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We present an investigation of the computational requirements for the pseudopotential plane-
wave method as a function of the number of atoms per unit cell. For systems containing a large
number of atoms the computational load can be reduced if the pseudopotential operator is of a suit-
able form, such that it can be efficiently calculated in the position representation. The pseudopoten-
tials examined here include local pseudopotentials, position-dependent electron-mass pseudopoten-

tials, and separable nonlocal pseudopotentials.

I. INTRODUCTION

It is one of the goals of electronic-structure theory to
be able to perform calculations for crystals with a large
number of atoms per unit cell. For supercell simulations
of defects, surfaces, alloys, amorphous solids, or liquids,
the number of atoms can be as large as 50 to 100 atoms.
The different algorithms used for these types of calcula-
tions have varying dependencies for the computational
requirements on the number of atoms in the unit cell.
Therefore, algorithms that are the most computationally
efficient for one to eight atoms per unit cell may not be
the most efficient for, say, 50 to 200 atoms.

In modern pseudopotential codes using iterative diago-
nalization algorithms!~* the crucial computational step is
the calculation of the product HY, where H is the Hamil-
tonian and ¥ is a trial wave vector. If H is represented in
a basis set of N functions, O(N?) words are required to
store H, and O(N?) operations are required to calculate
HYV for each trial eigenvector.’ For a general form of the
Hamiltonian it is not possible to avoid this scaling law,
but for particular forms of H there are cases where one
can do better. If H is a sparse matrix, both storage and
operations may be proportional to N. Examples of sparse
matrices in electronic-structure theory are the kinetic-
energy operator in a plane-wave basis, the Hamiltonian in
a finite element basis, or in any other localized basis set
with finite range functions. Also, if HWV is a convolution
(i.e., H is a generalized Toeplitz matrix), then the storage
requirements are O(N) and the number of operations are
O(NInN). An example of a convolution is the product
of a local potential by a wave vector in a plane-wave basis
set.

In a plane-wave basis set the kinetic-energy operator R
is diagonal, and KW can be calculated with O(N) opera-
tions. The local potential operator ¥, includes both the
local part of the pseudopotential and the screening poten-
tial. The product V; ¥ in a plane-wave basis-set momen-
tum representation is a convolution, or, in other words,
V, is diagonal in the position representation. This con-
volution can be calculated using fast Fourier trans-
forms"? (FFT) requiring only O(N InN) operations to
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evaluate P, W. In the absence of a similar computational
trick, the product /VNL‘I/ of the nonlocal part of the pseu-
dopotential by a trial wave vector has to be calculated as
a matrix by vector product and therefore requires O(N?)
operations to be performed, and O(N?) words of memory
to store the matrix elements of P,;. For a constant
atomic density and similar accuracy of the basis set, the
number of wave functions in the basis set is proportional
to N=n'n,, , where n, is the number of atoms in the
unit cell and the proportionality factor n’ is the number
of basis wave functions per atom. We see that in the gen-
eral case for the calculation of H¥=(K + P + Py )¥ in
a plane-wave basis for large numbers of atoms, the com-
puting requirements to calculate Rvy, I7L\P, and I7NL\I/
are, respectively, proportional to n,, , n, Inn, ,and n .
In a previous paper® we discussed how one can mini-
mize the size n’ of the plane-wave expansion without
compromising the accuracy of the calculation. Here we
present a discussion of three possible means of modifying
the nonlocal pseudopotential operator to improve upon
the quadratic dependence on n, in the calculation of
Py V. The first solution is a trivial one; we make the
pseudopotential local, i.e., I/}NL =0. This can only be
achieved by making the local pseudopotential harder’
and therefore is only efficient when n,, is larger than a
threshold value. The second is to use a position-
dependent electron-mass pseudopotential introduced by
Bachelet et al. in the context of quantum Monte Carlo
calculations.® The local and “differential” character of
this operator allows it to be efficiently calculated using
FFT’s.®° The third approach is to extend the dual-space
formalism of Martins and Cohen' to nonlocal pseudopo-
tentials.!!" We show that this is particularly simple for
a separable pseudopotential.!>!* A general insight into
optimizing the operator formalism is given in Sec. II.
Section III discusses the use of local pseudopotentials and
describes a variational generation method using silicon as
an example. Modifying the nonlocal effect into a
position-dependent electron-mass operator is the topic of
Sec. IV. In Sec. V the application of the dual-space for-
malism to nonlocal pseudopotentials in real space is dis-
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cussed. Atomic units are used throughout this paper un-
less otherwise indicated. Although this paper is self-
contained, the reader may find useful the discussion of
pseudopotential generation schemes in Ref. 6, which is a
companion to the present paper.

