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Magnetoluminescence of the two-dimensional electron-hole fluid
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Band-gap renormalization due to the presence of a dense electron-hole plasma in GaAs quantum
wells is studied by time-resolved luminescence and magnetoluminescence spectroscopy. We show
that heterostructures with long carrier lifetimes exhibit saturation of the band-gap renormalization
in a magnetic field, in accord with previous results. However, the usual carrier-density-dependent
gap shrinkage in a magnetic field is observed in multiple quantum wells with short carrier lifetimes.
The strong dependence of the magneto-optical properties on the carrier lifetimes indicates that two
different phases can be formed in the plasma at high magnetic field: a highly correlated phase,
analogous to the condensed electronic or excitonic state at the equilibrium density, in quantum
wells with sufficiently long carrier lifetimes; and a free-carrier gas in heterostructures with short
lifetimes. In the former state, the band gap is found to renormalize by an amount equal to twice the
exciton binding energy, independent of the actual photogeneration rate. On the other hand, con-
densation processes are prevented in the short-lived phase, thus resulting in the expected density-
dependent band-gap renormalization.

I. INTRODUCTION

In recent years a great deal of interest has been devoted
to the optical properties of semiconductor quantum wells
(QW's) in high magnetic field. ' These studies have
clarified the impact of the Landau-level quantization on
the two-dimensional energy dispersion of the QW. The
magnetoexciton binding energy in GaAs multiple quan-
tum wells (MQW's), the in-plane valence-band
masses, ' the Landau-level broadening, ' and the oscil-
lation of the Fermi level as a function of the filling fac-
tor " have been investigated both experimentally and
theoretically. The investigations have been performed in
the limit of a low-density electron or exciton gas. How-
ever, the physics of a dense two-dimensional electron-
hole plasma (EHP) in a magnetic field has not been wide-
ly studied. Only recently has it been shown that the ap-
plication of strong magnetic fields to a dense two-
dimensional electron-hole gas results in a variety of in-
teresting effects associated with the modified energy spec-
trum of the electronic states and with the contribution of
many-body interactions. ' '

In a magnetic field the continuous density of states for
electrons and holes is split into discrete Landau levels
separated by the cyclotron energy (which is dift'erent for
electrons and holes) and with a degeneracy 2eB /h (which
is the same for electrons and holes). The radiative-
recombination processes in a magnetic field involve tran-
sitions between electron and hole subband Landau levels.
The spectral shape of the luminescence therefore depends
on the Landau quantization of the two-dimensional den-
sity of states and on the chemical potential p of the
electron-hole population. In addition, lifetime effects

govern the possibility of phase transitions, such as the
transformation of an electron-hole plasma into an
electron-hole liquid, ' ' and these effects may be changed
drastically in a magnetic field. Up to now two limiting
situations have been treated extensively: (i) the weak-
magnetic-field approximation, in which many Landau
levels are filled by a relatively low-density electron-hole
population (i.e., A'0 «p, where A=eBlm is the cyclo-
tron frequency); and (ii) the ultraquantum limit (A'0 ))p),
usually achieved in strong magnetic fields, where carriers
are confined in their lowest Landau level. In the first
case, oscillatory phenomena in the magnetoluminescence
spectra are observed as the number of filled Landau levels
decreases with increasing magnetic field. In the second
case, many-body interactions become dominant, as in the
fractional quantum Hall effect.

