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Linear magnetic birefringence measurements of Faraday materials
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Measured values of the linear magnetic birefringence (Cotton-Mouton) coefficients of several
Faraday-active materials (Tb +, Ce'+, and Pr'+ rare-earth composites) are presented. These
coefficients are compared with the same coeScients measured for diamagnetic materials: ZnSe, and
the liquid solvents benzene, chloroform, acetone, and water. Relatively large Cotton-Mouton
coefficients, which have a strong dependence on the paramagnetic susceptibility and concentration
of rare-earth ions present in these materials, have been observed for the paramagnetic Faraday ma-
terials. Difhculties introduced into the measurement of small Cotton-Mouton effects by misalign-
ment and/or an inherent linear birefringence of a crystalline sample are discussed.

I. INTRODUCTION

It is well known that a medium in a magnetic field be-
comes birefringent. Depending on the magnetic-field
direction relative to the optical propagation direction,
there are two important kinds of birefringence that affect
the polarization components of the incident light. The
Faraday effect, which is induced optical activity caused
by an axial magnetic field, has been well studied because
of the practical importance of this phenomenon. On the
other hand, the Cotton-Mouton (CM) effect, which is in-
duced linear birefringence caused by a transverse magnet-
ic field, has been of less use in practical applications be-
cause of the small coe%cients involved.

The original theory of the CM effect was given by
Langevin, ' who considered the orientation of the mole-
cules of a medium by an applied magnetic field. A more
complete theoretical description of the phenomenon has
been given by Buckingham and Pople. These authors
have shown that a CM effect exists even for monoatomic
molecules. The magnetic field affects the polarizability in
two ways: through distortion of the electronic structure
and through partial orientation of the molecules if these
molecules are not spherically symmetric. The latter
effect is countered by thermal agitation and leads to an
inverse temperature dependence of the CM constant.
Battaglia, Cox, and Madden, ' and Ladanyi have shown
that the CM effect is a potential spectroscopic tool when
combined with depolarized Rayleigh scattering measure-
ments. Such studies yield information about the micro-
scopic properties of a substance such as magnetic suscep-
tibility and local-field effect on optical polarizability.
Therefore, measurements of the CM coeKcient have been
widely used in studies of polymers in solution. Another
subject of fundamental interest is the magnetic
birefringence of the vacuum. ' Quantum electrodynam-
ics predicts that photon-photon interactions due to vacu-
um polarization effects lead to different refractive indices
for electromagnetic waves polarized parallel and perpen-
dicular to a magnetic field. A detailed feasibility study
for observing this birefringence of the vacuum has been
published. It is one of our intentions in this paper to de-

scribe a different technique that has the potential sensi-
tivity for measuring the magnetic birefringence of the
vacuum. However, we are not presenting here an actual
feasibility study for making this challenging measure-
ment.

There has been a continuing effort to improve the tech-
niques used to measure small CM coe%cients. ' ' Scu-
ri et al. ' obtained good sensitivity (b,n =1.4
X 10 ' /Hz'~ ) with a 100-mW laser and a 40-cm optical
path length, where An is the difference in refractive index
for waves linearly polarized parallel and perpendicular to
the applied transverse magnetic field. The technique they
used for measuring the CM coe%cient is basically a null
method involving ellipsometry. An optical phase
shifter" was used to convert the induced ellipticity to a
polarization rotation. The amount of polarization rota-
tion was detected by an analyzing polarizer, which was
oriented for maximum extinction of the initial polariza-
tion. In order to avoid 1/f noise, the magnetic field was
modulated at 1.325 Hz by rotating a 500-kg electromag-
net around the axis of the. light beam passing through the
sample cell. To minimize low-frequency noise, Faraday
modulators were used to make the magnetic birefringence
signal a 2.65-Hz-amplitude modulation of a 418.669-Hz
carrier. By using these elegant, but dificult, methods,
they were able to determine upper limits for the CM
coeScients of helium and neon gas. However, the sensi-
tivity obtained was about 2 orders of magnitude worse
than the fundamental limit for a coherent detection
scheme, which is determined by photon noise. In this pa-
per we present a simpler and more sensitive technique for
measuring linear magnetic birefringence effects and
demonstrate its utility by measuring the CM coefficients
of some interesting Faraday materials. There are practi-
cal reasons for knowing whether these materials possess
significant magnetic birefringence. They are used in the
fabrication of optical isolators in which the ability of the
material to purely rotate an input linearly polarized state
without rendering it elliptical is very important. This is
particularly important in high-power laser-isolation ap-
plications, and in experiments involving narrow-
linewidth laser oscillation and phase locking where any
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feedback of laser light between successive stages of the
system can lead to deleterious performance. "' To further
test the sensitivity and precision of our measurement
technique, we have remeasured the CM coefficients for
some important solvents, including water for which there
have been no consistent measurements reported in the
literature.