II. PSEUDOPOTENTIAL PLANE-WAVE FORMALISM

and us-
the wave

In the pseudopotential plane-wave formalism,'*
ing the local-density approximation!® (LDA),
function W, (r) is expanded into a Fourier series,

\I/k(r)ﬁzlllk(G e (1)

where the \Ilk(G ) are the coefficients of the expansion.'®

In practice, the expansion is truncated and only plane
waves with a kinetic energy that is less than a chosen
cutoff, +(G; +k)?<E_,, are included. In this basis set
the Schrodinger equation becomes a linear eigenvalue
equation,

S H,(KW,(G;)=£,%,(G,) , 2)
J

where H;;(k) is the momentum space representation of
the Hamiltonian matrix for the point k in the Brillouin
zone. The Hamiltonian matrix is composed of three
operators,

H;(k)=15,|G,;+k|*+V.(G,—G))
3 ViL(G;+k,G; k), 3)

where 13, |q|? is the kinetic-energy operator K; Vi, (q)is
the Fourier-transformed local operator VL, which in-
cludes the local pseudopotential V., (r) and the self-
consistent electron screening potential; and 3,V (q,q")
is the sum of the momentum space representations of the
angular momentum channels of the nonlocal pseudopo-
tential operator Py, .

Although the methods of solution of this type of eigen-
value problem are well established, general-purpose algo-
rithms may require an enormous amount of computer
time if the basis set is large. For a matrix of size N, the
number of operations for a Givens-Householder pro-
cedure!” scale as N3, thereby making the procedure scale
as the cube of the number of atoms in the unit cell. Since
we are only interested in the M lowest eigensolutions and
M is usually much smaller than N, iterative methods may
be more efficient because they require only O(MN?)
operations for a general matrix. If the matrix has a spe-
cial structure such that the product HY¥ can be calculat-
ed in less than O(N?) operations, then the iterative
method will be even faster.!® In this paper we will
present three forms of the pseudopotential operator that
allows a fast calculation of the product HY in a plane-
wave basis.

Let us consider now in more detail the three terms of
the crystal Hamiltonian in the pseudopotential plane-
wave method [Eq. (3)] and see how efficiently we can cal-
culate their product with a trxal wave function. The
kinetic-energy operator K = 8,/|G; +k|?* is diagonal in
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the momentum space representation and the operation of
it with the wave vector W is trivial. If the number of
plane waves in the basis set is N=n, n’, then K can be
stored in O(n, n') words and KW can be calculated with
O(n, n') operations. We recall that n’, the number of
plane waves per atom, depends on the energy cutoff E
and the volume per atom, but not on the number of
atoms per unit cell. If we determine the local potential
interaction
V,¥(G))=3 V (G, —G;V,(G,)
1

as a matrix vector multiplication, we would need
O(n2, n'?) words to store the potential and O(n2 n'?)
operatlons to calculate the interaction. However, 1f we
consider VL\I/ as a convolution, then we can calculate the
convolution in O(n, n'In(n, n')) operations!” using fast
Fourier transforms (FFT) and we need only O(n, n')
words to store the potential. Physically, calculating VL\I/
as a convolution corresponds to Fourier transforming ¥
to real space where I?'L is a diagonal operator, multiply-
ing the local potential by the wave function on a real-
space grid, and Fourier transforming the product back to
the reciprocal space representation. 2

For the semilocal form (nonlocal in angular coordi-
nates but local in the radial coordinate) of the nonlocal
component of the pseudopotential [Eq. (3)], the nonlocal
potential matrix elements are'*

f_ 1 e o
ViL(a,q ):Efo Ve (r)jiqr)j(q'r)ridr

i
X 2 Ylm(a)YlTn(al) > )
m=—1
where ( is the cell volume, Vy; ,(7) is the nonlocal part
of the pseudopotential, j;(gr) are the spherical Bessel
functions, and Y, (q) are the spherical harmonics which
depend only on the direction of the argument. In this
matrix form, the nonlocal potential elements require the
storage of O(n?% n'?) words and O(n? n'?) operations to
calculate

P ¥(G)=3

i

EVNL (G; +k,G; +k) |V (G;) .
From this we can see that in the calculation of HY for
large unit cells, the operation of the nonlocal potential
becomes the limiting performance step because it has the
strongest (quadratic) dependence on n, of the three
operators.