In this work we investigate the more complex situation
of a very-high-density two-dimensional electron-hole
population (n =10' cm ) in a strong static magnetic
field (B =20 T). Under these conditions the inequality
AA ((p is satisfied because of the extremely high carrier
density, which results in large filling factors despite the
large splitting of the Landau levels. The important
consequence of this situation is that both the many-body
interactions in the dense carrier gas and the magnetic-
field-induced modification of the density of states must be
taken into account. From the theoretical point of view,
state-of-the-art calculations have shown the oscillatory
behavior of the exchange and correlation contributions to
the quasiparticle self-energies ' and the enhancement of
the electron-hole correlation in magnetic fields. ' In ad-
dition, the phase transition of the quasi-two-dimensional
neutral electron-hole plasma into an excitonic conden-
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sate' ' or into an electron-hole liquid' has been predict-
ed, which should result in significant modifications of the
magneto-optical spectra. From a practical point of view,
performing experiments on the emission of two-
dimensional EHP in high magnetic fields offers the addi-
tional advantage that the spectrum of the density of
states consists of a series of generally broadened Landau
levels separated by gaps. Therefore there are more singu-
larities in the density of states than only the band-gap
edge, as in the case at zero magnetic field. It is thus pos-
sible to obtain more direct and precise information from
the experiments than in the case at zero field. These facts
have been exploited by Potemski et al. ' ' in experi-
ments of luminescence under high excitation. They have
observed a clear Landau-level quantization in the emis-
sion spectra, which did not show any dependence on the
excitation intensity. From these data they concluded
that the band-gap renormalization saturated at a value
which was found to be twice the exciton binding energy.
Furthermore, a clear many-body mass enhancement of
the effective mass was reported. In order to investigate
these fascinating properties and to provide deeper insight
into the many-body interactions in the presence of a
strong magnetic field we have carried out systematic
magnetoluminescence and time-resolved luminescence
experiments under high excitation intensity in suitably
designed GaAs/Al„Ga, „As multiple-quantum-well
samples. We show that band-gap renormalization (BGR)
in a magnetic field does occur in heterostructures having
short carrier lifetimes. Conversely, saturation of the
BGR is observed in heterostructures having long carrier
lifetimes, probably due to the formation of a constant-
density exciton condensate or electron-hole liquid.

This paper is organized as follows. In Sec. II we de-
scribe the experimental techniques. In Sec. III we
present the results of time-resolved luminescence and
time-integrated magnetoluminescence. In Sec. IV we dis-
cuss our data and draw our conclusions. Details of the
calculations of the exchange energy due to inter-Landau-
and intra-Landau-level interactions are shown in the Ap-
pendix.

II. EXPERiMENT

The investigated samples are high-quality
GaAs/A1036Gao 64As multiple quantum wells grown by
molecular-beam epitaxy on a (001) GaAs substrate. The
samples consist of 25 periods with a 10.6-nm well width
and 15.2-nm barrier width. The structural parameters
have been determined by high-resolution double-crystal
x-ray diffraction. Two different configurations have been
adopted. Sample 1 consists of 25 periods directly grown
on the semi-insulating G aAs buffer layer. Sample 2
comprises a 1-pm-thick Alo 36Gao «As barrier layer next
to the substrate acting as optical confiner and then the
25-period MQW. The barrier layer provides a negative
refractive-index discontinuity of about 7%, resulting in a
favorable optical confinement of the emitted lumines-
cence and in high stimulated-emission efficiency. Sam-
ples 1 and 2 correspond to samples 2 and 6 of our previ-
ous work, ' respectively. The time-resolved lumines-

cence measurements are performed adopting the same
backscattering geometry without a magnetic field. The
excitation source is the second-harmonic beam of an
amplified, actively and passively mode-locked
neodymium-doped yttrium aluminum garnet (Nd:YAG)
laser, providing 25-ps full width at half maximum pulses
at 5-Hz repetition rate and about 100-MWcm peak
power density. The luminescence is dispersed by a 25-cm
spectrometer with a two-dimensional readout system con-
sisting of a single-shot streak camera and a cooled
charge-coupled-device (CCD) detector. The time resolu-
tion of the system is about 20 ps. The magnetolumines-
cence experiments are performed at 2 K with samples im-
mersed in superAuid helium and in magnetic fields up to
20 T, using Bitter coils. All the measurements are per-
formed with the magnetic field parallel to the carrier
confinement direction. A pulsed N2-pumped dye laser is
used as an excitation source. The dye head provides 5-ns
pulses at a 10-Hz repetition frequency with maximum
power densities of the order of a few MWcm after
focusing. The luminescence is collected in backscattering
geometry from the sample surface and is analyzed by a
1-m single monochromator equipped with a photomulti-
plier tube and lock-in amplifier.

