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D. Coffey
Los A lamos National Laboratory, Los Alamos, New Mexico 87545

T. M. Rice
Los A /amos National Laboratory, Los A lamos, New Mexico 87545

and Theoretische Physik, Eidgenossische Technisch Hochschule, 8093 Zurich, Switzerland

F. C. Zhang
Department ofPhysics, Uni uersity of Cincinnati, Ci nci nnati, Ohio 4522I

(Received 7 March 1991)

The Dzyaloshinskii-Moriya interaction, which arises from a mixture of superexchange and spin-orbit
coupling NN Cu + spin with a term of the D;J'(S; X S, ). The coupling constants D;J are estimated for
several cuprate crystal structures. The pattern of the D;,. varies considerably between these structures
and only in some cases causes a weak ferromagnetic component in an ordered antiferromagnetic of the
Cu spins. In no case, however, does this interaction stabilize a flux phase.

I. INTRODUCTION

The combination of low symmetry and spin-orbit cou-
pling was shown by Dzyaloshinskii' and Moriya some 30
years ago to give rise to an anisotropic exchange interac-
tion. In the case of the cuprates this Dzyaloshinskii-
Moriya (DM) interaction is the leading source of anisot-
ropy, since single-site anisotropy does not occur due to
the S=—,

' nature of the spins on the Cu + sites. Thio
et al. invoked this interaction to explain the small net
ferromagnetic component to the ordered moments in the
orthorhombic phase of La2Cu04. More recently Thio
et al. pointed out that, because of the extreme sensitivi-
ty of the pattern of the DM interactions to the crystal
structure, it would be one of the few interactions that
differ in the closely related orthorhombic and low-
temperature tetragonal structures found in the com-
pounds La2 Ba CuO4. Since the transition between
these two crystal structures was shown by Axe et al.
and by Maeno et al. to cause a dramatic suppression of
the transition for superconductivity, it is of some interest
to look into this question further.

Recently Coffey, Bedell, and Trugman made a com-
plete examination of the pattern of DM coupling con-
stants in the orthorhombic phase based on a symmetry
analysis. The microscopic basis for the DM interaction
has been known since the work of Moriya, and in this
paper we apply Moriya's method to the case of a Cu~+—
0—Cu + bond in which the Cu ions are surrounded by
tilted O octahedra. The result is a small DM interaction,
which depends linearly on the tilt of the 0 octahedra and
on the spin orbit of the Cu + ions. The form agrees with
the previous analysis, and the details of the microscopic
calculation for the orthorhombic La2Cu04 structure are
given in Sec. II.

The pattern of the DM interaction vectors, D;z, is sen-
sitive to the deviations from the ideal tetragonal La2CuO4

structure. Thus the two cases of orthorhombic La2Cu04
with alternating tilted 0 octrohedra in (110) directions
and low-temperature tetragonal La& Ba Cu04 with tilt-
ed 0 octahedra in (110) directions have quite different
patterns, as pointed out by Thio et al. In Sec. III we
discuss the patterns for these two cases in detail and also
for the case of YBzCu306. To illustrate the physical
consequences of these different patterns we examine their
effect on an antiferromagnetically ordered state and show
that only in the first case of the orthorhombic structure
does the DM interaction induce a small ferromagnetic
moment.

Our conclusions are presented in Sec. IV, where also
discuss the relationship between the Aux phases and a
DM interaction.

II. MICROSCOPIC ORIGIN
OF THE DZYALOSHINSKII-MORIYA INTERACTION

IN ORTHORHOMBIC La&Cu04

The standard theory of superexchange, due to Ander-
son, must be modified in the presence of spin-orbit cou-
pling. Moriya has shown how the processes involving an
additional virtual transition due to the spin-orbit interac-
tion can cause an anisotropic exchange interaction as a
correction to the isotropic Anderson superexchange
term. To illustrate this process for the cuprates, we con-
sider the case of orthorhombic La2Cu04. In Fig. 1 we il-
lustrate a Cu02 plane in this structure. The 0 octahedra
are tilted alternately along [110] and [110] directions so
that lines of 0 ions ~~[110] are alternately slightly raised
or depressed relative to the (001) plane defined by the Cu
ions. The crystal-field states of the Cu ions are rotated
and defined by the local 0 octahedra.