III. LOCAL PSEUDOPOTENTIALS

The trivial way to avoid the quadratic scaling with n
in the calculation of HW is to use a local pseudopotential.
Starkloff and Joannopoulos’ have shown that a good local
pseudopotential could be constructed for Te by making
the pseudopotential sufficiently hard. A pseudopotential
that is hard requires a larger number n’ of plane waves
per atom and therefore will only be more computation-
ally efficient than a softer nonlocal pseudopotential when
n, is sufficiently large. Starkloff and Joannopoulos’
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start by defining a “bare” potential by subtracting the
valence screening from the screened all-electron poten-
tial. This bare potential is then multiplied by the steplike
function

(14+e ) /(1+e 77
to generate the pseudopotential. The parameters A and r,
are obtained by fitting the pseudoeigenvalues &% to the
all-electron eigenvalues &/'f. Our procedure is similar,
but we will have a larger variational freedom, fit both to
the eigenvalues and wave functions, and include a bias for
smooth pseudopotentials.

In this section and in Sec. IV we will use variational
procedures to generate pseudopotentials. In these cases,
the norm-conserving conditions!® are only approximately
satisfied, and the use of a parametrized screened pseudo-
potential as the variational quantity would cause a prob-
lem. This arises, because the variational pseudo-wave-
functions R/F(r) do not match exactly the all-electron
wave functions R 4Z(r) outside of the chosen cutoff radius
r.;. Since the wave functions do not match, the charge
density for the valence all-electron wave functions,
pdE(y), will not match the charge density from the
pseudo-wave-functions, pP P(r) in this region. This causes
the valence all-electron Hartree term Vy[pif;r] and the
valence all-electron exchange-correlation term
Ve(pdE(r)) to not match exactly the values Vy[p";r]
and V,.(pff(r)), obtained from the pseudo-wave-
functions in this region. The result of unscreening with
these not quite “correct” pseudo-wave-functions will be a
non-Coulombic tail in the ionic pseudopotential V;, (r)
outside the cutoff radii r,;,. This is undesirable and we
prefer to use the ‘““unscreened” ionic potential as the
function to be varied, and calculate the corresponding
pseudo-wave-functions and pseudoeigenvalues self-
consistently.

In the pseudopotential variational generation pro-
cedure we start by solving the self-consistent all-electron
problem to find the eigenvalues &%, wave functions
RAE(r), and self-consistent electron screening potential
Vaixlp?%r], for a chosen reference atomic
configuration. Using only the valence all-electron wave
functions, we calculate a valence electron screening po-
tential Vi ,.[pAE r]. Using the total screening potential
Viixlp?Er], the valence electron screening potential
Vi +xelPdE; r] and the nuclear charge Z, we calculate a
bare ionic potential,

Y4
Vbare(r): _7+ VH+xc[pAE;r]— VH+xc[p\j4af;r] . (5)

At this point we defined our ionic local pseudopotential
as

Viare(r) if r2r,

k
Vion(r)= >t ifr<r,,
i=0

where r, is the chosen cutoff radius and the v;’s are the
variational parameters. We will require that the ionic
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pseudopotential be continuous and its first two deriva-
tives be continuous at the cutoff radius r, and that the
ionic pseudopotential does not have a cusp at the origin:

Vion(re)=Voare(re)
Vion(re)=Viare(re)
Vinr )=V (r.),
Vin(0)=0 .

on

(7

These conditions were intended to smooth any kink at
the cutoff radii and cusp at the origin which would pro-
duce a slowly decaying behavior in the Fourier transform
of the pseudopotential. These constraints reduce the
number of degrees of freedom for the pseudopotential by
4. The other remaining degrees are determined by
minimizing a function that evaluates how close a trial
pseudopotential satisfies the norm-conserving condi-
tions'® and the hardness of the pseudopotential. This
function is the sum of three types of functions,

