+qYk+q k
—

Ykk Yk+q k~ q)
k, q

P z Vq( Ck&+q, k+q Ck, k2 +k, k&
—

q Ck&, k —q ) &

k, q

(2.9b)

i —E„(k,)+E,(kz))Dkk (t)= —gd„[Ez(q, ~)Yk k+ —Ez(q, t)Yk k q]
q

+ g(Vq+ Vq)[Yk +qk(t)Yk k+q(t) —Ykk (&)Yk qk+q(t)]
k, q

+ g —,
' Vq(Dk+qDk, k,

—Dk k~ qDk~ k q) .
k, q

(2.9c)

These equations constitute the main result of this article.
They generalize the SBE to include a nonuniform optical
excitation and potentially strong dielectric effects. It
should be noted that the equations of motion derived
directly from the minimal coupling form of the Hamil-
tonian [Eq. (Al)] are different from the Bloch equations,
and do not allow a clear picture of the local-field approxi-
mation and its limitations, since they contain the vector
potential (A) rather than the transverse electric field.
This is why we have adopted the dipolar form [Eq. (2.1)].

III. THE LOCAL-FIELD APPROXIMATION
FOR HOMOGENEOUS EXCITATION

Equations (2.9) allow the calculation of any four-wave
mixing process, including grating experiments that in-

volve a nonuniform excitation. In order to compare with
the standard SBE we specialize here to the case of a uni-
form (homogeneous) excitation. In this case, the elec-
tronic correlation functions are independent on the
center-of-mass coordinate of the two-point variables.
Adopting a notation similar to Ref. 1, we then have

Yk k (t)-=5(k, —k2)Pk (&),

Ck k (t) =—5(k, —k2)n, k (t),

Dk k (t) —=5(k, —k~)n, k (r),

(3.1a)

(3.1b)

(3.1c)

Similar to the standard the SBE, we will assume that the
size of the optically active medium is small in comparison
with the optical wavelength. Inserting relations (3.1) into
Eq. (2.9) we obtain

i —E, (k) —s„(k) Pk(t)= —(n,k+n„„—1) d„Er(t)+ g Vq(PkPk q
—PkPk qai

(3.2a)
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i n, &(t)=EL (t)d„(Pi, P—
f, )+ g (Vq+ —,

' Vq)(PkP~ q
—PI,P~ q) . (3.2b)

The equation for n, z(t) is identical with right-hand side of Eq. (3.2b), which implies that n, z(t)=n, j,(t) within the
present approximations. We note that this result does not depend on the assumption of equal effective masses of elec-
trons and holes. The local-field appearing in Eq. (3.2) is given by

EL (t) =Er(r—=0, t)+ g V P
q&0

(3.3)

When the dipole-dipole interaction is neglected (i.e., setting Vq =0), we recover the standard SBE (Ref. 1) describing
the coupled equations for P&, n, z, n, j, driven by the external transverse field Ez (t):

i —e, (k) —e, (k) Pj,(t)= —(n,k+n„k —1) d„Er(t)+ g Vq(PfPg q
—PI,Pk q)

q

i n, z(t)=Ez.(t)d„(P& Pz )+—g Vq(P&PI, q
—P&Pk q) .

ai

(3.4a)

(3.4b)

For linear optical response (n, &=n„k=—0), Eqs. (3.2) can
be derived from Eqs. (3.4) by simply replacing the trans-
verse electric field Er(t) with the local-field EI (t). This
is, however, no longer the case for the nonlinear response,
since an additional term proportional to V appears in
Eq. (3.2b) that contributes to the nonlinear response. The
fact that the local-field approximation only partially ac-
counts for the dipole-dipole interaction was discussed ear-
lier. ' We have shown previously that the third-order
nonlinear susceptibility of a semiconductor in the Har-
tree approximation can be expressed as a sum of contri-
butions resulting from quartic and cubic anharmonici-
ties. The additional dipole-dipole contribution in (3.2b)
implies that the quartic- and cubic-type terms in the non-
linear susceptibility will scale differently when the dielec-
tric constant is varied.

the SHE discussed in Ref. 1 was applied to calculations of
the optical nonlinearity of thin semiconductors layers,
where the local-field correction may be neglected. The
other generalization in the present treatment is the con-
sideration of inhomogeneous excitation of the medium,
which is necessary for the description of transient grating
experiments. The present results were obtained within
the rigid-lattice approximation (i.e., the electron-phonon
interaction was neglected), which is fully justified for off-
resonant excitation of the electronic system (phase-
grating experiments). When real excitations are present
in the medium, the interaction with optical and acoustic
phonons cannot be neglected, and Eqs. (2.9) need to be
extended to incorporate their effects.
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APPENDIX A: THE DIPOLAR HAMILTONIAN

In this appendix we present the derivation of a dipolar
representation of the Hamiltonian of our electronic sys-
tem interacting with an external classical electromagnetic
field. Our main goal is to describe the dipolar approxi-
mation when electronic eigenstates are delocalized.

