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Tunneling between two wells in the disspative medium is considered in the framework of a spin-
boson Hamiltonian. It is shown that, when the interaction energy between the two wells (character-
izing the barrier between the wells), v is lower than certain critical energy v., determined by the in-
teraction with bosons, the tunneling friction vanishes. This supertunneling phenomenon is con-

sidered in both the weak- and strong-coupling cases.

I. INTRODUCTION

The problem of the tunneling of a particle that also in-
teracts with excitations of the medium has recently at-
tracted considerable interest.!”® Tunneling developed
into an important field in solid-state physics, elucidated
in the extensive early review by Duke.’

The simplest tunneling process in a dissipative medium
is a transition between two approximate ground states of
a two-well potential in the presence of phonons. Such a
process can be described by a two-state system interact-
ing with a harmonic solid.'®”!7 This problem is isomor-
phous to that of energy transfer between localized elec-
tronic states in crystal.!% 1@

As is known, interaction with the phonons of the medi-
um to the decay of quantum beats two wells: ‘“‘tunneling
friction.” The aim of this paper is to show that under
certain conditions, when the interaction energy v between
two wells is lower than critical energy v., determined by
interaction with phonons, the tunneling friction vanishes.
This phenomenon is called supertunneling . 1*®

The origin of this unusual behavior is connected with
the appearance of discrete bound states in the spectrum
of the two-state system interacting with phonons. It has
to be noticed that existence of local states and local
modes in the dissipative system interacting with some
kind of impurity has been known for a long time. Ray-
leigh?® found local modes in the chain of interacting os-
cillators in the framework of classical theory. The quan-
tum one-level system interacting with the continuum of
states has been considered by Rice?’"??> and Fano.?
Riess,?* Rosenfeld et al.,?® and Gelbart and Jortner?®
have shown that discrete local states may exist in such
systems provided certain conditions are satisfied. Cukier
and Mazur?’ have proved that the existence of local
modes in a harmonic-oscillator chain with an impurity,
leads to the violation of the ergodic properties of the sys-
tem. Similarly, the existence of bound discrete states in a
spectrum of a two-level system interacting with bosons
leads to a qualitative modification of the process of spon-
taneous emission of bosons.?®?’ (The probability to
remain in the excited states does not tend to zero when
t— o0.) But the most striking example of the influence of
bound states on the properties of the system with the con-
tinuum of states is the superconductivity phenomenon.
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Of course, the supertunneling phenomenon has nothing
to do with the superconductivity.

The existence of isolated modes and bound states in
dissipative systems has been extensively studied for many
years. The novelty of the present work is the implication
of the existence of local states to tunneling in a dissipa-
tive medium.

The material is organized as follows. Section II recalls
the model in which tunneling in the condensed medium is
reduced to a two-state system interacting with phonons.
Section III is devoted to a general quantum-mechanical
description of time development of the density matrix. In
this section we do not use any specific approximations.

On the other hand, in Secs. IV and V the one-boson ap-
proximation is used. It is shown that this approximation
is valid in the case of weak spin-phonon coupling. In Sec.
VI the time development of tunneling system in the dissi-
pative medium is obtained in the strong-coupling case.

The weak-coupling case is based -on the exact non-
Markovian solution for the relaxation via the spontane-
ous emission of bosons,?® while the strong-coupling case
uses the exact solution for the degenerate spin-boson sys-
tem.?” (See also Ref. 30.) Considering processes connect-
ed with the spontaneous emission of phonons, we restrict
ourselves to the zero-temperature calculations.

II. THE MODEL

We consider a quite general model’"!>3? which may be
appropriate for the description of nuclear group transfer,
electron transfer accompanied by the transfer of nuclear
groups, or a transition between two stable configurations
of a molecule embedded in the condensed medium. We
assume that all these processes occur in a single electron-
ic state, i.e., we consider adiabatic transitions. In the
Born-Oppenheimer approximation, such a system may be
presented by the Hamiltonian

H=T+UQ)+L3 (pi+oigi)—3 A (Q)g, . (2.1
k k

Here Q is the set of coordinates of singled-out nuclear
modes describing the nuclear subsystem (molecule) in-
teracting with its surrounding a condensed medium. T
and U are the kinetic and potential energy of the nuclear
subsystem; the third term in the Hamiltonian (2.1) de-
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scribes the condensed medium in the harmonic approxi-
mation as a phonon bath, and the last term is the interac-
tion energy between the nuclear subsystem and con-
densed medium. The only assumption about this interac-
tion is that it is linear in the coordinates g, i.e., the exci-
tations of the surrounding condensed medium are small
enough.

The potential energy U is supposed to have two mini-
ma corresponding to two quasistable configurations of
the nuclear subsystem. We assume that these two mini-
ma (potential wells) are divided by a barrier which is
sufficiently large so that tunneling through this barrier
may be considered as a small perturbation.

Let us consider the Hamiltonian of the isolated mole-
cule

E=T+U(Q). (2.2)

We assume that only two low-lying energy levels of this
Hamiltonian are essential, i.e., that these two levels are
separated from others so that it is possible to neglect ex-
citations to other levels. Employing the assumption
about the smallness of the tunneling, we can introduce
the eigenfunctions |L ) and |R ) with eigenvalues E; and
E, which are approximate stationary states (without tak-
ing into account the penetration through the barrier).
These states are localized in the left and right wells, re-
spectively.

Thus, we are dealing with a two-state system and the
Hamiltonian of the molecule may be represented as

E=n;E; +ngEg+r vipgtr_vg . (2.3)

Here ny =1+r,, ng=4—r, ro=rykir,, ry, ry, and r;3
are components of the effective spin®® describing the

two-state systems
[rl,r2]:ir3 N

[ry,r3]=ir,,
) (2.4)
[r3,r]=iry,

ri=

J ’

ENES

and v is the matrix of the effective perturbation energy
corresponding to the tunneling between the states |L )
and |R ). It is reasonable to assume that this matrix ele-
ment has the form

Vg =Vpr =V =fiwe *, (2.5)

where the effective parameter #iw has the order of the
characteristic energy difference in one well and A is much
larger than unity. For the one-dimensional case in the
semiclassical approximation,**

1 ra
A= [Ipldg 2.6)
where a and b are the classical turning points, and P is
the (imaginary) momentum inside the barrier. Now tak-
ing into account only two levels E; and Ey of the mole-
cule, the Hamiltonian (2.1) of the whole system can be
presented in the form

?{anﬁLL"!‘nR?{RR",‘r_}_y{LR+r4‘7{RL 5 (27)

where the matrix elements are taken with the aid of the
eigenfunctions |L ) and |R ).
Thus, the effective Hamiltonian takes the form

H=n E; +ngEg +% E(Plf‘*'wi‘I/%)_”R > w%c‘]Rk‘Ik
k k
—hL Zwiqfqu —r4 lv+2 Virkdk
k k
+r_ U+2 VRquk ] 5 (2.8)
k

where
0} qr =(L| 4, (Q)IL),0}qr, =(R| 4, (Q)IR) ,
(2.9)
Veek =Vire =(R| 4, (Q)IL) .