F(v07 e Uk )= 2 Qeig,l+ 2 Qcharge,l+QFT . (8)
1 1

The function Q. ; measures how accurate the eigenval-
ues are for each angular momentum / by the function

Ae? if Ag; <200 meV

100Ae?—3.96 if Ag;>200 meV , ©

Qeig,l =

where Ag,=eflE—eff. Norm conservation for each an-

gular momentum is measured by the second function
101} if |I,] £0.002
Qcharge.l = | 100017 —39.6 if |1,]>0.002 , (10

where I, is determined by
fC\R,AE(r)Perr—f ‘|RPP(r)|?r2dr
0 0 ]

forc\R/AE(r)lzrzdr

I,= §8))

The formula for these errors was designed to be double
parabolic in nature. When the errors are within the ac-
cepted limits, 200 meV and 0.002, only a small weight is
applied. But outside these limits, the weight is increased
by two orders of magnitude, indicating that the errors are
unacceptable. The last function Qp; controls the hard-
ness of the pseudopotential and has the form

QFT=1.3f0w|Vscr(q)|q2dq , (12)

where V. (g) is the Fourier transform of the screened lo-
cal potential. The numerical constants used in Egs. (9),
(10), and (12) were determined by trial and error for a sil-
icon pseudopotential with a reasonable total-energy con-
vergence within 24 Ry. We expect that different values
would be appropriate for other elements and total-energy
convergence requirements.

Direct variation of the polynomial coefficients is highly
ill conditioned and not advisable for use in a minimiza-
tion algorithm. In order to remedy this, the remaining
k —3 degrees of freedom in Eq. (6) were fixed by directly
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varying the ionic potential at the points r=0,
r=[1/(k—3)]r., ..., and r=[(k—4)/(k—3)]r,.
From these values of the ionic pseudopotential and the
boundary conditions [Eq. (7)] the coefficients of the poly-
nomial expansion are found by solving a set of k coupled
linear equations. For the order of the polynomial we
used k =7. Increasing the order up to k =11 gave only
marginal improvements.

We used silicon to test the ability of the local pseudo-
potential to adequately reproduce the nonlocal effects.
The reference configuration used was s2p%3d%>, the
cutoff radius was r,=2.25a,, and the exchange correla-
tion used was Ceperley-Alder,?® as parametrized by Per-
dew and Zunger.?! In Fig. 1 we show the ionic pseudopo-
tential and its Fourier transform, generated using this
variational method. We then used this pseudopotential
to calculate the structural properties of silicon. The cal-
culations were carried out using an energy cutoff of
E_ =24 Ry and 10 k points in the irreducible wedge of
the Brillouin zone. In Table I, column 1, some calculated
material properties obtained from a fit of these calcula-
tions to the Murnaghan??* equation of state are listed.
Looking at the values in the table, we can see that it is
descriptive of silicon, but the band gap and valence-band
width as compared to the more accurate nonlocal pseu-
dopotential calculations shows some discrepancy. Upon
generating a local pseudopotential for germanium and
other materials, we found similar small disagreements.

Trying to improve upon the pseudopotential transfera-
bility, we generated a silicon local pseudopotential with

5.0

Si Local

0.0

Vi (a.u.)

(a)

r (a.u.)

5.0

25 |-

q*Vig)Xa.u)

(b)

q (a.u)

FIG. 1. The local silicon ionic pseudopotential (a) and its
Fourier transform (b) obtained from the variational minimiza-
tion procedure given in Sec. III.
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TABLE I. A comparison of some properties of Si obtained
from local, position-dependent electron-mass (PDEM) and
Kleinman and Bylander (KB) separable nonlocal pseudopoten-
tial calculations. The experimental values are also given. The
theoretical values of the lattice constant a,, bulk modulus B,
pressure derivative of the bulk modulus By, and the cohesive en-
ergy E. are obtained from a fit to the Murnaghan (Ref. 22)
equation of state. E, is the band gap and I'js—T; is the total
valence bandwidth.

