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High-T, superconductivity of YBa2Cu3O7/PrBa2Cu3O7 superlattices:
An interlayer-coupling model
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A simple model of intralayer and interlayer couplings based on a generalized BCS pairing theory of
superlattices of layered superconductors is used to correlate the recently observed trends in the T, 's of
YBa2Cu307/PrBa2Cu307 superlattices. These observed trends in the T, s are obtained in this model if
certain inequalitities are satisfied among the direct and that mediated by the PrBa2Cu307 intercell-
interlayer, intracell-interlayer couplings. These inequalitities among the couplings may be reconciled in
terms of the chemical structure of these systems.

Almost all high-T, superconductors with the exception
of (Ba, „K )Bi03 have layered crystal structure and pos-
sess electronic and magnetic anistropy. The active build-
ing blocks of these materials, as far as superconductivity
is concerned, are Cu02 layers with strong intralayer and
weak interlayer interactions. A large number of theoreti-
cal papers have been written addressing this question
of anisotropic coupling between the layers and its eft'ect
on the chemical structure dependence of the supercon-
ducting transition temperature T„and the gap anisotro-
py.

A fundamental question about these layered supercon-
ductors is whether a single CuOz layer is in fact super-
conducting or whether one needs interlayer coupling for
driving the system to a superconducting state. To ad-
dress this question and to see how T, changes with crys-
tal structure, i.e., number of Cu02 layers per unit cell,
several groups have ' recently reported the fabrication,
structure, and superconducting properties of epitaxial,
nonsymmetric M XN superlattices of M YBa2Cu307 mul-
tilayers of M=1,2, 3,4, and8 unit cells thick separated
by insulating PrBazCu3O7 multilayers of X unit cells with
1V ranging from 1 to 16. Unfortunately it has not been
possible to isolate a single Cu02 layer (with finite hole
density) separated by sufficiently large number of insulat-
ed layers. The system that comes closest is Cu02 bi-
layers, i.e., one unit cell of YBa2Cu307 separated by
several (maximum 16) insulating PrBa2Cu307 layers.
These experiments have shown that the superconducting
transition temperatures T, (M, N) of these systems, de-
pend on the YBa2Cu3O7 layer thickness and the inter-
layer separation. Figure 1 displays the experimental
findings. The following inequalities summarize these ob-
served trends:

(ii) T, (M+1,N) & T, (M, N) & T, (M —1,N)

(M =1,2, .. .;N =0, 1,2. . . ),
(iii) T, (M, N) T, (M, N+—1))T, (M+1,N)

(2)

as well as

—T, (M +1,N + 1) (3a)

T, (1,1)1T,(1, oo ) & T, (2, 1)/T, (2, oo ) . (3b)
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The equality sign in Eq. (2) holds for N =0.
One interesting observation (see Fig. 1) is that a single

YBa2Cu307 unit cell (BaO-CuOz- Y-Cu02-BaO-CuO)

(i) T, (M, N) & T, (M, N+1)
(M =1,2, .. .;N =0, 1,2, . . . ), (1)

FIG. 1. Experimental superconducting transition tempera-
tures of an M XN supercell of YBa2Cu3O~/PrBa2Cu307 taken
from Ref. 3.
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separated by sixteen PrBa2Cu307 unit cells has T, =20 K
whereas two YBa2Cu307 unit cells again separated by the
same number of PrBa2Cu307 unit cells has T, =60 K.
This raises some interesting questions regarding the na-
ture of the coupling between two Cu02 layers which are
in the same unit cell and those belonging to different unit
cells, questions which we address in this paper.

There have been several attempts to correlate the T, 's

of a large number of high-T, systems in terms of a gen-
eralized BCS pairing theory of layered superconduc-
tors, '" by invoking interlayer and intralayer cou-
plings. The purpose of the present work is to adopt the
theory in Refs. 5 and 6, to develop a model of supercon-
ductivity of superlattices of layered superconductors of
the type YBazCu307/PrBa2Cu307 investigated recently.
This system has the significant feature that PrBa2Cu307
is an insulator but with almost matching crystal structure
to YBa2Cu307.

The criti.cal temperature T, with Cooper pairing in-
teractions among carriers within the conduction layers is
determined by the maximum value of T, obtained from
the solution of the determinantal equation ' '

detiIq( T)5i J.+AJ q i
=0 .