III. RESULTS

A. Zero-field high-excitation-intensity luminescence

We first summarize the results of the optical measure-
ments carried out at zero magnetic field under the same
excitation conditions as for the magneto-optic investiga-
tions described in Sec. III C. Two basically different
radiative-recombination processes can be investigated de-
pending on the actual optical confinement of the emitted
luminescence within the highly excited heterostructure. '

MQW heterostructures with low optical confinement
(sample 1), directly grown onto the absorbing GaAs sub-
strate, exhibit broad emission bands due to the progres-
sive filling of the higher quantized states as the photogen-
eration rate is increased. On the other hand, MQW het-
erostructures grown on optically confining cladding lay-
ers (such as sample 2) or consisting of a large number of
wells show a sharp stimulated emission evolving on the
low-energy side of the fundamental heavy-hole-exciton
transition. Under this condition no band-filling emission
is observed, indicating the saturation of the spontaneous
emission' and shortening of the radiative lifetime.
These results are exemplified in Figs. 1(a) and 1(b), where
we show the intensity dependence of the electron-hole-
plasma emission in samples 1 and 2, respectively. The
luminescence spectra of sample 1 show evidence of the
filling of high-energy subbands in the we11, above the
second electron-to-heavy-hole transition. In addition, a
sharp electron-hole plasma emission from the bulk-GaAs
buffer layer is observed around 820 nm. The peaks ob-
served at the main intersubband transitions from the
quantum well are considerably smeared out when the
luminescence is spatially resolved or collected through a
pin hole placed in the center of the excitation spot. '

Whether the peak at the same energy of the exciton ob-
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case. As already reported in Refs. 12 and 13, the origin
of this discrepancy lies in the many-body renormalization
expected at these carrier densities. ' '

The energy obtained by extrapolation of the straight
lines in the fan-chart diagram of Fig. 4 deserves more at-
tention. The obtained value of 1.541 eV is 18 meV lower
than the fundamental intersubband transition energy de-
duced from the low-intensity photoluminescence excita-
tion, and this corresponds to a BGR of about 2 Ry. ' '
The experimental value of 18 meV is by far smaller than
the BGR value expected at the electron-hole density of
our experiment (n = 10' cm ). The density dependence
of the BGR in a 10-nm-wide GaAs well can be approxi-
mated by

3. 1 X 10 (n)'~ meV,

E))p BGR

150 I

2 6 10 14 18 22
MAGNETIC FIELD (T)

FIG. 4. Measured luminescence peak positions (dots) as a
function of the magnetic field at the excitation intensity Io for
sample 1. The straight lines are the linear interpolation of the
Landau-level shift with slope =1.34 meV/T. The overall plot
does not change with the excitation intensity. The arrows indi-
cate the extrapolation of the band-gap reduction (BGR) at zero
field, the heavy-hole-exciton ground state measured in absorp-
tion (E»q = 1.522 eV), and the n = 1 conduction-to-heavy-hole
subband gap of the quantum well (Eg = 1.561 eV).

tion, and in the spectra one would expect both to be visi-
ble. However, this is not the case and has constituted one
of the arguments of Potemski et al. that these data
indeed show the coexistence of the exciton inside the
EHP 12, 13

The extrapolation of the fan curves at zero field crosses
the energy axis at a lower energy than the unperturbed
band gap of the investigated MQW, indicating a shrink-
age of the band gap due to the single-particle energy re-
normalization in the electron-hole plasma.