Local PDEM KB Experiment
a, (A) 5.52 5.48 5.39 5.432
B, (GPa) 92.3 91.2 98.4 98.8°
B 4.04 4.02 4.10 4.09°
E. (eV) 5.28 5.16 5.28 4.63*
E, (V) 0.44 0.50 0.51 1.17°
ys—I (eV) 12.65 12.24 12.04 12.4°

#Experimental values quoted by C. Kittel, Introduction to Solid
State Physics, 6th ed. (Wiley, New York, 1986).

®A. G. Beattie and J. E. Schirber, Phys. Rev. B 1, 1548 (1970).
°‘W. D. Grobman and D. E. Eastman, Phys. Rev. Lett. 29, 1508
(1972).

errors in the eigenvalues and norm conservation smaller
than 100 meV and 0.001, respectively. While this pseu-
dopotential had indeed an improved transferability to the
solid, it proved to be very hard and required a 36-Ry
plane-wave cutoff energy before the total energy was
reasonably converged. Therefore, to make an efficient lo-
cal pseudopotential, a compromise must be made be-
tween its hardness and its transferability. As the local sil-
icon pseudopotential is made more accurate, it becomes
harder, and the number of atoms at which it becomes
more efficient than a nonlocal pseudopotential becomes
larger. In the case of the hard (E_, =36 Ry) local silicon
pseudopotential, this would occur at ~50 atoms per unit
cell with our current implementation of the plane-wave
method. If only general chemical trends are to be deter-
mined in a large-scale calculation, then a softer local
pseudopotential is appropriate. If, on the other hand,
small energy differences must be determined, the local
pseudopotential must be made very hard. This means
that the threshold on the number of atoms where the lo-
cal pseudopotential is more efficient than a nonlocal pseu-
dopotential depends on the compromise we are ready to
accept in the transferability of the local pseudopotential.

IV. POSITION-DEPENDENT ELECTRON-MASS
PSEUDOPOTENTIALS

Reformatting the nonlocal angular-momentum-
dependent pseudopotential into a local, yet still angular-
dependent, operator for use in a Green’s-function Monte
Carlo method was the topic of a recent paper by Bache-
let, Ceperley, and Chiocchetti.® They constructed an
atomic pseudo-Hamiltonian of the form

b(r)L?

—iV2—1Va(r)V+——"—+V (r), (13)
2r

H™(r)= 5

where a (r), b(r), and V; (r) are radial functions and L is
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the angular momentum operator, and the functions a (7)
and b (r) are constrained by the two conditions

1+a(r)=0 and 1-+a(r)+b(r)=0, (14)

in order for the Hamiltonian to remain bounded from
below. It has been pointed out that there are some in-
herent problems in the generation of these types of pseu-
dopotentials for certain elements, among them the transi-
tion metals and first row elements.’

Both of the two new operators can be efficiently calcu-
lated using FFT’s because they are local in real space.’
In Fourier space we have for the second operator in Eq.
(13),

V-a(r)I-V=—(Gj+k)-a(|Gj—G,\)I-(Gi+k) , (15)

where I is the identity matrix. With this operator, a trial
wave function is multiplied by (G, +k), giving the three
components of its gradient in the momentum space repre-
sentation. Using FFT’s, the three components are ob-
tained on a real-space grid where they are then multiplied
by the function a(r). FFT’s are then again used to
change the product back to momentum space where the
dot product of (G;+k) with a(r)VV¥ is calculated. The
result is then V-a(r)I-VV¥ in the momentum space repre-
sentation. The computational time required to handle
this operator using FFT’s is only about three times what
is required to handle the local potential.

Using the definition of the angular momentum opera-
tor and after some tedious algebra, the third operator of
Eq. (13) can be written as

QL’}LGV-?(—?—MI—HT)-V, (16)
2r 2r

where we consider r as a column vector. We have now
the additional overhead of finding the 3 X3 matrices,
r2I —rr T, for each grid point of the FFT sampling in real
space, and for each atom in the unit cell. After summing
over all atoms in the unit cell, we find out that the contri-
bution of the second and third terms of Eq. (13) can be
written as V- A4(r)-V, where A(r) is a 3 X3 matrix. As
the bulk of the computation is still the calculation of the
FFT’s of the three components of the gradient, this entire
procedure would still take approximately three times the
computer time required to handle the local potential.