Considering terms proportional to g;, one can neglect
terms containing the overlap integrals Vy;,. They have
exponentially small factors of (2.5) type. Without the
terms Vgr, and Vig., the Hamiltonian (1.8) is isomor-
phous to that describing a widely used model®* % in
which the electron-nuclear system is represented by two
intersecting electronic parabolas plus a perturbation
causing transitions between these electronic states. A re-
view of Silbey* is relevant to the problem. The generali-
zation to the case of intersecting electronic energy hyper-
parabolas with a continuum of degrees of freedom was
also considered in Refs. 41, 42, 31, and 32.

Using definitions of operators n;,ng, we can rewrite
the Hamiltonian (1.8) (without the terms with
Vi Vire ) in the form

H=r(E, —Eg)+2ryv+13 (pf+oiq})
k

—r 3 oi (i —qri ) —+ S 07 (qrr T qri gk -
X 3

(2.10)

Here we have dropped terms which do not depend on
the system’s variables g, py, 71, 75, and r;. Performing
the unitary transformation

9k — 9~ g TR 2.11)
we get (again dropping the constant terms)
H=r(E,—Eg)+2ryv+13 (pf+wiqf)
k
—r1 Y 0k (grx — R Mk
k
—1r 3 0kl —qk) - (2.12)
k
For the symmetrical two-well potential
E =Eg, qrx=—qrc=4% » (2.13)

one can rewrite the Hamiltonian (2.12) in the form
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H=(ry+ Doy +1 S(pF+wiqd) —tiw; ]
k

—2r; 3 o} qeqx 2.14)
k
or
_7'[2("3 +%)ﬁm0+% z agakﬁa)k
k
—(ry +r_) S Bilaf+ay) . (2.15)
k
In the later relation r =r*ir,,
5 |12
o= B (2.15)
dx ﬁco?( k

and a,:r ,a; are the creation and annihilation operators of
phonons. The frequency w, is expressed through the ma-
trix element v,

fiwy=2v . (2.16)

Parameters B, describe an interaction between the tun-
neling system and phonons. A localization in the poten-
tial wells is described by the operator r,. The localiza-
tion in the left well corresponds to r, =1, n; =1, ngp =0,
while r;=—1 corresponds to the localization in the
second well: ng =1, n; =0.

Two forms of the spin-boson Hamiltonian (2.14) and
(2.15) are convenient for two different approximations.
For the weak-coupling approximation, we divide the

Hamiltonian into two parts:

FHo=(r; +—;—)ﬁwo+%2a;akﬁwk—2 B, (r a; +r_aj)
k k

(2.17)
and

V=—3 B, (r al+r_a;) . (2.18)

k

In the case of strong coupling, the perturbation energy is
V’:(r3+‘;‘)ﬁw0 s (2.19)
while the unperturbed Hamiltonian is

Ho=1 3 [ pi+wigd) —fw, 1 —2r 3 0iglqr - (2.20)
k k

The exact solution for the unperturbed Hamiltonian

(2.17) has been presented in a previous paper,?® while the

exact solution for the Hamiltonian (2.20) has been found

in Ref. 29. In this paper we will consider both the weak-

and strong-coupling cases.

III. TIME DEVELOPMENT OF THE SYSTEM:
GENERAL RELATIONS

We consider a system described by the Hamiltonian
H=H,+V , G.1)

where the energy spectrum of the unperturbed Hamil-
tonian H, contains discrete and continuous energy levels
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and Vis the interaction energy. Let S be a unitary matrix
transformation which connects eigenstates of the Hamil-
tonian H with eigenstates of the Hamiltonian H,

¢’L 22 SuL¢v 3.2)
or, equivalently,
So =, 1Y) . (3.3)

The unitary matrix S connects the density matrix in the
H, representation with the density matrix p in H repre-
sentation

p'=S"1pS . (3.4)

In the new representation, the von Neumann equation for
the density matrix has the form

PLm= —iOLMPLIM
or (3.5)

Pa(D)=ply(0)e 1

’

where

tiwlyy =E, —El (3.6)

and E; ,E,,; are eigenvalues of the Hamiltonian (3.1). We
will be interested in the time development of the density
matrix in the representation of the unperturbed states ¥, .
In particular, we will be interested in the time depen-
dence of the probability of the localization in one of the
walls. For this purpose we can use a relation inverse to
(3.4)

p=Sp'S~!.
We find, from (3.7) and (3.5),

.o
(1) — "0) g* ,  9rm?
puu—ESuLpLMSvMe .
LM

(3.7

(3.8)

To express py,(0) through the initial conditions for the
unperturbed density matrix p(0), we use the relation (3.4)

Pim(0)="3 S31pu(0)S - (3.9)
u',v'
Substituting relation (3.9) into (3.8), we get
puv(t): 2 SuLS:'Lpu’u'(O)Sv’MSu‘;lle hiwLMt . (310)

LM,u'v'

On the other hand, in many applications it is assumed
that the time development can be described by the master
equation

P,=—S (Wy,P,—W,P.) . 3.11)
k

Here, P, is the probability that the system is in the state
n, once W, is a probability of transition (per unit time)
from state n to state k. This equation is derived in the
Markovian approximation. The necessary condition of
this approximation is that the eigenfrequency w,,, has to
be much larger than the transition rate W,,,
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on /1@ | << 1. (3.12)

In previous papers?®?’ it has been shown that there is

another necessary condition of the Markovian approxi-
mation. The exact spectrum of the whole system should
not contain nondissipative discrete levels (apart from the
ground state of the system). It will be shown below that
the existence of the nondissipative discrete states leads to
the crucial change in the time development of the system,
which cannot be described by the Markovian approxima-
tion.