Here

IJ '(T, )-=ln(ez/T, )

with eJ a cut-off parameter for the Jth layer and A,JJ are
the dimensionless generalized Cooper pair coupling pa-
rameters associated with the planes. The structure of the
determinant depends on the nature of the layers in the
superlattice rejecting the features of the
YBa2Cu307fPrBa2Cu307 system. We employ a nearest
layer interaction model. We take two Cu-02 layers of
YBa2Cu307 as the relevant conducting planes and call
them as a unit —(AB)—.The PrBazCu307 layer al-
though nonsuperconducting by itself is however taken as
an important layer denoted by —C —.We introduce an
intralayer coupling strength A,~z =A,z~ = —

A, for
YBa2Cu307 with x =I(T, ) —A, , and [A,„+I,(T, )] is tak-
en to be a positive parameter, z, because an isolated
PrBa2Cu307 layer is nonsuperconducting. The supercell
of [(AB)M C&] then has —further coupling parameters
associated with interlayer interaction; intracell interac-
tion between A and B is taken to be k', intercell interac-
tion between A and B is taken to be A,", and the interac-
tion between 3 and C or C and B is taken as co, and the
interlayer interaction between two C's is taken to be co'.
It turns out in the analysis of T„one obtains an indirect
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FIG. 2. Schematic Diagram of the YBa&Cu307/PrBa2Cu307
superlattice, intercell- and intracell- and interlayer- and
intralayer-coupling parameters.

intercell interaction between A and B via C denoted by
=co /z. It is convenient to introduce a dimensionless

parameter y =co'/z. In Fig. 2, we exhibit these couplings
pictorially to facilitate visualizing the various couplings
in the supercell.

Before discussing the solutions of Eqs. (4) and (5) we
would like to make a digression and point out how the in-
terlayer intracell coupling X' and interlayer intercell cou-
pling A,

" can depend on how the unit cells grow on
different substrates. From the geometrical arrangement
of Cu02 layers we can easily see that there are basically
two types of interlayer coupling. One is between two
CuOz layers separated by Y layer (denoted by A,Y) and the
other separated by BaO-CuO-BaO layers (denoted by
A,c„o). Clearly A,v and A,c„o are different, the latter
presumably larger than the former due to the presence of
the bridging oxygens. Also which of these two will
be A,

' and A,
" will depend upon how the unit cells grow

on the substrate. For example, for the
(YBazCu307)2(PrBazCu3O7), 6 system if the arrangement
of (YBa2Cu307)z is (BaO-CuOz-Y-Cu02-BaO-CuO;BaO-
CuOz-Y-CuOz-BaO-CuO) then A, '=AY and A,"=Ac„o. If,
on the other hand, the arrangement is (CuOz-BaO-CuO-
BaO-Cu02- Y;CuOz-BaO-CuO-BaO-CuOz- Y), then

A cUQ and A,
"=kY. Thus we need to find out how T,

depends on k' and A,
" for the multilayer systems which

we discuss next.
The structure of the determinant, Eq. (4), for the

. . [( AB)~ —(C)~]. . supercell containing R units of
[( AB)M —(C)z] is of order (2M +N)R X (2M +N)R,
where

2M+N +2M+N 2M+N ' ' 02M+N

D(2M+N)g (M ) +2M+N pM+N IIpM+N ' ' ' 2M+N

02M+N ~~2M+N ' ' D2M+N

(6)
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D2M+

where Oz~+~ is the (2M+N) X(2M+N) null matrix,
D2M+N is a square matrix with the structure

~ 2M, 2M N, 2M
(7)

2M, N CN N

and Q2M+N and QzM+N are the intersupercell coupling
matrix of the form

[in[{6'/T, (M, N))]I '=A, ,s(M, N) . (12)

is a little more complicated and so we will here illus-
trate the result for a representative case of

. [(AB)&—(C)z] . . . In Table I, T, (N, M)'s are given
in terms of the standard effective coupling strength
A,,tt(M, N) via

2M+ N

0

CO 0 ~ ~ 0

Here 8* is an appropriate cutoff energy parameter,
unspecified in the present sequel.

In the pure bulk YBazCu307 case, we have D~~z (M, O)
in place of Eq. (6) given by a simple expression

0 ~ ~ ~

Cl ~
'~2M+N

0 ~ ~ ~

x A,
' 0 0 . . . 0

x A,
" 0 0

Dp~g(M, O)= 0 A
' x A,

' (13)

In Eq. (7) Dz~+& is a square matrix which is partitioned
into a 2M X2M square matrix, 32M 2M, representing the
( AB)~ complex and N XN square matrix C& z
representing the interactions in the (C&) complex a rec-
tangular matrix of order N X 2M, Q~ z~ and another rec-
tangular matrix of' order N X2M, 02M N representing the
coupling between ( AB)~ and (C)& complex, given by

x I,' 0 0 . . 0
x A,

" 0 . . 0

0.