In this work we tested only the inclusion of the func-
tion a(r) into the formalism as it is trivial to implement,
requiring only a few extra lines of computer code. With
the additional degrees of freedom provided by a(r), we
obtained an improvement in pseudopotential transferabil-
ity over the local pseudopotential described in Sec. III for
the same convergence of the total energy.

To generate these position-dependent electron-mass
pseudopotentials (PDEM), we followed the same general
procedure described in Sec. III, but with the following
additions: The function a (r) was constructed using the
constraints

a(r,)=0.0, a'(r,)=0.0,
17)

a'(r,)=0.0, a’(0)=0.0.
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The Fourier transform of the function a (#) was used as a
smoothness estimator,

Qrra=1.5[ "lalq)lg’dg , (18)

which was added to Eq. (8). As an initial starting point,
the function a(r) was set to zero. To handle the con-
straint of Eq. (14), whenever the lower bound of a (r) was
smaller than —1.0, an extremely large positive quantity
was added to Eq. (8). We also increased the value of the
prefactor for the local Fourier transform weight to 47
[Eq. (12)] and decreased the limits on the acceptable error
for the eigenvalues and norm conservation to 100 meV
and 0.001 [Egs. (9) and (10)], respectively. Again these
coefficients were found by trial and error for silicon, and
may be different for other elements.

In our silicon test case, we used the same reference
configuration and exchange correlation as we had in Sec.
ITI, but with a smaller cutoff radius r,=2.05a,. Using
this combination, a pseudopotential was generated (see
Fig. 2) that had a reasonable converged total energy at a
plane-wave cutoff energy of E =20 Ry. We then calcu-
lated the structural properties of silicon using E_, =20
Ry, and 10 k points in the irreducible wedge of the Bril-
louin zone. In Table I, column 2, the material properties
obtain from a Murnaghan?? equation of state fit to the
calculated data are listed. From the table we can see that
there is a slight improvement over the local pseudopoten-
tial values for describing silicon, but there still is a small

1.0

Si PDEM

Potential (a.u.)

Potential (a.u.)

q (a.u.)

FIG. 2. The position-dependent electron-mass Si ionic pseu-
dopotential (a) and its Fourier transform (b) obtained from the
variational minimization procedure outlined in Sec. IV.
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difference when compared to the more accurate nonlocal
pseudopotential calculation. Reducing the eigenvalue
and norm-conservation limits or the cutoff radii im-
proved the transferability, but again resulted in a pseudo-
potential that was no longer computationally efficient for
medium-sized cells ( ~ 50 atoms).

V. SEPARABLE PSEUDOPOTENTIALS

It is well known that substantial savings in computa-
tional requirements can be gained if the nonlocal poten-
tial is separable,'?> meaning that the nonlocal potential
Vir(q,q'), which is a function dependent on both q and

q’, can be written as a product of a function of q by a
function of q,

Ping,1 !
Vitlaa)= 3 aW@WHe) 3 Y, @Y5@".
m=—1

Ci=1
(19)

The savings in memory storage is made possible by no
longer having to store the entire O(n? n'?) nonlocal ma-
trix, but only the O(nf,[.n’nim’,) vector elements of the
functions W;(q). Computational operations needed for
the multiplication of each nonlocal potential by the wave
vector are also reduced from O(n2n'?) to
O(nﬁt.n'nim’,). This gives substantial savings when
Ny, <<n', but still has a quadratic dependence on n, .
Two methods which transform any standard nonlocal
pseudopotential®?3~27 to separable form have been intro-
duced by Stich et al."® and Kleinman and Bylander.!?
Stich et al. achieves the separation by approximating
the integration of the nonlocal potential in Eq. (4) with a
numerical Gauss-Hermite integration formula,'?

7 VaatritlarDidla'r hridr

nint,l

~ 3 w ¥y (r)jgr)j(q'r;) . (20)

In this case the total number of operations required is re-
duced down to O(n}, n'm,), where

msep: E (21+1)nim,1
I}

and therefore the number of integration points should be
the least number possible, in particular for the higher an-
gular momentum components. In order to obtain an ac-
curate answer with a small number of integration points
using Gauss-Hermite, the integrand must reasonably ap-
proximate Gaussian behavior. We can avoid this restric-
tion by using the general formulation of Gaussian in-
tegration theory!” if Vr,i(r) is positive or negative
definite. In this case there is for each integer n;, ;, a set
of weights w;, and radii r; such that

Mint, 1

waVNL,,(r)f(r)dr: S wf(r) 21

i=1

and that the integration formula is exact for polynomials
of order less than or equal to 2n;, ;. We have found?®
that this integration formula is numerically very accurate

when used to evaluate Eq. (4). The requirement that the
nonlocal potential Vy; ,(r) be positive or negative definite
can always be satisfied by an appropriate choice of the lo-
cal potential V' (7).

