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Pinning in layered inhomogeneous superconductors
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The angular and magnetic-field dependence of a critical current parallel to the layers in layered
superconductors is studied. The critical-current value is found under the assumption that strong
pinning centers are present in the layers and between the layers of the superconductor.

I. INTRODUCTION

High- T, superconductors have a layered structure.
Due to the weakness of the coupling between the layers,
such materials are strongly anisotropic. This property
makes high-T, superconductors especially interesting
materials for the study of critical current density. The
calculation of the critical current due to pinning of vor-
tices on difFerent kinds of inhomogeneities is very compli-
cated. Usually we can find the temperature and magnetic
field dependence of the critical current with some number
of fitting parameters. ' In layered superconductors we
have an additional independent parameter —the angle 0
between the ab plane and the direction of the magnetic
field. The critical current now is the function of three
parameters —temperature T, magnetic field B, and angle
0. For a given number of fitting parameters we can make
a better comparison theoretical and experimental data.

A large concentration of weak pinning centers leads to
collective pinning. For strong enough pinning centers
we get a single-particle pinning. From experimental
work we see that the critical current density in epitaxial
YBazCu30„ films is large (order of 5X10 A/cm ) and
weakly depends on a magnetic field in a wide region of
magnetic field. For collective pinning we have typically a
strong dependence of the critical current density on the
magnetic field and a small value of current density. For

this reason, we shall study the magnetic field and angle
dependence of the critical current in layered supercon-
ductors under the assumption that pinning centers in the
ab planes are strong enough to lead to single-particle pin-
ning.

There exist large difFerences between layered supercon-
ductors and anisotropic ones, connected with the ex-
istence of intrinsic pinning in layered superconductors.
In these superconductors there are two difFerent contri-
butions to the critical current density due to the pinning:
one is connected with the layered structure of the order
parameter and the other is the same as in anisotropic su-
perconductors. As we shall see below, for a suitable
choice of fitting parameters it is possible to get good
agreement between the theoretical data given here and
the experimental ones reported in Ref. 5.

II. THE MODEL

In the absence of a complete theory of high-T, super-
conductors we must first take into account the layered
structure of the high-T, materials. For this reason we
shall consider a model of the superconductor consisting
of layers separated by a distance d. The order parameter
on each kth layer is 6k. Near the transition tempera-
ture the free energy V of such a system can be given in
the form

r

F=vd f d x g z
b, t,

—4k+iexp —2ie f A, dz
k

2

+b 2ieA 5k ——r~b. k~ +—~b, k~ + f [(rotA) —2&orotAt,

(2)

where A is a vector potential, Ho is the external magnetic field ~=1—T/T„v is the density of states at the Fermi lev-
el. Coefficients a, b, C determine the correlation lengths g, t, ,

' 1/2 1/2

A,,b =32nve ~b,
~

b, A,, =32trve ~h~ a,
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The behavior of the system depends on the dimensionless parameter a lsd . Below we shall consider the limiting case
when this parameter is smaller then unity.

For the magnetic field direction forming an angle 0 with ab plane, in the superconductor exists an Abrikosov vortex
state. To find the structure and properties of this state we shall use the London expression for free energy for an aniso-
tropic superconductor '

O'= Idr[8 +(rotBArotB)],1

Bm

where the penetration depth matrix A is given by

A,,cos 0+A,,bsin 8 0 —(A,, —A,,&)sin8 cos8)

~ab

(3)

(4)

—(A,, —
A,,b )sin9 cosO 0 sin g+ g bcos g

In (4) we use the coordinate system with the z axis along
the magnetic field and the y axis in the ab plane. The ex-
pression (3) for the free energy is valid for all tempera-
tures, but the temperature dependence of coefficients
A,,b, is known only near the transition temperature T„
where they are given by formula (2).

In the model described by free energy (1), the order pa-
rameter is defined only in the planes. Pinning in such a
model is connected with defects located on the planes.
The spots of normal region (kinks) in the planes are
pinned by defects. This normal region is formed as a vor-
tex crossing the superconducting plane.