The least-squares linear interpolation of the experimen-
tal high-field transitions shown in Fig. 4 gives a slope of
1.37 meV/T for the Landau-level shift and a common in-
tercept at zero field at the energy of 1.541 eV, in agree-
ment with previous studies. ' ' This Landau shift is
significantly smaller than expected. In fact, even assum-
ing an infinite heavy-hole mass and accounting for the
conduction-band nonparabolicity with an energy-
dependent mass of the form m, (E)=m, (1+AE) [where
E is the electron energy with respect to the bottom of the
conduction band in the bulk and 2 is a parameter that in
GaAs is about 0.64 eV ' (Ref. 23)j, one gets a Landau
shift of about 1.56 meV/T using m, =0.067 and E =150
meV. Most important is that from low-excitation
magneto-optical experiments, a Landau-level shift of
about 1.7 meV/T is obtained for GaAs QW's. Therefore
the observed slope of 1.37 meV/T corresponds to an elec-
tron mass about 20%%uo heavier than in the low-density

which would lead to a 66-meV gap shrinkage at n =10'
cm carrier density. Moreover, the observed gap
shrinkage does not agree with the BGR measured in simi-
lar samples by means of luminescence and optical-gain
spectroscopy at high carrier densities. ' ' ' It is impor-
tant to note that the BGR is found to be independent of
the excitation intensity. All the fan charts obtained by
changing the excitation intensity over three orders of
magnitude (from kWcm to MWcm ) extrapolate at a
zero-field energy which is about 2 Ry smaller than the
fundamental interband transition of the investigated
MQW. ' We stress that the entire fan-chart plot, not
only the zero-field intercept, shows no dependence on ex-
citation intensity. Therefore any deviation from linearity
of the magnetic-field dependence of the transitions at low
fields would not explain the observed behavior of the
band-gap reduction.

This unexpected saturation of the BGR at the value
E —2 Ry is, however, not a general property of the two-
dimensional electron-hole gas in a magnetic field. This is
clearly demonstrated by the magnetoluminescence spec-
tra of sample 2 shown in Fig. 5. At the highest excitation
intensity the emission spectra exhibit the S band, which
blueshifts with increasing magnetic field, and the heavy-
hole-exciton line, collected from the external region of
the excitation spot, splits into a well-resolved doublet
structure. As discussed in Sec. III B, the rising of the
stimulated-emission band leads to the saturation of the
spontaneous emission and prevents the observation of
several inter-Landau-level transitions superimposed on
the band-filling luminescence. In fact, although the con-
dition AO ((p is still fulfilled under the high photogen-
eration rate, the electron-hole gas does not reach a
quasistationary condition as in sample 1. Lifetime efFects
dominate the radiative-recombination processes in sam-
ple 2. The electron-hole population rapidly decays
through the stimulated-emission channel from the lowest
Landau level and the magnetoluminescence spectra only
exhibit that strong feature.

The magnetic-field dependence of the S band is shown
in Fig. 6. The Landau-level shift is clearly linear with
the magnetic field at high fields. From the linear interpo-
lation of the fan chart we again find a 20% enhancement
of the electron mass. The most striking result is that, in
contrast to the case of sample 1, the renormalized band
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gap obtained from the zero-field extrapolation of the fan-
chart diagram clearly depends on the excitation intensity.
The absolute BCxR value of 32 meV obtained at the max-
imum excitation intensity (Io curve in Fig. 6) corre-
sponds to a carrier density of 1.1 X 10' cm in Eq. (1),
in good agreement with the carrier density evaluated in
Sec. III B. We stress that not only the zero-field intercept
but the entire fan-chart plot redshifts with increasing ex-
citation intensity. On the contrary, the doublet structure
of the exciton peak does not show any excitation intensity
dependence and it shifts quadratically with the magnetic
field. Other recombination processes responsible for the
5-band emission, such as inelastic exciton-exciton or
exciton-electron scattering, can be excluded on the
basis of the theoretically predicted magnetic-field depen-
dence of their luminescence. Energy and momentum
conservation for these scattering processes would lead to
characteristic luminescence lines centered at
f1' 2E Eg Eg 2 Ry for the exciton-exciton
scattering (where E„ is the exciton energy and E is the

gap), and at irido„, , =E„E,"'" fo—r the exciton-electron
scattering (where E,"'" is the kinetic energy of the diffused
electron). Therefore the magnetic-field-induced shift of
these recombination lines should be fico,„,„(B)