We consider an individual Cu—0—Cu bond and the
relevant Hamiltonian consists of the crystal-field levels of
the 3d hole that forms the Cu + ions and the antibonding
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FICx. 1. Here only the oxygen sites are shown. The open cir-
cles are oxygen atoms which are tilted up out of the Cu plane,
the solid circles are oxygen atoms tilted down out the Cu plane,
and the hatched circles are oxygen sites in the Cu plane. The
Cu sites are underneath the circles with the arrows, which are
the positions of the apical oxygens. The arrows indicate the
direction in which these oxygen atoms move.

2p level of the 0, ' and in addition the spin-orbit cou-
pling on the Cu atoms:

H =Ho+H, +HL~

with single-site terms

At this stage we have an effective Hamiltonian, which
involves only the ground-state crystal-field levels in Ho
and H, +H, as hybridization terms. The vector coupling
constants Ck are obtained by examining the matrix ele-
ments of the L vector involving the ground-state crystal-
field level. Consider the combination in Fig. 1. k =E,
j = A. The tilting of the 0 octahedra causes a small ad-
mixture d„, and d orbitals to the d & 2 orbital, so wex —y
obtain

Io, &
= Id, ,&+~e(Id., ) —Id„&),

where 9 is the angle between the vector AE and the (001)
plane. Because of the tilt, there is a small overlap of the
d, orbital and p orbital at E, and this determines the
size of the admixing a0=t, /to. The nonzero matrix ele-
ments of I. are

(d„, LIO„)= iy, (d—, ILIO„)=ix,
ILIO„)=a&&3i(x+y) .

Putting these terms together, we arrive at the result

H0 X X ej adj aadj aa+ PEppkapka
jo. a=O, m

C = t A' +3~8 (~+~—t2 2x y
3z

xz

~xz
(10)
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nearest-neighbor hybridization terms

H, =g g (t d pk +H c. ), . .
j,a, o. k e I jl

and spin-orbit terms

Hl,s=&g Lj SJ =—g (Lj+Sj +Lj S++2L'S') .
J '

J

(3)

(4)

where t & 2, t,„are real. The two terms parallel to y
have the same order of magnitude, since t, is propor-
tional to 0, but they have opposite signs. By symmetry
CEa CE~

Lastly we eliminate the p orbitals from Eqs. (2)—(5)
and obtain an expression in perturbation theory for the
DM coupling

HD ~=+ D, (S, XS )
(ij)

with the vector coupling constant
The notation is standard and the only new terms in-

volve the crystal fields of the 3d hole denoted by o.=O
(ground-state energy so=0) and a=m (excited-state ener-

gy E )0). The standard Anderson superexchange is ob-
tained in perturbation theory by eliminating the hybridi-
zation term to obtain an effective Heisenberg interaction
between the Cu + spins, which is O(t ).' Moriya con-
sidered the lowest-order correction to this process, which
involves a single power of the spin-orbit coupling. If we
use second-order perturbation theory to eliminate the ex-
cited crystal-field levels, we get an additional vector hy-
bridization term

D.=—
lJ

8tO + (Ck Ck +Ck Ck)c U
(12)

SktO
D~a —, +-

@, U
(W+& )-t2 2X y

3z

where k is the 0 site between i and j. Note C k
=Ck so

that the DM coupling constant is real.
For the specific case of D zz we arrive at the result

H„=g g Ckj Sk +H. c. ,
k jF Ik I

xz
y

&xz
(13)
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y= —tan '
2 v'ZJ (14)

The coupling constant for the nearest Cu—O bonds are
reversed, i.e., D~&= —D~~ leading to the alternating
pattern of coupling vectors found on general symmetry
grounds by Coffey, Bedell, and Trugman.