The Kleinman and Bylander'? (KB) approach refor-
mats the standard nonlocal potential into a form similar
to the original Phillips-Kleinman?® pseudopotential pro-
jection operator,®

VEBIm(py=z|f (M) f(r)], (22)
where
(DFPPOrY Yy ()]
(f(r)]= d sl (23)

[{DIPOP)| V iy (1) | @FFO(r) ) 1727

®FPO%r) is the atomic reference pseudo-wave-function
used to calculate the pseudopotential and z==1 is the
sign of the expectation value in the denominator of Eq.
(23).

This method is quite superior to the numerical integra-
tion because n;, ;=1. Problems in the appearance of
“ghost states” with this separation procedure have been
noted.>® In a recent paper Kleinman and Bylander®! have
given qualitative rules to avoid the existence of these
ghost states, and Gonze et al.*? have provided an ex-
istence theorem about the ghost states. We followed
these suggestions and furthermore we also always check
the logarithmic derivatives of the atom using the KB
pseudopotential. For all the crystals we have studied so
far with this method, we have been able to avoid ghost
states for all their constituent elements (Be, C, O, Mg, Al,
Si, S, Ti, Cu, Zn, Ga, As, In, Ce).

A silicon nonlocal pseudopotential was generated using
the method of Ref. 6, in the non-spin-polarized ground-
state valence configuration 3s23p23d°. The cutoff radii
were ro =rg, =r,=2.1ay; the exchange correlation was
Ceperley-Alder®® as parametrized by Perdew and
Zunger.?! The properties of silicon calculated using an
energy cutoff of E_; =16 Ry are shown in Table I. These
results are virtually identical to what we obtained using
the semilocal form [Eq. (4)] of the pseudopotential. The
ionic pseudopotential and its Fourier transform are
shown in Figs. 3(a) and 3(b), respectively. The Gonze
et al. theorem® revealed that no ghost states would exist
if the local potential was chosen as the s, p, or d com-
ponent. In order to reduce the number of angular com-
ponents, the highest angular component is usually taken
as the local potential. However, in this case we selected
the p component as the local as it produced the best
overall transferability for the total pseudopotential as
measured by its logarithmic energy derivatives. In Fig.
4(a) we show the normalized right side of the KB opera-
tor [Eq. (23)] and in Fig. 4(b), its reciprocal space coun-
terpart.

While these methods do greatly reduce the amount of
needed storage and operations, they will scale quadrati-
cally with n,, . Two papers have appeared recently'®!!
that discuss the efficient calculation of the matrix ele-
ments for a semilocal pseudopotential [Eq. (4)]. Both
methods use FFT’s so that the calculation of Vy, V¥ is
performed in real space. The method of Goedecker and
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Si Semilocal

V() (a.u)

qzvl(q) (a.u)

q (a.u.)

FIG. 3. The semilocal pseudopotential (a) and its Fourier
transform (b) used in Sec. V. The pseudopotential was obtained
using the method of Ref. 6.
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FIG. 4. The real- (a) and reciprocal-space (b) normalized
nonlocal Kleinman and Bylander (Ref. 12) projection operators
[Eq. (23)] for the silicon semilocal pseudopotential shown in Fig.
3.