=2E (B)—1/2fiA and fico,„,(B)=E„(B),where E„(B)
is the diamagnetic shift of the exciton. Neither of these
two field dependences accounts for the observed Landau-
level shift of the S band. Only at small fields (B ( 1.5 T)
does the fan-chart diagram of the 5 band exhibit a devia-
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FIG. 6. Measured luminescence peak positions (symbols) as a
function of the magnetic field and at diff'erent excitation intensi-
ties (Io =2 MW cm ) for sample 2. The E, l&, curves are related
to the splitted doublet of the heavy-hole-exciton luminescence,
while the lower plots are related to the S-band luminescence.
The solid curves are guides for the eye. The dashed curves
represent the calculated magnetic-field-induced shift of the
luminescence arising from inelastic exciton-exciton collision
(exc-exc curve) and the electron Landau-level shift with a 20%
mass renorrnalization (1/2 AA curve). The horizontal arrows
indicate the n =2 heavy-hole-exciton transition measured in ab-
sorption.
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FIG. 5. Magnetoluminescence spectra of sample 2 at
difterent magnetic fields and under the excitation intensity Io.
The temperature is 2 K.

The data presented in this work clearly show evidence
of the role played by lifetime eff'ects in the magneto-
luminescence properties of the dense electron-hole gas in
quantum wells. We recall that the samples of this study
have identical structural parameters and the only
diff'erence lies in the presence of the thick Al G-ai As
layer underneath the MQW heterostructure of sample 2,
which favors optical amplification of the luminescence.
Therefore the diff'erence in the observed spectral behavior
only lies in the carrier lifetimes. The first important re-
sult of our study is that band-gap renormalization does
occur in quantum wells in a high magnetic field. The ex-
pected electron-hole-plasma behavior of the band-gap re-
normalization is indeed observed under stimulated-
emission conditions (sample 2), i.e., in QW samples with
short carrier lifetimes, in contrast to the original assump-
tion of the magnetic-field-induced saturation of the
band-gap shrinkage in MQW's. ' '' On the other hand,
QW samples having long carrier lifetimes (sample 1) ex-
hibit the density independence of the BGR first observed
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by Potemski et al. ,
' ' which is in fact not predicted by

the most recent theories. ' '
In what follows, we discuss a few possible mechanisms

responsible for the saturation of the band-gap renormal-
ization observed in sample 1. Although these speculative
attempts only provide a qualitative picture, they are help-
ful in clarifying different aspects of the dense electron-
hole-plasma physics in strong magnetic fields. A possible
explanation for the observed decrease of the BGR is that
carriers belonging to different Landau levels do not in-
teract. Assuming that each Landau level renormalizes
according to its own population might explain the strong-
ly reduced BGR exhibited by sample 1 where the total
carrier density is divided among many () 10) Landau lev-
els. A similar situation occurs for the quantum-well sub-
bands. ' The renormalization of a given subband is
much more sensitive to its own population than to the
density of carriers in other subbands. However, this as-
sumption is not correct for the case of electrons confined
in Landau levels. As shown in the Appendix, the ex-
change energy contribution due to inter-Landau-level in-
teractions is comparable to the contribution coming from
intra-Landau-level interactions. This suggests that the
energy of carriers belonging to a certain Landau level
does not renormalize independently of the other levels.
Furthermore, this assumption would not be consistent
with the BGR exhibited by sample 2 which corresponds
to the total density of photogenerated carriers, even
though the radiative recombination is dominated by the
stimulated emission from the first Landau level only.