The angle the spins make with the Cu plane is given
11

mined by the symmetries of the two phases and, one finds
the pattern of D;1 for the LTO phase shown in Fig. 3(a),
as previously shown by Coffey, Bedell, and Trugman,
and for the LTT phase shown in Fig. 3(b). The d, are
constants, which are not determined from symmetry. In
Sec. II these constants were determined for the LTO
phase. A similar analysis has been carried out for the
LTT phase, and we find

1, 2
y= —tan

V2r p p Exzx —y

aO
u'2 E„,

where D„s=(di, d2, 0). From Eq. (13) one finds

(15)
and

d3=
—8kto +-

a U

&3aOt. . .
r2 3Z2

txz

(16)

where 0 is the angle of tilt of the octahedra, which is 0.05
rad. ' The spin-orbit coupling constant for a free Cu +

ion is ~0.1 eV (Ref. 13), and E„, is of the order of 1 eV
(Ref. 14) so that the dimensionless spin-orbit coupling
constant is ~0. 1. This agrees with Moriya's estimate
for the fractional change in the Lande g factor. ' The
geometrical factor reduces the magnitude of P further,
and one finds /=10 . This is in agreement with esti-
mates based on experiment. ' .

III. DETERMINATION OF THE FORM
OF THE D;~ TERMS FOR DIFFERENT CUPRATES

—8A, to
2

Ep

1 1+
c U

&3a8t. . .
r —3z

The magnetic ground state is given by the Hamiltonian

H = g [JS, S.+D,".(S, XS.)] .
&ij &

(17)

For the LTO phase the ground state is ferromagnetic
with two sublattices where the spins lie in a plane defined

In this section we show how subtle differences in struc-
ture associated with difterent cuprates lead to very
different forms for the Dzyaloshinskii-Moriya interaction
and to different magnetic ground states. The form D;- is
determined by requiring that the energy of any
configuration of spins is invariant under the symmetry
transformations of the crystal structure.

A. La2CuO4

In this case the symmetries of interest are those of the
CuO planes and the adjacent oxygen atoms. The CuO
planes and the apical sites are illustrated for the low-
temperature orthorhombic (LTO) and the low-
temperature tetragonal (LTT) phases of La2CuOz and its
alloys in Figs. 1 and 2, respectively. The D, is deter-
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FIG. 2. A Cu02 plane in the low-temperature tetragonal
La2CuO4 structure. The symbols are as in Fig. 1 except for the
new type of oxygen position, represented by a circle with an X,
which remains in the Cu plane. Here the CuO octahedra tilt
along the x axis.

FIG. 3. Pattern of D;J for the CuO, planes in La2Cu04 for (a)
the low-temperature orthorhombic phase (LTO) and the (b) the
low-temperature tetragonal phase (LTT). In the LTO phase
D=(d&, d2, 0) and D'=( —d2, —d&, 0). In the LTT phase
D"=(O,d3, 0) and D"'=(O, d4, 0).
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by the (1,1,0) and the z direction unless 2d, d2 &J, which
requires that d, and d2 have the same sign. The net fer-
romagnetic moment per Cu site is ~ ~d, —

d2 /J and can
point in any direction in this plane. For 2d, d2) J the
spins lie in a plane defined by the (1,—1,0) and z direc-
tions. In this case pairs of neighboring spins are canted
away from antiferromagnetic alignment and the angle is
the same for each pair of spins. So the spins spiral in the
ground state, and there is no ferromagnetic moment.
Given that ~D;J. ~

&&J in the cuprates, the form of the
Dzyaloshinskii-Moriya interaction accounts for the weak
ferromagnetism seen experimentally. '

In the LTT phase the CuO octahedra tilt along mutu-
ally perpendicular directions so the spins lie alternatively
along the I and y directions, and the spins lie in a plane
defined by the direction in which the CuO octahedra are
tilted and the z direction as they do in the LTO phase.
There are two kinds of ground state: one with a net mo-
ment per CuO plane and one without. In the ground
state without a net moment one finds chains of spins in
which there is a DM interaction, but which are antifer-
romagnetically aligned so that there is no moment and
the ground-state energy per Cu atom, E, is
—0.25 [J + (J +d )

' ~ ]. In the ground state where there
is a net moment per CuO plane each pair of spins is cant-
ed from antiferromagnetic order by angle P, which alter-
nates in sign from bond to bond. The magnitude of P and
E are

d3+d4y= tan
2J

and
2 1/2

d3 +d4
E ———J +

2 2

If (d3+d~) &2d3, where ~d3~ = max(~d3~, ~d~~ ), then the
ferromagnetic ground-state energy is lowest. The
different forms for the D,J and the resulting different
ground states for the LTO and LTT phases arise from the
small difference in crystal structure of the two phases.