To find the critical current value, it is necessary to
determine the reaction of the vortex lattice on the shift of
one such kink in two direction on the ab plane.

If we suppose that a kink can be trapped by a defect
from a distance p along the y axis and can be kept until
the shift is smaller then p„ then the area of the trapping S
of one defect is

S =2p~py

We suppose here that the pinning is strong enough and
the following condition is satisfied:

S»g',
In this case the middle distance R between trapped kinks
belonged to the one vortex (in the direction perpendicular
to the ab plane) is

R =d +d [1—exp( —nS) ] g exp( nSk)—
k =1

(&) ~ .(2)
Jcr jcr ' Jcr (10)

Now two possibilities can be realized: j,', ' can be con-
nected with collective or single-particle pinning. We
shall assume below that the single-particle pinning takes
place. The value of j,', ' in the chosen coordinate system
is equal to

(2)Fx
~ (2) Pln

Jcr

where n' ' is volume concentration of strong pinning
centers, that trap vortices. F;„is the maximum value of
the x component of the pinning force on one defect. The
concentration n' ' can be expressed through the full con-
centration of the strong pinning centers n0 '.

n (2) —n (2) s")a
n —n0

0
(12)

Here S' ' is the "trapping" area of one pinning center,
that we shall find below.

j,",' [1—e p( nS—)] .
0

As it was mentioned above, here we find only the part of
the critical current j,',", connected with the layered struc-
ture of superconductor.

To find the full value of the critical current density, we
must calculate the value of the critical current j,', ' in in-
homogeneous anisotropic superconductor and add it to
j(1), that is

d
1 —exp( —nS)

(7) III. ELASTIC ENERGY OF THE DEFORMED VORTEX

where n is the concentration of the strong defects in the
superconducting ab plane. The critical current density

j„,Aowing in the ab plane perpendicular to the magnetic
field 8, is

If pinning centers are small and each of them can act
only on one vortex, the space dispersion of elastic moduli
is essential. The change of free energy 59 in this case can
be written as

~ (1)jcr @OR =Fpin fF= fdz —~„.
Bz

BU
+e +C U„

where @0=+/e is a Aux quantum, F;„ is the maximum
value of the pinning force acting on the kink.

From formulas (7) and (8) we get
+C U —(F;„.U)5(z) ', (13)
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where the elastic moduli e„„,e,C now are essential
functions of the angle 0. To find these we shall use the
London expression for free energy (3). First of all we find
the change of free energy if one vortex is shifted by a dis-
tance U. In this case from formula (3) we get

where a =sin 0+ ( A,,b /A, , ) cos 0, k;. is the inverse lattice
vectors. Now the structure of the vortex lattice is essen-
tial. We suppose that the lattice is formed by isosceles
triangles with the angle /3 at base equal to

+0V= Jdrl B(r) +5(ri —r, )
—5(ri)+5(ri —U)

1,j

tanI3=(3)' a .

From Eqs. (16) and (17) in this case we find

(17)

Magnetic field is a solution of the equation system

8+rot(ArotB)

=401 g 5(ri —r;. )
—5(ri)+5(ri —U)

(14)

(1S)

CQ5+= j(U +a U )dz,
16~A.,b

XX
8~A,,b

where I is the unique vector along the vortex core, r~ is a
vector lying on the plane, orthogonal to the vector I.