IV. UNITARY MATRIX
IN THE WEAK-COUPLING CASE

To find a time development using expression (3.10), we
have to find matrix elements S,; of the unitary matrix.
We will choose indices u as corresponding to the eigen-
functions of the Hamiltonian

Hy=t%oyr;+1)+ 3 ala fio . 4.1
k

These eigenfunctions have the form

Vir1/2,n ) = Parn [T Pr, (i) (4.2)
k
where <I>,,k are eigenfunctions of the harmonic-oscillator
Hamiltonian
ala,®, (g)=n®, (g;) 4.3)
and
r3®uyn=%5Pyiy - (4.4)
|

’ —
(Evpn,0—EL))S12,0, Y 2 Vino-121,5-121,L, =0,
A

’ —
(E_1p,1, —EL)S 1050, P Vo12,512051 2,0, T S Voimi,0u121,1,512,1,,1,5L, =0
A

(Eys,1,,1, ~EL

Vim0, —12u50, T 2 Viganos—121,101,5 -
’ a—
(E_ 10— EL)S—1p00, T 2V -12012,1,512,1,50, =0
x

(Evpon, —EL )S121,50, T Visa,-1205 120, T 2 Vina,0-121,1,5 -
A(#R)

’
(E—1p,,1, —EL IS 100,150, F

TV _i0,,1,5172,0,1,.512, 1,50, T 2
k(#A,A1)

This infinite chain of coupled equations has been derived
under the assumption that the boson system has a contin-

In this paper we consider processes taking place at zero
temperature. Therefore, we will analyze expansions (3.2)
containing the phonon vacuum states:

YL, =S-1n1, Vo100t 2 S120,,0, P12,
A

+ 3 S-1n, byl Vo1, lk’lx+ R (4.5)
Ak

¢L2 :Sl/z,L2¢1/2,o+E S—I/Z,IA;LZ 1/}_1/2’1A
A

+ %SI/Z il Y1, lxle+ (4.6)
2
Here
V12 =Pr1n [T Polgx)
k
Vo120, = Pr12P1(g5) H Dolgy) 4.7)

k(#2)
=@, ,Pi(g;,)Pi(gy,)

x 11

k(#4314

'Pil/z,ul,lkz

q)o(qk), c e .

We substitute eigenfunctions (4.7) into the Schrodinger
equation

(Hy+V—EW, =0, (4.8)
where H, is determined by Eq. (4.1) and
> Bk(alj+ak )
k

V=—(r,+r_ ro=rLir, . (4.9)

After usual operations, we get

S .tV -
IS 12,0,,1,5L, 12,013 =12 1,0,8 1 o in,

Voo 1/2,1,,1,51/2,1,0,512,1,5L,

(4.10)
(4.11)
12000, =0, (4.12)
k(#A,1)
(4.13)
1/2,1,,1,5L, =0 » (4.14)
Vo 172,1,,1300,1/2, 5, 50 1, S 12,50 L 1 Ly = (4.15)

uum of modes, their number N — . The normalization
condition of wave functions (4.5) and (4.6) provides the
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following relations:
Si1,L (N7,

St11,L =(N"HI72,
. (4.16)
SiI/Z,lhl,lAz;L (N7,

~1y3/2
S . <(N ce
/20 1 L ( >,

These relations enabled us not to include in Egs.
(4.10)—(4.15) terms of

Vi, 172,25 -12,2,;;1, type -

The contribution of these terms vanishes in the continu-
um limit.

Now we will adopt a one-boson approximation. It
means that we neglect terms having more than one bo-
son: like Siil/z,lk,l;\/,-».;L' This also means that terms

with a higher number of bosons can be neglected in com-
parison with terms containing a lower number of bosons.
Conditions of the applicability of a one-boson approxima-
tion will be derived below.

In a one-boson approximation we have two systems of
equations for the S matrix and for the eigenenergies
which follow from the Hamiltonian (2.15)

(ﬁCOO&EII‘Z )Sl/z,LzﬁzB}\.S*l/Z,lk;Lz:0 5 (4.17)
%

(fi, —Ep IS 11,50, —BaS12,0, =0, (4.18)
' B%

hog—E) =3 ——* (4.19)

P % o, —Ep,
ErS_ 10, T2 BiSi0,;0, =0, (4.20)
%

Sl/z,lk;L](ha)O+ﬁwA‘EI:1 )_BAS~1/2,L1 =0, (421
: B}

E;, =— (4.22)

! % ﬁw0+ﬁwk—Eil ’
J
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Equations (4.17)-(4.19) can be obtained as exact equa-
tions following from the Hamiltonian (2.17). This Hamil-
tonian is usually called a rotating-wave approximation
Hamiltonian. Thus, the rotating-wave approximation
leads to Egs. (4.17)-(4.19). On the other hand, Egs.
(4.20)—-(4.22) also describe one-boson states, but they fol-
low from the counter-rotating part (2.18) of the interac-
tion energy. Thus, strictly speaking, the rotating-wave
approximation does not coincide with the one-boson ap-
proximation. The higher boson terms in Egs.
(4.10)-(4.15) are connected with both rotating and
counter-rotating terms in the interaction energy (4.9).

Now we derive conditions of the one-boson approxima-
tion. Neglecting terms with more than the two bosons
involved, we get, from (4.11), (4.12) and (4.14), (4.15),

B}\'S“I/LIA;LZ +B}LS—]/2,1)\F,L2
hwo‘*‘ﬁw}l‘*‘ha)}tl_Eil

S L=
1/2,1,,1,4L,

(4.23)
B,
SAl/z,h;L‘2*—‘—%)}‘_12i SipL,
2
ByS10,;0, TBaS12,1,51,
Soranin, T #iw, + i, —E} ’
1 (4.24)
B,
S0, S-inL, -

ﬁwo+ﬁwx—E1:l

Here we assume that higher boson contributions are
much smaller than lower boson contributions. Taking
into account one- and two-boson contributions, we can
write the normalization conditions in the form

S%/z,L2 +2 S2‘1/2,1;‘;L2 +3 S%/Z,IA,IA,;LZ =1, (4.25)
A AN

52~1/2,L1 +ES%/2,1A;L1 +2 Sz—l/z,lA,l,_,;L, =1. (4.26)
A AN

Substituting Eqgs. (4.23) and (4.24) into relations (4.25)
and (4.26), respectively, one gets

) B} B}B}. 1 1 ?
St (12 T2 T2 2 ot . =1, (4.27)
A (ﬁw;"_ELz) AN (‘ﬁa);L-Fﬁa);L,_Ez) ﬁa)0+‘ﬁa);\—EL ‘ﬁwN*EL
B; B3B7.
St |1+ T . Y 1 T 1 : =1.
T r (fogthoy—Ep )° {3 (ot e, —Ep )7 | fiogtho, —Ep ﬁw0+ﬁwx—EL1
(4.28)
f
It is easy to see that the double sum in Eq. (4.27) has the provided
order of the magnitude
2
B3 B3, B 4.30
s . (4.29) > ; <1, (4.30)
}%’ % (ﬁ(’)k—El’,z )2 % (ﬁw0+ﬁwk)2 A (ﬁw0+ﬁa);\)

It implies that one can use the one-boson approximation

or a more strict condition is fulfilled
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2

B/\
2

<«<1.
v o)

4.31)

It can be shown that the same condition is sufficient in
order to neglect the double sum in Eq. (4.28).