The longer carrier lifetime suggests the possibility of a
phase transition in sample 1, i.e., the formation of a con-
densate phase. In this case, an increase of the excitation
intensity would increase the volume of the liquid droplet,
but not the density. However, the observed BGR of 18
meV in sample 1 corresponds to a density of about
2X10" cm, which appears too low for the formation
of an electron-hole liquid, especially considering the high
temperature of the photoexcited carriers. Furthermore,
no threshold behavior with the excitation intensity or
with the temperature is observed for the saturation of the
BGR, which is in contrast to the well-known electron-
hole-liquid formation process. '

In a recent paper Maan et al. have proposed a slightly
different explanation for the apparent density indepen-
dence of the BGR. ' Their explanation is based on the
observation that the luminescence line shape develops a
broad low-energy tail which extends further into the gap
as the carrier density is increased and behaves more or
less like the normal BGR. The width of this tail may
exceed easily the cyclotron energies involved, but never-
theless no Landau-level-like structures can be observed in
its shape. At the same time the Landau-level peaks ob-
served on the high-energy side of the luminescence are
seen to broaden substantially with increasing density, al-
though they remain at the same energy as we observe
here in sample 1. The explanation they propose is that
there is a two-phase system. One phase consists of parti-
cles which scatter so rapidly that they cannot complete
one cyclotron orbit before being scattered (Qr (( 1).
These particles do not show Landau-level quantization,

but are responsible for the low-energy tail and show
BGR. The other phase consists of a class of particles
within this rapid scattering continuum, which shows a
relatively long-lived and locally correlated motion of elec-
trons and holes. This class of particles is thought to give
rise to sharp emission peaks at the Landau-level transi-
tion energies. This correlated motion is long lived be-
cause Q~&) 1, since they can be observed as sharp peaks,
and local, because they must be of the size of cyclotron
orbit (8.5 nm at 10 T). The broadening of the peaks with
increasing density is then explained by a gradual shorten-
ing of the correlated motion, which broadens the peaks,
and eventually merging of the correlated motion with a
continuum. In this sense the magnetospectroscopy can
be seen as a form of time-resolved spectroscopy on the
time scale of the cyclotron frequency. This model has the
appealing feature that it reconciles the contradiction be-
tween the apparent saturation of the BGR deduced from
the density independence of the Landau-level peaks, with
the conventional experimental and theoretical wisdom
that BGR remains strongly density dependent. Further-
more, this hypothesis is fully compatible with our present
experimental results where we do see the normal BGR in
samples with short lifetimes, whereas the same density-
independent Landau levels are observed in samples with
long lifetimes. An unsatisfactory aspect of the model is,
however, that it gives no explanation of why the levels
are all shifted by an amount of twice the exciton binding
energy.

Another possibility, somewhat analogous, is that a
high-density liquid forms, but the luminescence is dom-
inated by a low-density gas being in thermodynamic equi-
librium with the liquid. An appealing candidate for such
a high-density phase seems to be the condensate of weak-
ly attractive magnetoexcitons described by Paquet
et al. ,

' as its luminescence is predicted to be strongly
suppressed. Moreover, in this case, the low-density phase
can be a gas of excitons decaying through inelastic-
scattering events in which two excitons give rise to an
electron-hole pair and a photon. According to the dis-
cussion of Sec. III C, it is thus expected that the lumines-
cence at high magnetic fields is dominated by lines corre-
sponding to the free-carrier Landau levels diminished by
twice the exciton binding energy, as we observe in our ex-
periments (see the fan chart of Fig. 4). The excitonic con-
densate has so far been studied in the ultraquantum limit,
i.e., with carriers in the first Landau level only, and at
zero temperature. ' At present it is not clear whether
such a simple picture is valid for the case in which many
Landau levels are populated and the thermal energy be-
comes comparable to the cyclotron energy. Further stud-
ies are needed to clarify the validity of this assumption.

V. CONCLUSIONS

We have presented a detailed spectroscopic investiga-
tion of the magnetoluminescence and the temporal evolu-
tion of the recombination of a dense electron-hole plasma
confined in GaAs quantum wells. We demonstrate that
lifetime effects strongly change the optical properties of
the free-carrier plasma in the presence of high magnetic
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APPENDIX

In this appendix it is shown that in the limit of large
filling factors (fiA &(p) the exchange interaction energy
of the two-dimensional electron gas scales according to
the total density of carriers, irrespective of their principal
Landau quantum number. Therefore, even though eigen-
functions belonging to different levels are orthogonal,
inter- and intra-Landau-level many-body interactions are,
in general, comparable. The Landau eigenfunctions can
be written as