Equation (1S) can be solved with the help of Fourier's
transformation. After some direct calculation for the
change of free energy 5V we find

C = o.-= 8.:77 ah

More complicated is to find the elastic modula e, e
The free energy Eof one distorted vortex is

(p2
5m= f dz y + ', 1'd'k

C'0 k = k (2m )'
jJ

[1—cos(kU)](1+k k, a )
X

(1+k A, )(1+k A, +k A, a )

e, aU. aU,9'= fdz;;1 8(U(z)) .
8m

(19)

(16)
The magnetic field 8 is a solution of the equation system

aU. 8Uy8+rot(ArotB) =C&o {5(x,y) —[U5'(x, y) ] I {5(x,y) —[U5'(x, y) ]];5(x,y) —[U5'(x, y) ]+—,
' U, Uk 5"(x,y)a ' ' a

(20)

Solving the equation system (20) with the help of Fourier's transformation and inserting the solution in Eq. (19) we find
with logarithmic accuracy the expressions for the elastic moduli e«, eyy

..

1

g~2& b d cosO+a/, &

I /2
0.@0 2-

1
E ln

g 'g,' d cosO+ag, „

1/2
a+0

(21)

where

&XX
= cos 0+y sin 0 a 1 2 sin 0cos 0(1—y)+1++ 1+a 2 a(1+a)'

cos 0(1—y)+ 1 cos~O+y sin 0 (1+3a)(1—y) sin Ocos 0
(1+a) a(1+a) a (1+a)

(22)
y 2(1 —y) sin Ocos 0 1

1+a a(1+a) a(1+a)2 2

coszO(1 —y) 1 + (2+a)(cos 0+y sin 0)
(1+a) (1+a)

(3+a)sin Ocos 0(1—y)
a(1+a)
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where

~ab
(23)

IV. THE VALUE OF THE TRAPPING AREA

%'e emphasize here that the change of free energy, con-
nected with the distortion of the vortex, depends on the
direction of vector BU/Bz. At O=vr/2 it has a simple
form on paper.

It is easy to prove that in homogeneous isotropic su-
perconductors by a small shift of one vortex only and for
a fixed position of all other vortices, the sum of the forces
acting from the side of vortices placed at equal distances
from the shifted vortex is zero. It means that the reac-
tion arises from distances of the order of the penetration
depth A, . The same property is conserved for anisotropic
superconductor, if condition (17) is fulfilled. As a result,
it appears that the number parameter 3'/ /2~ on the
shifts of neighboring vortices, connected by the shift of
one vortex, are small.

Below we shall make assumptions, that the trapping dis-
tance pi in the y direction is much larger than g,b and the
pinning centers are attractive. Then if the vortex is pass-
ing on the impact distance R from the pinning center we
have

2(e C )'/U =
(R —U )

(26)

(27)

From Eqs. (26) and (27) we get

Fy g3
1/4

pin ab

54(e C )'/ (28)

For a pinning center of small size the force F in is in-
dependent from angle 0 and F";„is equal to

The trapping distance pi is defined from Eq. (26) under
the condition

Now, that we have studied the elasticity properties of
the vortex lattice, it is possible to find the trapping areas
s;s'".

From expression (13) we get the equations for
U (z), Uy(z):

F~ Pln
pin (29)

The formulas (25), (28), and (29) enable us to find the
trapping areas S,S' '.

a2z

Equations (24) give for the shift U at z=0 the value

(24)
Fy

p'

)
1/2

Fy

sinO(e C„„)'

128Fpin (nb

27(e Cyy )

128m y,„g'.b
27(eyy Cyy

)'

1/4

1/4 (30)

(x) (y)Fpin +pin Finally, using formulas (9), (10), (11), (12), and (30) we get
the value of critical current density

n(') '(Fy;„) 128Fy,„grab

4oa (e C,„)'/ 27(e C )'/2

' 1/4 Fy
+ l —exp

0

nFyin 128Fy;„g,b
sinO(e „C„)'/ 27(e C )'/

' 1/4

(31)

Here F in is the maximal value of pinning force of the defects, lying in the superconducting planes, Fp is the same for
the pinning centers in volume of the superconductor n, n 0

' is the concentration of pinning centers in the superconduct-
ing planes and in the volume of the superconductor.