II. BALANCED HQMODYNK INTERFEROMETRY

Balanced homodyne interferometry has been used ex-
tensively in coherent laser sensor applications. ' The
main purpose of such sensors is to detect the phase or
amplitude change of a coherent field that has been in-
duced by a physical phenomenon under study. In a con-
ventional double-beam interferometer, such as the
Mach-Zender interferometer (Fig 1), the phase difference
between the two interferometer arms can be measured by
combining the two beams with a 50-50 beam splitter. De-
pending on the inherent geometrical phase difference, ei-
ther the amplitude or the phase change can be detected. '

It has been shown that the amplitude noise of the local
oscillator can be minimized by balancing the output of
the photodiodes. ' ' For two ideal photodetectors driv-
ing a differential amplifier, the output can be represented
as

i,2=i, i2 ~—2E„Eicos(hg, +bP ),
where b,P, is the inherent quasistatic phase difference be-
tween the two arms of the interferometer and b,P is the
induced phase to be measured. Therefore, optimum
demodulation of b,P occurs if b P, = (2n + 1)rr/2,
n =0, 1,2, . . . . For detection of an amplitude modula-
tion, the quasistatic phase should be set to the value
b,P, = n m, n =0, 1,2, . . . . In order to maintain this con-
dition, one of the mirror positions should be controlled
by a feedback loop to compensate for the thermal drift of
optical components. In principle, the sensitivity of a bal-
anced homodyne sensor is limited by photon shot noise,
i.e. , P„„,~ I/&N, where N is the photon number. How-
ever, especially with a multimode laser, it is difficult to
achieve this sensitivity because the Mach-Zender inter-

6n =nil n

=C AB (2)

where nil and n1 are the refractive indices for light polar-
ized parallel and perpendicular to the magnetic field, re-
spectively, C is the CM coefficient, and A, is the wave-
length of the laser light. Therefore, the phase difference
b,P between the two orthogonal polarization com-
ponents is

Anl

=2~C 8 l,

where l is the effective optical path length in the sample
region.

The induced phase difference b.P is measured by a
polarization-sensitive beam splitter (PSBS) one of whose
preferred axes is oriented at 45 to the magnetic-field
direction. Each of the polarization components are pro-
jected onto the preferred axes of the PSBS, causing in-
terference between the two orthogonal components of the
circularly polarized light, which are phase modulated by
the CM effect. Jones matrix calculus can be used for a
quantitative analysis of our detection scheme. If we take
Ei and E2 as the E fields reaching the photodiodes D,

ferometer is susceptible to environmental effects such as
vibration and local fluctuations in the two separated arms
of the interferometer. ' ' When a multimode laser is
used, the arm length must be finely balanced in length to
reduce the phase noise, but the detected signal will still be
contaminated with intermode heterodyne noise.