Ae' ~
41, „(x,y) = exp

+2"n!1,

(x +klo) x +klo
2IO O

n

fields. Heterostructures with long carrier lifetimes exhib-
it richly structured magnetoluminescence spectra in-
dependent of the photogeneration rate and clear satura-
tion of the band-gap renormalization. Conversely, multi-
ple quantum wells in which the free-carrier lifetime is
very short exhibit the usual density-dependent gap
shrinkage with magnetoluminesc ence spectra strongly
dependent on the photogeneration rate. These results
suggest that two different phases can form in the crystal
in the presence of high magnetic fields: a long-living
highly correlated particle system, analogous to a con-
densed exciton or electron gas at the equilibrium density,
which does not show any spectral shift of the lumines-
cence with increasing excitation intensity; and a short-
living free-carrier population, which exhibits the usual
electron-hole plasma behavior with density-dependent
band-gap reduction. We believe that our results can
stimulate further studies to fully understand the electron-
ic and optical properties of the dense electron-hole plas-
ma in high magnetic fields.

where lo is the magnetic length
1 j2

IO=
eBO

2(2
I n n

n'
2

=J„„(qlo)B, (A2)

with (n )n'), where B is a constant (independent of n, n',

k, lo, and q), I.„rae Laguerre polynomials

1 dL„(x)= e "x™(e x "),
dx'

and J, „.depends only on the magnitude of q; the contri-
bution to the energy of an electron in the Landau level n'
due to the exchange interaction with the full Landau lev-
el n can be expressed as

b,E,"„"= —Jd q [J„„.(qlo)]

2
oo m!= —C dx x ' e [L (x)]

lo o (m +p)!

(A3)

where m =min( n, n '), p =
~
n n'

~, an—d C is a positive
constant (independent of n, n ', and Io). Writing the
Laguerre polynomials in terms of confluent hyper-
geometric functions

I."(x)= 'F( —m, p+l, x),(m +p)!
m

H„are Hermite polynomials

~ -' d'
H„(x)=( —1)"e e

dx

and A is a normalization constant (independent of n, k,
and lo). Using the Fourier representation of the Coulomb
potential and the following result:

x ~
~ ~ ~

~y i n
I

iq„x
dx e

1/2
2n —(ql /2)

)n
—n' (& 0

qO e

(Al) Eq. (A3) reduced to

nE,
n' C

e ~—(2p —1).. 1+ 2 2m (
——')( —')

ex
$ (2p)tf 1 (p+1)

m (m —1)( —
—,
' —1)(——,

' )( —,
' )( —,'+1)

1 2 (p +1)(p +2)
m (m —1) 1[——' —(m —1)] . [—'+(m —1)]2 2

1 2 m (p+1)(p+2) . (p+m)

+ 0 ~ ~

(A4)

The contribution to the energy of an electron in the first Landau level (n'=0) due to the exchange interaction with
the electrons in v full Landau levels (n =0, 1,2, . . . , v) is, therefore,

b,E,„(0;v)= g b,E',„=
j=0

(2j —1 )ft

(2j)!f
(A5)
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Given a fixed total density of carriers per unit area p, the limit AQ «p corresponds to v~ ~ and lo —+ ~ with

V
P2~l o2

where

2~lo

is the degeneracy of each Landau level ~ Writing

(2j —1)I! (2j)t
(2j)!! I2 (J )]'

and using Stirling's formula (n .~n "e "V'2nn ), for large j one obtains

(2j —1)!! 1

(2j)!! Qj
and finally

b,E,„(0;v»1) = (A6)

This behavior is the same as in the high-density limit in a zero magnetic field,
2

5E,„— p= —e p
27Te 2

F
(A7)

where kF is the two-dimensional Fermi wave vector. Even though only the contribution of the unscreened exchange in-
teraction is included, the results of Eq. (A6) are sufficient to conclude that when many Landau levels are populated it is
by no means justified to estimate the many-body corrections by neglecting inter-Landau-level interactions.
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