We will solve one-boson equations (4.17)-(4.19) and
(4.20)—(4.22) separately. They generate two classes of
one-boson eigenstates:

¢IL1 :S~1/2,Ll¢—1/2,0+2S1/2,1;~;L1¢1/2,1k ’ (4.32)
A

1//1.2:S'l/z,LZ‘/h/z,o‘*‘%3—1/2,1A;L2¢—1/2,1l . (4.33)
First we will consider Egs. (4.17)-(4.19) and (4.33).
These equations describe the interaction of one discrete
state [1,0) with the continuum of states | —1,1; ).

Such a problem has been analyzed in Refs. 21-26 in
the context of the configurational interaction. In the con-
text of the spontaneous emission of bosons, this problem
has been considered in a previous paper.?® We will briefly
review here the main results of the analysis. From the
normalization condition for 1//LZ (4.33) and Eq. (4.18), it

follows that

1

S%/zL = 2 7 27
2 1+%[B;\/(ﬁwk—EL2)]

(4.34)

Now we will assume that spectrum of the boson energies

E) =ty 4.35)
is spread from zero to
E . .=%0.,,, - (4.36)

Eigenvalues of E Lz may lie either in the continuum re-
gion

0<Ep, <Epax (4.37)
or below zero and above E_,,. The latter belong to the
discrete spectrum of the entire system (the tunneling sub-
system coupling with the phonon bath) while the former
belong to the continuum of the entire system. The ex-
istence of the discrete states in the context of the
configuration interaction has been discussed by Riess,?*
Rosenfeld et al.,? and by Gelbart and Jortner.2®

It is easy to see that the existence of excited discrete
states |d ) leads to nondecaying harmonic terms in the
time dependence of the density matrix (3.10). [The
ground discrete state always exists and it is the solution
of Egs. (4.20)-(4.22) as will be shown below.] If E; are
eigenenergies of the excited discrete states, then nonde-
caying harmonic terms in (3.10) emerge, provided

lim S,,#0,

N— o

(4.38)

otherwise these terms will give an infinitesimal contribu-
tion to the corresponding Fourier integral. This property
(nonvanishing of S,; for N— o) may serve as a
definition of the discrete state. If E iz lies in the region

(4.37), then it follows from (4.34) that S1/2,L2 —0 when
N-— . The only exception may be if B, —0 at
E iz =fw,. We do not consider this case. On the other

hand, states lying beyond the continuum region (4.37)
give finite contributions to the sum (3.10). In this case

(fiw —E[ 2>0 (4.39)
and %, is finite.

The onset of the continuum starts at the zero energy.
Therefore, the state with negative energy

E;,=—E,, E,>0 (4.40)
is the discrete state. We find from Eq. (4.19) that
fiwg+Ey=3, ——i . (4.41)
~ fiw, +E,
It is easy to see that the root E, > 0 exists provided
B}
fwy < fiw, = % Ho, (4.42)

By the same token there may exist a discrete level above
E

max

E;=E_,,t5, 8>0 (4.43)
provided
B}
E . —fioy<3, (4.44)

A Emax _ﬁw}»

Also in this case the sum in (4.34) does not contain the
singularity, since condition (4.39) is fulfilled. Therefore,
for discrete states E;, E ., we get

1

1+ S [B? /(fiw, +Ey)?]
A

Stpa= (4.45)

1
1+ S [B2 /(E oy —fi0; +8)2]
A

Sipa= (4.46)

For simplicity’s sake, we will consider the case when con-
dition (4.44) is not fulfilled. In this case,

83,4 =0 (4.47)
while the value of S, , ; depends on parameter w,
-1
+ 2 _L B 2
S%a= & (i, +E,)? , W<w, =3 ﬁzk ’
0, wy>ow, “2
(4.48)

The eigenfunction ¥, corresponding to the eigenvalue
E;= —E has the form

¢:1:SI/Z,d"/}l/Z,O_'_ESvl/2,1k;d¢—1/2,lk » (4.49)
A

where S_; /. 1,;4 can be found from (4.18):
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1

msl/z’d . (4.50)

S 12,154=

Now we will consider the eigenstates ¥, of the new
continuum. First, we consider the case when eigenvalues
E,=%w), form an equidistant spectrum, being the
difference between two neighboring energies,?"?? € tends
to zero in the continuum limit N— . From Eq. (4.19)
we have

BZ
#w,—E, % E.—E.

(4.51)
All the contributions to the summation in this equation
are of two kinds. There are contributions for which E, is
very different from E, and contributions from the region
in which E, —E, is of the order of €. Let a, be the least
positive value of E; —E,, and let b, be

b,=a,—¢e/2. (4.52)

It can be shown?"?? that a contribution from the region

where E, — E/, is of the order of € takes the form

—B2 T tan(wb, /¢) , (4.53)
£

where B, is the value of B, for very small E; —E,. In
the continuum limit N — o when £—0, the rest of the
sum may be rewritten as an integral, and one gets

B/s

m max
ﬁmO—Ea+B§—8—tan - f . dE
(4.54)
Therefore,
b

Bi%tan *=E,—E, , (4.55)
where

E,=fiwg— fi™ Bi/e g (4.56)

*TH0T o g —E, Y :

Equation (4.55) determines tang (7b, /€) as a function of
E, belonging to the unperturbed continuum. The eigen-
functions of the new continuum have the form

Va=S1/2,a¥120T 2 S-1/2,1,;a¥~1/2,1, - (4.57)
%

From Eq. (4.18) and the normalization condition one gets

B
S_12,150= E.—E' Si1/2,a

A

"Bz . (4.58)
S? = |14+ A
Vha 2 E-E.7 ]
In the limit e—O0, one gets?"»22
B’ -1
g?