In order to apply the balanced homodyne inter-
ferometry technique to measurement of the CM effect
(Fig. 2), we treat the two orthogonal principal polariza-
tion components of a circularly polarized light beam as
the two arms of a Mach-Zender interferometer. Without
a loss of generality, we can choose the direction of one of
the principal axes as the direction of the magnetic field.
Then the induced birefringence caused by a transverse
magnetic field 8 can be written as

Laser

g BS1

M2

Sample Region

BS2

D1

L

1

3 mW Multimode
He-Ne Laser

)/4 A/2 PSBS D1

D2

FIG. 1. Mach-Zender interferometer. M 1,M2, mirrors;
BS1,BS2, beam splitters; PZT, piezoelectric transducer; and
D1,D2, photodiodes.

ac Magnet

FIG. 2. Experimental arrangement. OI, optical isolator;
X/4, quarter-wave plate; PC, pickup coil; A, /2, half-wave plate;
PSBS, polarization-sensitive beam splitter; and Dl, D2, photo-
diodes.
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amplitude changes of the principal components are 180'
out of phase, we can use balanced detection to maximize
sensitivity, with significant rejection of common-mode
noise.

cosOi
X . E e'"',

sinO,
(4) III. EFFECT

OF INHERENT LINEAR BIREFRINGKNCE

where 0& is the angle between the E field and the princi-
pal axes (x,y) of the A, /4 plate and 82 is the angle between
the preferred axes (X, Y) of the PSBS and the (x,y) axes.
The angles 8& and 82 are nominally ~/4 (Fig. 3) and the
phase retardation P, is m/2 for an ideal A, /4 plate. Final-
ly, b,P =P„P~ i—s the induced phase modulation
caused by the transverse magnetic field. If we assume
ideal photodiodes, the resulting output from the
differential amplifier can be written as

i(2 "IEg I' —IE, I'

~ Eosinb, g

oc E~pQP

The phase modulation b,P is thereby detected in the op-
timum way. In this particular detection scheme, we do
not need any feedback control. The big advantage comes
from the fact that the phase retardation between two
principal components of circularly polarized light is m/2.
Moreover, since these principal polarization components
are propagating along identical paths, this scheme is less
susceptible to environmental effects and phase noise from
the laser.

If we use linearly polarized light instead of circularly
polarized light, we can apply this detection scheme to
measurement of the Faraday effect. ' ' In the Faraday
effect, because of the induced optical activity, the plane of
polarization is rotated by an axial magnetic field. The
amount of the rotation, OF, can be written as

OF =vIB,

where v is the Verdet constant and I is the optical path
length in the magnetic field region. Oz can be detected
with maximum sensitivity by orienting the preferred axes
of the PSBS at 45 to the initial polarization. The rota-
tion of polarization due to the Faraday effect will appear
as an amplitude modulation along the axes. Since the

Ep

E~~ ~2 —l l P

cosOp sinOp

—i P/2

iP /2
(cos8O —sin8O)e

—iP /2
(cos8O+ sin 8O )e

where P=P, +P is the phase retardation caused by the
inherent linear static birefringence P, and magnetically
induced birefringence P . The first matrix on the right-
hand side (RHS) of Eq. (7) is the Jones matrix representa-
tion of the PSBS, which is orientated at 45 to the princi-
pal axis of the birefringent medium. The product of the
last two matrices represents the field components of ellip-
tically polarized light along the principal axes of the sam-
ple. Therefore, the output from the differential amplifier
can be written as

Some of the rare-earth composite crystals that we have
used in our experiments possess large stress-induced
linear birefringence. This birefringence, which is deter-
rnined by the size and shape of the sample, can move the
demodulation point away from the quadrature point. Al-
though this can be compensated with a Babinet-Soleil
compensator, this is not a good idea, because any vibra-
tion of a variable wave plate can generate phase noise.
This can cause major interference in CM measurements if
the vibration is caused by eddy currents induced in any
metallic components of the compensator mount by stray
ac magnetic fields.

For birefringent samples, in order to find the optimum
conditions for measurement of the CM effect, we analyze
the detection scheme with elliptically polarized light that
is generated by orientating the principal axes of the A, /4
plate at an angle Op with respect to the principal axes of
the sample. The representation of this detection scheme
can be written as

i, z
~ Eo (cosP sin 280—sing cos28O )

~ Eo [cosP, sin 280 —sing, cos28O

( sing, sin 28o+ cosP, cos280) ] .