Maschke!! scales with n‘;{ 3, but only for high-symmetry

k points such as the Brillouin zone center I'. Since the
simulation of liquids and amorphous systems with large
unit cells used within the Car and Parrinello method?
uses only the T point, this is not as restrictive as it may
first appear. The method of Gonze et al.'° uses a polyno-
mial interpolation of the wave function in the FFT grid
mesh around each atom to calculate the product ¥y, ¥
and its computational load scales with n, Inn, . We
were unable to show that the numerical interpolation of
the wave function conserves the Hermiticity of the pseu-
dopotential operator; this last property is important for
the stability of some iterative diagonalization methods.>*

The most efficient way to calculate the product Py, ¥
is obtained if we use the concept of a dual representation
of the wave function in both real and reciprocal space.!
The main idea is that the representation of the wave func-
tion by its Fourier components at a finite number of
reciprocal-lattice vectors, G;, is equivalent to giving the
value of the wave function on a discrete uniform three-
dimensional grid of points s; in the primitive cell. The
change in representation using fast Fourier transforms
takes only O(N'InN") operations, where N’ is the number
of grid points, which is only slightly larger than the
basis-set size. In the real-space representation the nonlo-
cal potential is given by a matrix where each row and
column is associated with a grid point in the unit cell. If
the nonlocal potential has a finite range such that the
nonlocal potentials from different atoms in the unit cell
do not overlap, then one can expect that the matrix ele-
ments would be nonzero if and only if the grid points cor-
responding to the row and column indices are both
within the finite range of the interaction for that particu-
lar atom. This means that by a suitable renumbering of
the rows and columns the nonlocal potential matrix is
block diagonal with all the nonzero elements concentrat-
ed on n,, square blocks along the diagonal,

l;1 O 0 P o e e 0
0 0 0 :

0o 0 B,
2 2 Vll\lL(r’r’): : :
Mo, ! )
Bnat 0
0 0O O

(24)

The size of each block, B;, depends only on the number
of grid points around each atom. This number depends
on the energy cutoff E_,, but not on the number of atoms
in the unit cell. The product Py, ¥ can therefore be cal-
culated with O(n, n'?) operations in real space, and
therefore has a linear scaling in the number of atoms.
For a separable pseudopotential the matrix blocks can be
written as a sum of projectors and we would have a better
scaling for large energy cutoffs, since the number of
operations in that case would scale as O(n, n’).

For the sake of notational simplicity, let us consider
only the effect of one of the KB projectors from one of
the atoms in the unit cell on a trial wave function. This
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operator can be written as

Vig(rr' )= zf(r—t)f*(r'—t) , (25)
t
where the functions f(r) and z are defined in Eq. (23),
and the sum is over all the lattice sites of the crystal. It
can then be shown that
Pnvo= [ Vi (e W(r")dr’

crystal

=ze“‘"g(r)f g*(ru(r')dr’

cell

=e*Ty(r), (26)
where the last equality defines v(r),
g(r)= flr—t)e *=t 27
t

u(r) is defined by \I/k(r)=e[k"ru(r), and t are the lattice
translation vectors. Note that u(r), g(r), and v(r) all
have the crystal periodicity. The function under the in-
tegral in Eq. (26) is periodic and can therefore be
efficiently integrated numerically in the uniform FFT
grid, that is, using Fourier’s integration.” If s; denotes
one of these grid points, then we have

N
o(s)=zg(s, )57 3 g*(s,)uls,) . 28)
j=1
Because f(r) has a finite range, the number of grid points
where g(s;)70 is O(n’) and is independent of the size of
the unit cell. An important property of this numerical
approximation [Eq. (28)] for the nonlocal operator is that
it is Hermitian and therefore does not introduce unwant-
ed instabilities in iterative diagonalization procedures.>
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VI. CONCLUSIONS

In this study we have investigated the computational
dependence on the number of atoms per unit cell for lo-
cal, position-dependent electron-mass (PDEM) and separ-
able nonlocal pseudopotentials. We used a variational
minimization procedure to generate the local and PDEM
pseudopotentials. These pseudopotentials were generated
such that they satisfied eigenvalue and norm-conservation
constraints within a preset error tolerance. However, in
order to make the local and PDEM pseudopotentials
“soft” enough to be more efficient than the separated
nonlocal pseudopotential methods for medium-size unit
cells (less than 50 atoms), a compromise in the pseudopo-
tential transferability had to be made. While general
chemical trends could still be determined with these pseu-
dopotentials, the determination of the energy difference
between structures was questionable. The calculation in
real space of Py, W is the most promising of the three
nonlocal methods we examined, because it is simple [Egs.
(25)—(28)] and does not require compromises on its
transferability. This method should be particularly useful
for simulations of large unit cells with more than ~50
atoms.
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