Now, substituting the value of tan(wb,/¢) from Eq.
(4.55), we obtain

1/2a ‘B /

In general, when the continuum spectrum is not neces-
sarily equidistant, e ! has to be substituted by the density
of states p in the unit energy interval and one gets®*

1 #y(E,)

2

(4.60)

+(E+ E,)

Sina= ap(E,) YN E)+(E. —E,)? "’ “.eh
where
Ena B}
E (E,)=tw,— fo E—k:—E—tl-p(Ek)dEk (4.62)
and
y(Ea)=%p(Ea )B2 . (4.63)

To analyze the function S/, ,, we consider the roots of
equation

E . (E)—E=0

or

F(E)—E=0,

f max
0

Ek)dEA E=ﬁwo—

(4.64)

where

L (B, )dE, =P, —2
gPEVIE =P Sl

F(E)=ff"‘“ =

Here P designates a principal part of the corresponding
integral.

First, we consider the case when Eq. (4.64) has a nega-
tive root E. It is easy to verify that this root coincides
with (4.40) and (4.41),

E=E,=—E,. (4.65)
As we know, this is the case when (4.42)
o<, (4.66)

Now, having in mind the condition of the one-boson ap-
proximation (4.31), we get for the unitary matrix ele-
ments (4.48) and (4.61) the following expressions:

2 2

S? dzl—zﬂzl, E;~—E£—+hwo, (4.67)
/2' » E} Ey
B}
S%/Z 2= ~0 . (4.68)
s E%\

[It is also assumed that #iy(E;)<<(E,+E;).] On the
other hand, in the case

B3
0>, =Y, 7
A (N

, (4.69)
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the excited discrete state does not exist and

S%,4=0, (4.70)
and §3 /2, 18 given by Eq. (4.61). Now let us consider the
case when y(E,) and E, (E_) are smooth enough func-
tions so that one can neglect the variations of y(E) and
E  (E) near E=E —the root of Eq. (4.64). This means
that

y=y(E)<<o*, E/#, (4.71)
where #iw* is a characteristic scale of the variation of
functions y(E) and E . (E). This approximation corre-

sponds to the so-called pole approximation. In this ap-
proximation, Eq. (4.61) takes the form

Stpa=7 p(lEa) pr jg_ PR “.72)
The normalization condition

381 ha=1 (4.73)

a
can be written as

1 B 7 dE fEm “F_#iydx

o #y +(E—E)? wY-E #7 2+x2
(4.74)

Using condition (4.71) and the additional condition

#y <<E,..—E , (4.75)

we obtain the normalization condition in this approxima-
tion.

Using the same approximations, we get the solutions of
Eqgs. (4.20) and (4.21). For the ground state of the system
we get

E =—2—_?j———z—z——lgj—— (4.76)
& ~ fiwyt i, —E, ~ fiwythio,
S{l/zgzl—z——ﬁ——;zl. 4.77)
' ~ (Fwy+fio,)
For the continuum states we get
SLi = B (4.78)

(o, +Hiwy)?

Thus, performing the consistent one-boson approxima-
tion (4.31), we have obtained all one-boson unitary matrix
elements: S—l/2,a [(4.61)’ (4-72), and (468)], S—I/Z,d
[(4.67) and (4.70)], S_, ), , [(4.77)], and S_ , ,[(4.76)]. It
is worthwhile to mention that only these approximate ex-
pressions are consistent. For example, expression (4.48)
is the exact matrix element S,, for the truncated
“rotating-wave” Hamiltonian (2.17). However, the one-
boson approximation employed to the nontruncated
Hamiltonian (2.15) leads to expression (4.67).
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V. TUNNELING FRICTION
AND SUPERTUNNELING
IN THE WEAK-COUPLING CASE

Now we will be interested in the time development of
the tunneling system interacting with the phonon bath.
For this purpose we will use relation (3.10) and unitary
matrix elements found in the preceding sections. These
matrix elements use the basis eigenfunctions of the (4.2)
type. They are eigenfunctions of the operator r; and de-
scribe delocalized states, while the localization in one of
the wells is described by the eigenfunctions of the opera-
tor r, (see the beginning of Sec. II). To find the probabili-
ty of the localization in one of the potential wells, we per-
form the unitary transformation to the localized states

, 1
¢'1/2=7—5(¢—1/2+1/’1/2) )
1 (5.1)
1/"—1/2=7—2‘(1//—1/2—1/’1/2) .

Thus, the density matrix in the new representation can be
expressed through the density matrix in the r; represen-
tation

Pnn =2 UkmpPi1Un » (5.2)
k1
where
V=23 Upn¥m (5.3)
m
and
Uip1n2=U-i11,
1
=U—1/2,1/2=_U1/2,—1/2=T/—§‘ . (5.4)

In particular, it follows from these relations that the
probability to remain in the first well equals

PlZP’1/2,1/2:%+%(P—1/2,1/2+P1/2,—1/2) . (5.5)

Therefore, using the unitary matrix S derived in the pre-
vious sections, it is enough to find

=pi-1/2 - (5.6)

We assume that initially (1 =0) the system was in the
first well

P—-1/2,1/2

P1/2,1200)=p_1,5 —1,(0)

=p-1/2,1/20)=p12,—12(0)=17 . (5.7

These initial conditions correspond to the zero tempera-
ture of the phonon bath. Using Eq. (3.9) and the initial
conditions (5.7), we find

Pw=+R,R), (5.8)
where
R,=3 S, Ske /Pt (5.9)

u'L

As in the previous section, we assume validity of the
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one-boson approximation (4.31). We first consider the
nonvanishing approximation in the parameter (4.31)
B}
o= — - (5.10)
» Ex

We start from the case (4.69)

2
Wy> 0, =, Py
A o,

(5.11)

In this case, the discrete state E; does not exist and
S1/2,4=0, (4.70). Then, using expression S|, ,, (4.72), in
the pole approximation, one gets, from relations (5.8),
(5.9), (4.76), and (4.77),

ESI/ZQ

f max
0

—éEt ]e_'?’ R

—(i/R)E t
R1/2 ¢

] —(i /h)Ei

hZ 2+ (E— E)2

~exp

; (5.12)
R wm:g—u/ﬁ)Egr ,

- Emax %
Ezﬁa)o——fo dE}‘p(E)‘)_EA——h_a)O )
) (5.13)
E 5
g % fiwg+Hiw,

From these relations and (5.8) and (5.9), we find

e_“l

When the tunneling transition matrix element (2.16),
v=(#iwy/2), does not satisfy condition (5.11) and the op-
posite condition