&2

2MR + U2MR —1 ~ 2MR —2

f2
U2MR —j. XD2MR —2 X U2MR —3

We then seek a solution of the form

(14a)

(14b)

It is easy to evaluate this determinant by construction a
pair of simple difference equations by direct expansion of
the determinant:

~2M, 2M
= (9) D MR

0 where u is to be determined selfconsistenly. We find then

0 . . . 0 ~&+ ( g'& +g"& —x ~ )~ +g'~g" & =() (16)

+N, 2M

The solution is then written in terms of the two roots a+
of Eq. (16) with the conditions that DD = 1 and
D~ = (x —

A,
'

) and so

co . . . 0

0 . . . co

D 2MR
1," sin(2MR8) + sin[2(MR + l)8]

sin(28) sin(28)

(17)

2M, N

0 . . . 0

where 20 is defined by

2A, 'A,"cos(28) =x —A, —A,

z co' 0 0 . . . 0
CO Z CO 0
0 N Z CO

from which it follows that

A,,s(M, O) =A, + [A,
' +A," +2k, 'A, "cos(28, )]'~ (19)

CN, N

0 Q) Z

where 20, is determine by the condition that D2MR =0
for R ~ ~. From (17), it follows that (MR +1)~MR
for large R and so

We have analytically computed the T, 's for the simple
supercells given in Table I in the limit R —+ ~, which
represents the system under investigation. In this model,
the bulk pure YBa2Cu307 result is obtained for N =0, for
all M. When there are a large number of PrBa2Cu307 s
[or ( C& ), N ~~ ] we expect the single supercell of—

( AB)~ —to become isolated in which case the solution
is also relatively simple, because we only need to obtain
the zeros of the determinant of 22M 2M. The general case

20, ~ —+0
MR

and thus

A,,s(M, 0)=A, +A, '+ A,
" (20)

independent of M, as expected.
The case of infinite number of PrBa2Cu307 and finite

number of YBa2Cu307 layers is equivalent to an isolated
stack of M layers of —( AB) . The A.,~ is—contained in
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TABLE I. Model of M X N superlattices where M is the number of YBaiCu307 ( AB) and N is the number of PrBa2Cu307 (C) lay-
ers in one supercel1. The transition temperature T, (M, N) is related to the effective coupling constant A,,s(M, N) by
X,s(M, N) = [1n(8 /T, (M, N))] '. A, is the intralayer coupling; in the superconducting ( A and B) layer, A,

' is the effective coupling be-
tween A and 8 mediated by a single nonsuperconducting (C) layer and the dimensionless parameter y is a measure of the C-C cou-
pling. See text for details.

(M, X)

(1,o)
(1,1)
(1,2)
(1,3)
(1,4)
Phys. Rev. Lett. (1, ao )

(2,o)
(2, 1)

(2,2)

Superlattice with interlayer
coupling specified

——[ (AB).][.(AB).]——
——[ ~ ( AB) ~ ( C), ~ ][ ~ ( AB ) (C~), .]——
——[.( AB).(C)~.][.( AB).(C)p-] ——
——[.( AB).(C)3.][.( AB).(C)3.]——
——[.( AB).(C)g. ][.( AB).(C)g. ]——

[.( AB).]——[ ( A»z l[.( AB)2. ]——
——[.( AB)2.( C). ][.( AB ),-( C). ]——

——[ ~ ( AB), ~ (C), ~ ][~ ( AB),.(C),.]——

[.(AB),.]

A. +A, '+ A,
"

A, +I,'+2k, '
X+A, '+ A.*(1—y )

A. +k'+k*/(1 —2y )

A, +A, '+k*(1—F)(1—y —y )

A, +k'
A. + i,'+ A,

"
A, +A,"/2+ A,

+[A.' +(A,"—2A, *) /4]'
A.+A,"/2+ k*/2(1 —y )

+ [A. '+ [A,
"—A, */(1 —y]2/4]'i'

A, +[A,' +A," /2
+A."(4A,' +A," )' /2]'

the above analysis by putting R = 1 in which case we
have

We seek a solution of the form

R (27)
X,ii(M, ac ) =A, + [A,

' +A,
"

+2A, 'A,"cos [28,(M, ao ) ]
'/

where 28, (M, ao ) is determined from the condition
D2M =0 or
Ql I

, sin[2M8, (M, ~ )]+sin[2(M+1)8, (M, ao )]=0 . (22)

~2
D4R —X U4R )

—A, V4R

2
U4R —1 + V4R —2 ~ ~4R —3

~2
V4R —2 &~4R —3 ~ D4R —4 s

2
4R —3

=ZD4R —4 & V4R —5

(23)

(24)

(25)

(26)

Clearly this depends on the number of YBa2Cu307 layers.
For M = 1,2 the explicit answers are given in Table I.