The microscopic minimal coupling Hamiltonian reads

H = Jdrg (r) (p —e A) +P, (r)+V~(r) g(r),

(A 1)

where A(r, t) is the transverse vector potential of the
electromagnetic field and we adopt the Coulomb gauge
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V'A(r, t)=0 .Vii(r) is the periodic lattice potential, and

P, ( r ) is the instantaneous Coulomb potential, e.g. ,

P, (r) = fdr V, (r —F)g (F)P(F). We next perform a
gauge transformation:

H = f dr/ (r) + Vii(r)+P, (r)

[p A(r, t)+ A(r, t) p]
A(r, t) +A—(r, t) —Vr A(r, t ) =—A(r, t),

a
P(r, t)~Po(r, t)+ r A(r, t)=P(r, t)+r ET(r, t),

Bt

(A2a)
2

+ A (r, t)+r.Ez(r, t) g(r) .
2m

(A3)

which results in

(A2b) We rewrite the part of the Hamiltonian that describes the
interaction of the electronic system with the transverse
and longitudinal electromagnetic field (HI ) as

R /2
Hz= g f dpi' (R„+p)

n c
[p A(p+ R„,t)+ A(p+R„, t) p]2m

2
+ t A (R„+p,t)+r Ez(R„+p, t)] g(R„+p)

2m
(A4)

ere, r =R„+p, where R„denotes the center of the nth unit cell and p spans the volume of a single unit cell. We next
assume that the vector potential does not depend on p (i.e., it does not vary within a unit cell). This leads to

A(p+R„, t)= A(R„, t) —V(R„+p) A(R„,t)=—0,

ET(R„+p,t)= A(R„,t)=ET(R„,t) .=a
Bt

Inserting relations (A5a) and (A5b) into (A4), we obtain Eq. (2.l).

(A5a)

(A5b)

APPENDIX B: ELECTRON-HOLE REPRESENTATION

In this appendix we discuss the derivation and approximations leading to the form of the Hamiltonian given by Eq.
(2.3). We first truncate the multipolar expansion of the Coulomb potential at the dipolar level:

V, (R„—R +pi —p~)=V, (R„—R )+(pi —p~)V' V' V, (R„—R +p', —p~)~,
p, ——o,p, ——o (81)

Next we split the integration over the spatial variable in H2 into a sum over the position centers of unit cells R„and in-
tegrals spanning the volumes of every unit cell

H, = g J dp, dp, g (R„+p,)g (Rm+p, )g(Rm+p, )g(R„+p, )V, (R„—Rm+p, —p, ) .
n, m

We employ the approximation given by Eq. (2.5); we rewrite the part of the Hamiltonian describing the instantaneous
Coulomb interaction Hz as

where

A A Af Af ~ t A Af
I V~(ci, ci, ™cz+qci, q+di, dz di, +zdi, q) —( Vq+ Vq)ci, dz dz +zcz ~],

k), k~, q

(82)

Vq=pe " V(R„—R ), (83a)

2e
V~(R~ —Rm ) E~R„—R

V =pe " V(R„—R ),

(83b)

(83c)

a2.—R )= X f dpidp2~, (pi)p'i~. (pi)~, (p»p2~. (p» „,~V,«.— +pi —p2)] =,
~P~'~P2

Making these approximations, we obtain

(83d)
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H= g [E,(k)ckck —E„(k)dkdk]+ gd„[ET(q, t)ck+qd k+H. c. ]
k k, q

+ g ET(k —k', t)[d„(k,k')ckck —d„(k,k')dkdk ]
k, k'

A A Af Af ~ ~ f A Af+2 X [Iq(ck ck ck +qck —q+dk dk dl +qdk —q)+2(I q+~q)ck dk dk+qck —q] .
k), k~, q

(B4)

Finally we change to normal ordering of electrons and holes and neglect the terms in the Hamiltonian obtained from
commutators that do not preserve the number of electron-hole pairs as well as a constant term. This results in Eqs.
(2.3).

APPENDIX C: TRUNCATION OF THE HIERARCHY

In this appendix we describe the ansatz used to approximate the wave function of the electronic system. We show
that this ansatz can be straightforwardly obtained from the exact form of the wave function in the bosonic approxima-
tion of the electron-hole pairs. This ansatz allows us to factorize higher-order electronic correlation functions, resulting
in a closed hierarchy [Eqs. (2.9)].

When electron hole pairs are treated as bosons, the quantum mechanical state of the electronic medium is a coherent
state:

lg..h(t) &=~exp g yk k (r)~k k (o)
1' 2

where gk k (r) =
& g«h(t) I Pk k Il(«h(r) &. This can be rearranged in the form

lq,. ( )&= g A'. .., p[y ( )9„,(0)]ln& .
1~ 2

When $ k k are no longer approximated as bosonic variables (i.e., they obey Pauli commutations relations),
1 2

[ ~k k ~k k ] ~k k ~k k ~k k k k ~k k ~k k ( ~k k

(Cl)

(C2)

we can write

'Pk)k~ (r)
Igg„„(r)&= g n„(r)+ $'„„(0) IQ&,

1~ 2 1 2

(C3)

where again q&k k

(t)=&l(jg„h(t)leak

k Il(g„h(t) & and 2nk k (r)=[1—4qrk k (t)]' +1. One can verify by inspection that
for k,Wk„

& gg«h(i) I k, k, I'k, k, I gg,.h(r) &
—

& gg«„(t) I ~k, k I pg,.„(r)& & pg,.„(i)I ~k,k, I gg«h(t) &

and for k2&k4,

&pg,.„(r)IDk k ~k,k, ling, .„(r)& =&gg...(r)l&k k ling«„(r) &&gg,.„(r)l~k,k, ling, .„(r)& .

Finally up to third order in yak k (t) we have
1 2

& pg,.h(r) I
I'k k I'k k I gg,.„(t) &

—= & pg,.„(t)I
I'k k I pg«„(r) & & gg,.„(r) I &k k I gg,.„(t)& .

(C4a)

(C4b)

(C4c)

In the following, the ansatz for the wave function given by Eq. (C3) was used, which allowed us to factorize four-point
electronic correlation functions [Eqs. (C4)] and derive the nonlinear equations [Eq. (2.9)] from the Heisenberg operator
equations [Eq. (2.6)].
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