[e—
P—1/2,1727P1/2,—1/,2

and P,

P, %{H-cos %(E—Eg)z‘

~L(1+coswyte 7). (5.14)

—<w,=3 (5.15)

is satisfied, the tunneling friction vanishes and a super-
tunneling regime emerges. Again, using relations (5.5),
(5.8), and (5.9) and matrix elements (4.67) and (4.77), we
get

Thus, the main result of this section may be summarized
by the formula expressing the transition to the supertun-
neling regime (in the one-boson approximation)

| S
P = 1+cos Z(Ed—Eg)t

1
2

=~L(1+coswgt) . (5.16)

1 2w B}
— |14+cos—=te " 2v > Hw, = R
2 cos—~te , 20> fw, % oo,
P = (5.17)
% 1+cos%—t , 2v <fo,

VI. SUPERTUNNELING: STRONG COUPLING

In Refs. 29 and 30, exact solutions corresponding to
the Hamiltonian (2.14) with @,=0 have been found.
Discrete levels corresponding to such a Hamiltonian are
degenerated. These solutions open the possibility of con-
sidering the case of very low frequencies w,, considering
®, as a small perturbative parameter. This case may be
called the strong-coupling case since there is no limita-
tion on the strength of the spin-phonon coupling B,. We
will rewrite the Hamiltonian (2.14) in the form

=72 Ftoi(q—2r gl —tio, ]
~2ﬁwk +(ry+Dwg=Ho+V 6.1)
where
172
9= « (6.2)
#iw,

The unperturbed Hamiltonian H has the form

H0=72[p,f+wi(qk—2r1qk —fiw, ] zﬁ ,  (6.3)
k W
while the interaction Hamiltonian is
V=(r;+1)io, . (6.4)

The eigenfunctions and eigenvalues of the Hamiltonian
H, have the form

Y =t1/2,(n) = ‘I>+1/2H‘I> (gx Fai) » (6.5)
E = #i Be (6.6)
+1/2,{n} %nk o78 % P .
and
r @y =230, ,
1
D= ‘/i(q)ﬂ/zi(pl/z) s (6.7)

The energy levels (6.6) are degenerate, therefore, the
correct zeroth-approximation eigenfunctions are

1

1!’1[;11:7/7 i/qu’ Lae— qz)

+®Ll/2n¢nk(qk +q2) |, (6.8)
k
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1 .
¢2{n]:7§ P, IkI cbnk(‘Ik_‘J;?)

'_q)l__l/zn(bnk(qk_i_q,(g) . (6.9)
k

In the first approximation, the eigenenergies have the
form

BZ
Eyn =3 mifio,—3, %;k——l—%hmo(H-Hd) ,  (6.15)
k k k
where

_ 0
m,=]] {nele 2 P%Pk|n, ) | (6.16)
k

When frequencies w; form a quasicontinuum, and
g < N /2 (with N — oo, when approaching the continu-

E =3 nfio,—, +Vi um), we follow a conventional procedure and will expand
k fiwy (6.10 exponents in (6.16) up to the terms of order N ~! in each
2 -10) mode k and present it in the form of the exponent
E,= fiw, — +V,, -
2 %"k 053 Ek‘,ﬁ R 22 1—O(N ly=e—OWN ‘)’ 6.17)
h (g)V o
where O ,=exp |—3 _%_k(an+1)
Vi =fof++ {1 73%1(0))) k
: (6.11) B,f
V22:ﬁw0(’f+(¢2{n}’r3¢2]n])) . =exp |—2 h2—2(2nk+1) . (6.18)
Kk Moy
Using (6.7)—(6.9), one finds . . . .
o In order to estimate the approximation in which solu-
<¢lln}’r3¢l{n} y= i (nele —(2i /73q{p; 172 ) tions (6.8), (6.9), (6.14), and (6.15) have been obtained, we
% will consider a second-order perturbation correction to
- %{nk}’r}%{nk }) ‘ (6.12) the energy elgenviluels/
EP= 3 ——o . (6.19)
Here m(zn) En —Ep
ln )=, (g;) . (6.13)  We need to obtain expressions for off-diagonal matrix ele-
ments V,,,. For this purpose we use expressions for non-
Thus, the operator V, (6.4), removes the degeneracy of  vanishing matrix elements of 7; over eigenfunctions
levels (6.6) and the new eigenvalues are 120
B} (Sl =5y =C(—1lrslP)=—1. (6.20)
Ey=3 o, —3 kb log(1-T1,), (6.14) 22 R 2
k k Ok Thus, we get from (6.8) and (6.9)
]
(1{n}lV|1{n"})=—(2{n}|VI2{n"})
__ fiwg 0 0 0 0
- H(q),, (qk—qk)q) '(qk+qk))+H<¢,, (qk+qk)<l> ,(qk—qk)) 5
4 % k ny % k ny
0y — T2 0 0 0 0
(1{n}|VI2{n'}) = [H <‘bnk(‘1k — g )(D,,,:(‘Ik +a)) — 1 (@, (g +ap )‘D,,]:(‘Ik —qp)) ] .
k k
These relations may be rewritten as follows:
(1n|V|n)=—{(2n|V|2n")
fiwg 2i , 2i ,
=—— I <nk exp | - qkPr nk>+H <nk exp | = -qipx nk) .
k k
(6.21)
fiwg 2i , 2i ,
(1n|Vi2n'y=—= |TI (n« |exp |5 akps | |ni)—IT (nx exp | = S-alpi | k) | -
4 " # % #

In the continuum limit N — oo, one can easily obtain nonvanishing elements of these matrices. We will consider vacu-

um states [n=0)=1{0,0,...,0,, ..
In")=1{0}),
Iny=1{0,...,1,,...,0...})=1,),
In')=1{0,...,0,1,,0,...,0,1,,... D=1, L, ). .. .

.}) and one-phonon, two-phonon, etc., states |n');
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Then we get
ﬁ‘o . .
(1,0|V]1,0)=——> H<0 exp —Ziq,((’pk O>+H<O exp -—gq,?pk O>
4 % #i % #i
fiw, oN B}
=—_H = — —— —2 —_— ,
=~ e |23 5
ﬁw . .
0¥l === 1 \(olesp | Zatp, | |1:) TI (0|exp | Fatp | [o)
4 #i k(A) #i
2i 2i
+(0’exx> — 5 kP h) IT (0 exp | — 24Pk 0)]
k(1)
B,
=—‘2—ﬁ‘a—);ﬁwond .