From Table I, it is interesting to note that the intro-
duction of an intervening C layer leads to an indirect
interplanar coupling A,

* between A and B and subsequent
addition of C layers renormalize A,

' by a "propagator"
parameterized by y which depends on the number of C
layers added. Clearly an infinite YBa2Cu307 does not
care what we define as intercell interlayer coupling A,

' and
intracell interlayer coupling A,

" since we can always
redefine our unit cell. Thus A,,ii(M, O) is symmetric under
the interchange of A.

' and A,". Also A,,JM, O) is indepen-
dent of M because if we take M unit cells of YBa2Cu307
and repeat in space we get the same thing as one unit cell
of YBa2Cu307 which repeats in space.

To further illustrate the procedure, we consider here in
detail the calculation of T, ( 1,2). The determinant
D~~(1,2) is expanded to obtain a set of 4R coupled
difference equations of the form:

A,,it( 1,2 ) =A, +1,'+ A,
*/( 1 —y ),

where

(29)

A, *=co /z and y =co'/z . (30)

By employing similar procedures, the results in Table I
were derived.

To understand the observed trends in T, in these su-
perlattice systems, Eqs. (1)—(3), we deduce several ine-
qualities among A,,ir(M, N). These in turn imply certain
constraints on the basic inter- and intralayer-coupling
constants introduced in the model:

A,,ir(1, N) & A,,s(1,N+1) & A,,ir(1,N+2) &

if A,
"&2k,

and 0&A, &1/2 .

(31)

(32)

(33)

From Eq. (12) this implies the inequalities for T, s in Eqs.
(1) and (2). It is also found that

A.,s(1, 1)—A,,ii( 1, ao ) & A,,ii(2, 1)—A,,$2, Oo ) (34)

provided

A, '((A,"—2A, *)/2 . (35)

where cz is determined self-consistently by solving the
above set of difference equations. In the present case a
obeys a quadratic equation

a +a[x (co' —z )+2xzco —co' A,
' +z A,

' —co ]

+co co A, =0.
Following the same procedure as before we obtain
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This may be seen to be consistent with the observed ine-
qualities given in Eqs. (3a) and (3b).

We will now give some physical significance to the ine-
qualities among the basic coupling strengths, A, ', A,",A, *,
and y given in Eqs. (32), (33), and (35). Equation (33)
simply implies that the coupling between the insulating
PrBazCu307 layers should be expected to be weak. From
these inequalities, it is found that the dominant supercon-
ducting coupling is A,". This is the intercell interlayer
AB coupling. Equation (32) is easily understood by the
observation that A,

* is the PrBa2Cu307 mediated effective
coupling between A and B. From Eqs. (32) and (35), we
see that the intracell interlayer coupling A,

' must be small-
er than intercell interlayer coupling A,". This may seem
puzzling. However if we identify the A and 8 layers in a
given cell as being separated by an Yttrium layer and as-
sociated A,

' with this interaction then it seems reasonable
that A, '(=A.v) is smaller than the intercell coupling A.

"
(=A,c„o) mediated by the Cu-0 chains, BaO networks,
etc. Since these superlattices are deposited on SrTi03 or

MgO substrates, it appears chemically advantageous to
form the first unit cell of YBa2Cu307 with the following
ordering: SrO-Cu02- Y-Cu02-BaO-CuO- . . provided of
course the surface of the substrate is a SrO or MgO layer.
This argument also suggests that if the YBazCu307 layers
start growing on the Ti02 layer of SrTi03, one might get
a stacking of the type Ti02-BaO-CuO-BaO-CuOz-. . ., in
which case one would have obtained A, '=A, c„z& A,

"=A,~.
In summary, we have developed in this paper a model

for a qualitative understanding of the superconducting
transition temperature of YBazCu307/PrBazCu307 super-
lattice systems, based on the relative strengths of the in-
terlayer couplings between superconducting ( A and B)
and nonsuperconducting ( C) layers.
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