The maximum common-mode noise rejection can be
achieved when the dc component of i, 2 is 0. This condi-
tion can be achieved by orienting the k/4 plate to satisfy

sin 20p
tang, =

cos20p (9)

FICi. 3. Coordinate system used in deriving Eq. (3). Therefore, with this condition, the output from the
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1.0 E, Ep 1 —62
—1 —62

1+&2 3 —B
B

X —6p

5o —5, +i(1—5, )

4f
where

CX . . CX3 =cos—+i sin —cosy,
2 2

—1.0

B =sin —sing,
2

OFa=[(b,P) +(28~) ]'~, tany=
b,P

(12)

differential amplifier is

i&&=Eog (sing, sin 29o+cosp cos28o) . (10)

FIG. 4. EFect of linear birefringence. The horizontal axis
represents the linear birefringence b.P„and the vertical axis
represents the modification of the amplitude [Eq. (10)].

The second matrix on the RHS of Eq. (11) is the general
representation of a medium possessing both linear
birefringence b, P and circular birefringence gz. ' There-
fore, for a nonbirefringent medium, b,P =hP is the
phase modulation caused by the CM effect, and 0& is the
rotation of modulation of the principal axes by the Fara-
day effect, so that o. « 1. If we neglect higher-order con-
tributions, for a nonbirefringent medium the differential
amplifier output can be written as

The terms between the parentheses represent the effect of
inherent linear birefringence. Figure 4 shows that there
is no significant modification of the demodulated signal
amplitude caused by inherent linear birefringence.

i, 2
~ Eo(sina cosy —25&sina siny

+252sin —siny+ 5,cos2a )

=Eo(b P
—45,Op+5, ) . (13)

IV. FARADAY EFFECT CAUSED
BY A STRAY MAGNETIC FIELD

In principle, since the Faraday effect is caused by an
axial magnetic field, the Faraday effect should not inter-
fere with measurement of the CM effect. Moreover, for
the optimum phase demodulation condition, the Faraday
effect should be nulled out like other amplitude noise.
However, because the size of the coefficients involved in
the CM effect, the Faraday effect due to an axial com-
ponent of the stray magnetic field may cause an interfer-
ence if combined with misalignment of optical com-
ponents.

Any set of two orthogonal axes that are orthogonal to
the propagation vector are suitable principal axes for cir-
cularly polarized light. However, because of imperfec-
tions in the A, /4 plate, the best way to choose the princi-
pal axes is along the slow and fast axes of the A, /4 plate.
Then the direction of the input polarization, which is
nominally parallel to the direction of one of the preferred
axes of the PSBS, is at ~/4+62 to the magnetic field,
where 62 represents a small misalignment. If we consider
a misalignment 5p between the slow axis of the A, /4 plate
and the direction of magnetic field, then the input polar-
ization will be oriented at ~/4+6& to the slow axis,
where 5& =5o+52 (Fig. 3). Including the phase error 5,
caused by imperfect I, /4-wave plate, the general repre-
sentation of our detection scheme can be written as

b,P =rrC Bol(1—cos2co t) . (14)

Therefore, to the first order, the CM effect can be dis-
tinguished from the Faraday effect by its frequency spec-
trum. Because of its linear dependence on magnetic field,
the signal from the Faraday effect is primarily at frequen-
cy ~ . Harmonics of the Faraday signal can still show
up if the sinusoidal drive to the magnet is not harmoni-
cally pure.

With perfect alignment, interference caused by the
Faraday effect should be eliminated. We have proposed
servo control of the alignment elsewhere. Small
misalignment of the circularly polarized light was
corrected by a feedback loop containing an electro-optic
cell. In order to maintain long-term stability, a high-
voltage bias was needed. The problem of this control
scheme is that ripple on the high voltage will be directly
converted into phase noise.

It is clear from Eq. (13) that the Faraday effect caused by
a stray axial component of the magnetic field can be dis-
tinguished by the linear and quadratic dependence of
Faraday and CM effects on the magnetic field, respective-
ly. A similar analogy can be made for a sample possess-
ing inherent birefringence. If we modulate the
birefringence with a sinusoidal magnetic field with fre-
quency co, i.e., 8 =Bosinco t, then from Eq. (3) we have
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TABLE I. Cotton-Mouton coe%cients relative to benzene

[C =(7.5+0.02) X 10 " G ~ cm ']. Top: Comparison be-

tween experimental results and literature for liquid samples.
Bottom: CM coe%cients of Faraday materials.