In the continuum limit matrix elements of type

)

2i

<0 exp 5 9iPx

can be calculated as

).

all higher-order terms can be neglected in the limit N — . In the same way we get expressions for matrix elements for
many-boson transitions:

2i
<0 ‘ﬁ—quk

= — = _—92n—1
(1;0| Vll)lAI’ sy 1kzn> (2)0| V|2’ 1}‘1’ ) 1}‘2'1) 2 ﬁwk -ﬁwAZ” ﬁ“’ond ’ (6.22)
(1,0/712,1 1, y=—2m"2 Do Py ) (6.23)
N 9 A’l’ e ey A’Zn—] = }‘l_ i ,ﬁwAZH lnwo d - .

Using these matrix elements and formula (6.19), we get the second-order correction to the energy level of the system

2.2 2 .2
1 LIRS 242 My My,
E(Z) = —(# 2H2 ___22 D A
bioy =~ (Reolla | 512 2 S o, (2n)! MWE.’M fwoy + -+,
+ ot i + o+ T T + (6.24)
% fia)ol'ld +ﬁﬂ)A kl"'%?n—l ﬁ(l)ond“*'ﬁa)}‘l—*- .. +ﬁml2n—1 » \O.
. |
where B The quantity II; (for n, =0) (6.18) is expressed through
M= 625 "
A My=e™ "2, (6.28)
It is easy to get the following estimate for the large Thus
parentheses in (6.24): ’
2 ) —E‘,ﬂ,; Se " N#iwy)(e"—1)/7 . (6.29)
X m.n
[ 1S Do | 1+ 2+ L+ » .
v Fiw, 2t 3 The condition of smallness of the second-order correction
2 in comparison with the energy difference (6.14) and
= l(e"— ns s , (6.26) (6.15), of the first order #iw Il takes the form
n A ﬁa’k 2
A —1/2
where ;'—; ﬁwo << -E—;]-e——e—:"l_) . (6.30)
A
n=2? 2 7 - (6.27) . . -1/2
A For the interaction with acoustic phonons 7, < w, ’*, we
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get, in the Debye model,
e n/2

a)0<<a)D1_—e_n . (6.31)
For the weak coupling we get

n<<1, noy<<wp , (6.32)
while for the strong coupling,

wg<<wpe "% 1. (6.33)

Of course, in the case of weak coupling (the one-boson
approximation), w, should satisfy condition (5.15) as well.
This later condition is compatible with condition (6.32).

Now we are ready to consider the time development of
the tunneling system coupled with the phonon bath and
described by the Hamiltonian (2.14) or its equivalent
(6.1). In the strong-coupling case, the eigenfunctions are
presented by formulas (6.8) and (6.9) while the eigenener-
gies have the form (6.14) and (6.15).

We again use relation (3.10) to determine the time de-
velopment of the density matrix. Matrix elements of the
unitary matrix connecting states

|+1,N)= <D+1,2H<DN (q) (6.34)

J

(o

Cigp ox
# 4kPk p

X
=
N
Kad

||

exp

T

()

B; _
Eia==3 7o + Liwg(1F11,) .

Using conventional transformations we get

<N

Ry, n=exp exp

ol —
20

where

DPr(t)=ppcosw;t —wiq,sinw,t .

_ég kPk(t)

with correct states of zero approximation (6.8) and (6.9)
have the form

S8 =S(1/2)N;2n

1
=5 II (Nk exp | = —qipi nk> ,
(6.35)
S (12810 = TS —(1/2)N;2n
=L H <N ex _’_ 0 n >
V2 | k |€XP P 9kPk k) -
Assuming that, at t =0,
P1/2,01/2,000=1, (6.36)
we obtain from (3.10)
PiaNiaNn=Ri o NRY o N (6.37)
where
—(i/PE] ¢t
R1/2,N=251/2,N;LS’1“/2,0;L3 L (6.38)
L
Substituting (6.35) into relation (6.38), one gets
—;;“I/?Pk >e—inkwkt(e—(i/ﬁ)Elt_l_e—(i/ﬁ)Ezt) ’ (6.39)
(6.40)

Now, using (6.17)-type transformations (for the continuum states), we obtain

i i

<0 exp | = 3 aipi(t) |exp | - 3 aipi o>=exp

k k

Bk twt
Ll - lo)y= “—1)¢0lo
(- 10) ﬁ“)k )<olo) ,

B, By, o, i t

1,1, |- = : b 2
LIyl l0)= Ty, (e 1)(e

Substituting these relations into Eq. (6.41), we finally get

_ ' — — 2
_%pl/Z,N;l/Z,N_Pl(t)_COS (Fooll,t)

’
P1/2,172,

20
1+cos—t
cos 7

=1
2 ’

(6.44)

exp ézq,?pk O>exp [—isza)kt cos({apll,t) ,
k k

(6.41)
(6.42)

Blz —iw;,t

— (1— Ky 1=<0lo) ,
S o]

(6.43)

—1){0l0) .

[
where U is a “dressed’” matrix element of the transition

between two symmetric wells

2

i
© o

U=0v exp (6.45)

It has to be stressed that solution (6.44) describes quan-
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tum beats without friction, while the usual Markovian
approach (see, e.g., Ref. 32) would give decaying quan-
tum beats. In the case of weak coupling,

BZ

<1,

DIy

2
x o

expression (6.44) reduces to expression (5.17) in the super-
tunneling regime (2v <fiw, ).

VII. DISCUSSION AND CONCLUSIONS

Tunneling between two potential wells in the dissipa-
tive medium has been considered in the framework of the
spin-boson Hamiltonian (2.14) and (2.15). The time evo-
lution of such a system can be described by the density
matrix formalism. The time-dependent density matrix is
presented by Eq. (3.10). This equation, which is exact,
can describe two qualitatively different kinds of behav-
iors. In one case, the energy spectrum of the whole sys-
tem, spin interacting with bosons, is continuous (besides
the ground state). In this case the summation in (3.10)
can be transformed into an integration. Corresponding
Fourier integrals describe irreversible behavior—
decaying quantum beats. Quite different behavior is pre-
dicted in the case when the whole system contains both
discrete (besides the ground state) and continuous states.
In this case, nondecaying quantum beats emerge. This
analysis is model independent and is not connected with
any specific approximation.