V. COMPARISON WITH EXPERIMENTAL DATA

The formula (31) for critical current density can be rewritten in the form

A1

(e B )1/2(e B 2)1/81 5/8 (q )1/2/B 1/2(d osO+g )

C+ A2 1 —exP
sinO(Be )' (e Ba2)'/ ln / (r(40a)'/ /B'/ (d cosO+g, ba)])

(32)
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TABLE I. Critical current at T=4.2 K.

0.5

0(10-' A/cm')

Jexp

J theor

Jexp

J theor

Jexp

1theor

0

5.9
6.2
5.05
4.9
4.7
4.6

m/18

4.8
4.7
3
2. 1

1.7
1.4

4.2
4.1

2
1.8
1

1.15

3.8
3.9
1.5
1.7
0.83
1.1

2m/9

3.4
3.8
1.3
1.7
0.8
1.1

A, =0.145 X10' A/cm',

A z =4. 15 X 10 A/cm

C =0.275

(33)

if the magnetic field B is measured in tesla. The anisotro-
py factor is taken equal to 1,, /A, ,&

=5 (the experimental
estimated value of anisotropy in YBa2Cu30 crystals).
We find these values from the minimum condition of de-
viations of theoretical values of critical current density j
from the experimental one at magnetic fields B=0.5 T, 3
T, 7 T in points O=~E/18, K =0, 1, . . . , 4. The experi-
mental and theoretical values of critical current density
are given in Table I.

As it follows from Table I, the agreement between
theoretical and experimental data can be considered as
satisfactory.

To determine the value of the coefficients A i, Az, C at
temperature T=40 K we use 8 points: at 8=3 T, 7 T we
use the value of j at angle 8 equal to 0=0, ~/18, and at
B=0.5 T the value of j at angle 0 equal to 0=0, m/18,
~/9, vr/6. As result we get that the best agreement is
achieved at values of A i, A2, C equal to

A, =0.11 X 10 A/cm

A 2
=0.72 X 10 A/cm

C =0.08

(34)

The values of current density j at temperature T=40 K
are given in Table II.

Here the coeKcients A„A2, C are independent on the
magnetic field value B and angle 8 and are functions of
temperature T only. The temperature dependence of the
coefticients A &, A 2, C determined by the temperature
dependence of the coefficients A,,b, g,b, F„;„. Below we
shaH consider the coefficients A „Az, C as fitting parame-
ters. From the experimental paper we find at tempera-
ture T=4.2 K for the coe%cients A, , A2, C the values

At temperature T=40 K we have even better agree-
ment with experimental data than at T=4.2 K.

The region of high temperature demands a separate
consideration. It is possible, that the density of strong
pinning centers quickly drops at high temperature [due to
threshold criterion U„(0))ag, b ]. In this case the collec-
tive pinning under the condition of strong anisotropy and
spatial dispersion of elastic modula is essential.

VI. CONCLUSION

We studied the angle and magnetic field dependence of
the critical current density j in layered high-temperature
superconductors. One essential assumption was made: a
strong or one-particle pinning takes place in such super-
conductors. Under this assumption we get a satisfactory
agreement between theoretical and experimental data in a
wide region of magnetic field B &&Hc2.

We consider also aH pinning centers as approximately
of the same strength. But actually exists some distribu-
tion of pinning centers on strength, that can change the
magnetic field dependence of the critical current. As it
was mentioned above at high temperature the collective
pinning may be essential.

We use here the London expression for free energy to
determine the elastic property of layered superconduc-
tors. We think that the free energy (1) better describes
the superconductors with layered structure than the Lon-
don approximation. But so far we do not have the possi-
bility of carrying out all the calculations with the free en-
ergy (1).
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TABLE II. Critical current at T=40 K.

0.5

0 {10 A/cm )

Jexp

1theor

Jexp

Jtheor

Jexp

Jtheor

2.2
2.25
1.45
1.27
0.95
1

n/18

1.65
1.5
0.4
0.54
0.2
0.3

1.2
1.18
0.4
0.42
0.2
0.26

.4
0.36
0.2
0.22
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