As discussed in the Introduction, T, drops very rapidly
in La2 Ba Cu04 for y =0.12, when there is structural
transition from the LTO phase to the LTT phase, and re-
covers when there is a second structural phase transition
back to the LTO phase. It is hard to see how such subtle
structural changes can lead to sufficiently drastic changes
in the phonon spectrum to account for the change in T,
on the basis of the electron-phonon mechanism alone.
However, it is not clear whether the different supercon-
ductivity and magnetic properties of the LTO and LTT
phases are related. Our analysis ignores the effect of
holes in the CuO plane without which there is no super-
conductivity, and it is not known how important the
Dzyaloshinskii-Moriya interaction is in an itinerant sys-
tem or how it would affect superconductivity.
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=450 K. The structure is shown in Fig. 4. There is a
DM interaction between neighboring spins, only for spins
in the Cu(2) planes. Unlike the case of the Cu planes in
La2Cu04, the Cu sites are not centers of inversion, since
the adjacent oxygen atoms pop out of the Cu(2) plane in
the same direction. Consequently D; does not alternate
in sign from bond to bond, and there is no ferromagnetic
moment in the ground state. The pattern of D;. for the
Cu(2) planes is shown in Fig. 5, and the magnetic ground
state has a spiral structure. In the orthorhombic super-
conducting phase, YB2Cu307, the pattern of D; is the
same except that the magnitude may be different along
the two bond directions. For this oxygen doping there is
no long-range magnetic order, and the possible relevance
of D; for superconductivity remains obscure.
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FIG. 4. Structure of YBa&Cu306. The small solid circles are
Cu atoms, the small open circles are oxygen atoms, the large
hatched circles are Ba atoms, and the large circles with an X
are yttrium atoms.

B. YBa2Cu3O6

A similar analysis may be carried out for this structure,
which is magnetically ordered from temperatures below

FIG. 5. Pattern of D;,. for CuO, planes in YBa2Cu306. The
dots are Cu sites, D = (d, 0,0, ) and D'=(0, —d, 0) where d is an
unknown constant.
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IV. CONCLUSIONS

In this paper we presented microscopic estimates of the
DM coupling constants. Due to the small departure of
the symmetry from tetragonality and also the weak spin-
orbit coupling of the Cu + ion, these anisotropic cou-
pling constants are small, roughly three orders of magni-
tude weaker than the isotropic superexchange term.
Nonetheless we have seen that such weak terms can have
observable consequences for ordered antiferromagnetic
structures, e.g. , when the DM coupling vectors alternate,
a net ferromagnetic moment may be generated.

While the eA'ect of a DM interaction is clear in a state
with ordered local moments, it is not clear that the DM
interactions would be relevant in superconducting phases.
For example, consider the Aux phases, ' ' which have
been proposed for the t-J model. In this case the DM-
interaction would be a correction to the isotropic t-J
Hamiltonian. However, in the Aux phase on any Cu-Cu
bond the density matrix (d d& ) although complex, is di-
agonal in spin space. The expectation value of the DM

interaction, Eq. (11),vanishes in a fiux phase, and there is
no energy gain of linear order in the D;. coupling con-
stants. Therefore, there is no obvious stabilization of a
Aux phase through the DM-interaction. There could pos-
sibly be some eftect on more general forms, which involve
spin rotation.

While the pattern of DM interaction changes upon
passing from the orthorhombic to the low-temperature
tetragonal phase of the La2 Ba Cu04 family of com-
pounds, it is far from clear how this relates to the change
of superconducting T, associated with this change of
crystal structure.
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