Liquid

benzene
chloroform
acetone
water

Experiment

1.0
0.131+0.001

(7.5+0.13)X 10
(2.4+0.15)x 10-'

Literature

1.O,
' 1.05b

0.131,' 0.1].9'
7.5 X 10

9x10-' '3 9x10-"

Materials
Cotton-Mouton

coefficient Crystal structure

KTb3F)o
LiTbF4
FR-5
Tb(PO3)3

CeF3
FR-4

PrF3
Pr(PO3)3

ZnSe

'Reference 6.
"Reference 23.
'Reference 9.

Tb + composite materials
—30.2+0.02
—28.6+0.03
—16.7+0.02
—14.5+0.02

Ce + composite materials
—3.2+0.05 uniaxial
—2.0+0.04 Ce + phosphate glass

Pr'+ composite materials
—1.2+0.04 uniaxial

—0.77+0.02 glass
Diamagnetic materia1

0.011+0.0003

cubic
uniaxial

Tb'+ borosilicate glass
glass

poly crystal

calculated from the experiment. The result shows excel-
lent agreement with the literature ' (within 1%). The
other CM coefficients are given with respect to the ben-
zene value. The phase reading of the lock-in amplifier
was used to determine the sign of the CM coefficient.
The CM coefficients of some liquids and paramagnetic
materials are tabulated in Table I.

Significantly large CM coefficients were observed in
paramagnetic materials, which may be important to note
in the design of high-quality optical isolators. A strong
dependence of the CM coefficient on the paramagnetic
susceptibility at ambient temperature and concentration
of rare-earth elements was observed. We are not aware of
any fundamental reason why materials with large Fara-
day coefficients should also possess significant magnetic
birefringence, but this does appear to be the case, at least
for the paramagnetic materials we have studied. Faraday
rotation in these materials results from a magnetic-field
dependence of the electric susceptibility tensor. Magnetic

birefringence results from anisotropy of the magnetic sus-
ceptibility tensor. Both these magnetooptical effects are
intrinsically nonlinear optical phenomena, although they
are of different order. The Faraday effect can be de-
scribed by a third-rank tensor g& ( —co;, co, , 0) and mag-
netic linear birefringence by a fourth-rank tensor
yi „,( —co;, co, , 0,0).

The effect of inherent linear birefringence of a crystal-
line sample, which is mainly caused by mechanical stress,
was compensated for by using Eq. (10). In this calibra-
tion the birefringence was measured from the zeros of the
differential amplifier output [Eq. ( )]. Vibration of a
paramagnetic sample in the ac magnetic field, although it
may be a small effect, may cause interference in the CM
effect measurements because it may act as an amplitude
modulator by bending the propagatio~ direction of the
laser beam. This interference was minimized by placing
microscope objective lenses in front of large-area photo-
diodes so that all transmitted light was collected indepen-
dent of a small lateral modulation of the beam direction.

In conclusion, we have applied balanced homodyne in-
terferometry for measuring the small change in polariza-
tion state caused by nonlinear magneto-optic effects: the
Faraday and CM effects. It is easy to prove that our in-
terferometer is a SU(2) interferometer, by replacing the
unitary scattering matrix with the Jones matrix of the
PSBS. Therefore, the theoretical limit on our measure-
ments is photon shot noise. We have obtained this sensi-
tivity with a 3-mW multimode He-Ne laser. The reasons
for this excellent sensitivity are the following: (1) The
principal polarization components of the circularly polar-
ized light, which may be considered as two separated
arms of Mach-Zender interferometer, take an identical
path so that the interferometer is completely balanced.
Therefore, our interferometer is i.nsensitive to phase noise
of the laser and environmental eff'ects. "' (2) The princi-
pal polarization components of each mode of a mul-
timode laser have the same phase difference, which is
determined by the A. /4 plate. In order to obtain this con-
dition in a conventional Mach-Zender interferometer, the
path length of each arm must be matched with the cavity
length of the laser, which is difficult in practice. We are
extending this preliminary work to measurements on the
noble gases, especially He and Ne, which have the small-
est CM coefficients of any material media. '
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