Now, assume that the spin-boson Hamiltonian has
discrete states, e.g., ground and excited discrete states,
while continuous states lie above these discrete states.
The discrete states correspond to delocalized states in the
two-well potential. If we are interested by the probability
to remain in one of the wells, then the transformation to
the site presentation has to be performed. In the model
system described by the truncated Hamiltonian (2.17),
the analysis has been performed exactly. When the in-
teraction energy between the two wells characterizing the
barrier between the wells, v is lower than critical energy
v., then discrete levels in the whole system emerge. In
this case,

v<v, =1 (7.1)
2 % ‘fia)k

and the tunneling friction vanishes. For the spin-boson
Hamiltonian, the transformation to the site representa-
tion corresponds to the transformation to the basis of the
ry operator (5.1). It is worthwhile to stress again that
both the general analysis and the application to the
specific case of the truncated spin-boson Hamiltonian
(2.17) are exact. The physical explanation for the predic-
tion of the vanishing of the tunnel friction in case (7.1) is
quite simple. The time development of the system with
the discrete nondecaying states is described by the densi-
ty matrix pj ,,  »(¢), (5.5). This density matrix (in the site
representation) is expressed through the off-diagonal ma-
trix elements (in the energy representation) and therefore
it contains nondecaying harmonic terms.

For more quantitative predictions certain approxima-
tions have been made. The use of the truncated
rotating-wave Hamiltonian is justified if one can neglect
many-boson contributions connected with those omitted
in the (2.17) counter-rotating terms (2.18). It has been
shown that many-boson contributions can be neglected
provided the parameter o, (5.10) and (4.31), is small
B}
2

2
‘h(l)k

o=3 «<1. (7.2)
k

On the other hand, the supertunneling regime emerges
provided condition (7.1) is satisfied. Another condition
which has to be satisfied is (4.71) and (4.75). This condi-
tion provides the applicability of the pole approximation
used in the derivation of formula (5.17). This condition
can be written in the form

17=%p(E)B,f(E) <wg . (7.3)

(Here we assume that E_,, >>F and E =~#w,.) Of course,
one has to verify the consistency of these three conditions
(7.1)-(7.3). At first sight, condition (7.1) contradicts con-
ditions (7.2) and (7.3): condition (7.1) requires B, to be
large enough, while conditions (7.2) and (7.3) require the
smallness of B;. Also, it has to be stressed that condi-
tions (7.1) and (7.2) might not be satisfied for all depen-
dencies B, (E, ). Particularly, the sum (7.2) may be diver-
gent. To clarify conditions (7.1)—(7.3), we will consider
here the deformation interaction of localized electrons
with acoustic phonons*?

p 172
Bi= | Sagwu | KB
172 172
1 # 1 | @
__1 e g 7.4
v 2M oy, a | wp def 7.4

where E 4 is called a deformation energy, u is a sound
velocity u =wp /a with wp, a, and N being a Debye fre-
quency, a lattice constant, and an effective number of vi-
brational degrees of freedom of the solid, respectively.

For our estimates we can use the density of states in
the Debye model

2
3wk

@)

plo ) =N (7.5)

Using these relations, transforming the summation (7.1)
and (7.2) into the integration, we get the following expres-
sions for o, v., and y:

EZ
=3_f 1 Zot (7.6)
2 2Ma)D a (fza)D)
fiw,
v, = 3 =tofiwp , (7.7)
2
—2r0 |—2 (7.8)
Y =2mo op @y - .

We see that the condition of the one-phonon approxima-
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tion (7.2), i.e., a smallness of the parameter o, is satisfied
provided a product of dimensionless parameters
#/2M wpa? and (E ¢ /#iwp )* is small enough.

Condition (7.3) may be rewritten in the form
2

<1 (7.9)

v

Wo

@

Wp

=210

and is ensured by smallness of parameters o and

_ % _
K @p hO)D

<1. (7.10)

Using Eq. (7.7), one can express the parameter o as

0':1 wc
2 wp

Therefore, the condition of the one-phonon approxima-
tion together with condition (7.1) can be expressed in the
forms

wy<w, <<op (7.11)

or

n<io<1. (7.12)

Thus, we see that condition (7.1), w. > w,, is compatible
with the one-phonon approximation, provided parameter
7, (7.10), is smaller than 2o.

Several words have to be added about the weak-
coupling case. It has to be stressed that it is not the usual
perturbation theory using an expansion over powers of
the interaction parameter B;. Expression (4.72) for the
unitary matrix element contains all powers of 7, (7.3).

Let us consider a contribution of a certain separate lev-
el E; to the unitary matrix element (4.34):

1
1+3[B2 /(#iw, —E} ?]
A

St,hL= (7.13)

When Ej, an energy of the whole system, lies in the con-
tinuum region, then the sum in the denominator tends to
infinity (with N — o0 )
2 2
L~ﬁaz\7, BNl gxN!,
T (fiw,—E} )} €
(7.14)
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and S%/Z,L « N ~10. This can also be explicitly evident
from the expression (4.72). At resonance E =E,, expres-
sion (4.72) is proportional to 1/p(E )7 and cannot be ob-
tained as an expansion over By. It has to be stressed that
expression (4.72) takes place in the one-phonon approxi-
mation and it describes the usual tunneling friction.

When E; lies beyond the continuum region and has a
negative value E;= —E,, then the sum in the denomina-
tor of (7.13) is finite and equal to

2
Bj
~0

~ (fiw,+Ey)?
and (7.15)

S%/z,dzl—a'zl .

This happens when o < w,.

We see that so-called weak-coupling case (7.2) does not
mean an expansion over the interaction parameter B;. It
means only that the ratio of the interaction constant to a
certain quantity is small [see (7.6)]. At the same time, the
ratio of B? to another quantity, like (#iw,—E;)* [see
(7.14)] can be infinitely large.

We summarize the main results of the paper. A con-
sistent analysis in the one-boson approximation shows
that the tunneling friction vanishes when the interaction
energy v =(%w,/2) between two wells is lower than the
critical energy

B}
ﬁwk ’

v<y, =1y
k

This supertunneling regime is connected with the ex-
istence of discrete states in the spectrum of combined
spin-phonon system described by the Hamiltonian (2.14)
and (2.15). It has been stressed in previous papers?®?°
that the existence of such states (except the ground state,
which always exists) precludes the use of the convention-
al Markovian approach. It also means that the supertun-
neling phenomenon cannot be understood in the frame-
work of the usual Bloch equations.
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