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Spin-Auctuation effects on superconductivity
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We have studied the effect of spin ffuctuations on select properties of high-T, superconductors
with the pairing mechanism left largely unspecified. The specific-heat jump at T, and its slope are
calculated for various characteristic spin-ffuctuation spectra. The zero-temperature gap edge and
second critical magnetic field are also considered. Results specific to a marginal Fermi-liquid model
are presented. Finally we consider the effect of spin ffuctuations on the isotope effect.

I. INTRODUCTION

There is substantial evidence that magnetic interac-
tions are important in the high-T, superconductors. '

In both the La-Sr-Cu-0 and the Y-Ba-Cu-0 systems
there is a transition from a nonsuperconducting insulat-
ing magnetically ordered phase to a metallic supercon-
ducting phase. There is also evidence, at least in the
La-Sr-Cu-0 system, that superconductivity and antiferro-
magnetic order may coexist. ' Additionally, there have
been several theoretical proposals which incorporate the
existence of antiferromagnetic order or spin fluctuations
as the mechanism for pairing. ' '" In this paper we take
the opposite approach and study some of the properties
of a superconductor in which the spin fluctuations (SF)
are suppressing the superconductivity. We have cast the
problem within the framework of Eliashberg theory' and
therefore we assume that there is some boson exchange
mechanism which is responsible for the superconductivi-
ty. It could, for example, be charge fluctuations as in
some recent models. ' ' We will not specify what that
boson is. However, we do not believe that the supercon-
ductivity in these materials can be described by phonons
alone. Thus, we take the approach that whatever the
pairing exchange mechanism is, its character frequency
will be higher than that of a phonon. As such, we will
consider weak to moderately strong coupling as the real-
istic regime in which to discuss the oxides. For complete-
ness, we have studied a much larger range of coupling
strength.

The marginal Fermi-liquid model (MFL), developed to
describe the copper oxides, has been reviewed by Var-
ma. '" It is closely related to our work although there are
some differences. An essential feature of the MFL model
is that there is coupling to both charge (pair-enhancing)
and spin (pair-breaking) fluctuations. Both the charge-
and spin-Auctuation kernels have the same frequency
dependence, but differ in absolute strength. They also
have some temperature dependence, but this is not very
important near T, . Thus, the MFL model corresponds to
the special case when the characteristic energy associated
with the charge and spin fluctuations is the same, and as
such is a subcase of our calculations.

It should be stressed that, in reality, the superconduct-

ing transition itself could lead to modifications of the ker-
nels that enter the equations for superconductivity and
that self-consistent modifications may be required, at
lower temperatures, due to the opening up of the super-
conducting gap. These modifications go beyond the
scope of the present work and are not expected to be
dominant.

In Sec. II we present the equations studied and de-
scribe the model spectra employed. In Sec. III we
present numerical results for the specific-heat jump and
the slope of the specific heat at T, . Section IV deals with
the gap ratio and the upper critical field. Section V con-
tains a discussion of the isotope effect and conclusions are
in Sec. VI.

II. FORMALISM

(2.1)

co„Z (l co& )

=co„+~T g k+(m n)—
[6 (i co )+co ]'

where

co[a F (co)+P (co) ]
A,

—(m n) =2 —
z dco,

co +(co —co„)
(2.3)

and a F(co) and P(co) are the electron-boson (phonon,
charge fluctuation, etc.) and electron-spin-Auctuation
spectral densities, respectively, and ico„=in T(2n —1),
n EI are the Matsubara frequencies. In all our work we
have set the Coulomb psuedopotential p* to zero for nu-
merical simplicity.

The isotropic Eliashberg equations, written on the
imaginary axis, including spin Auctuations are'

b (i co„)Z, (i co„)

b(i co )
=vrT g [A, (m n) —p,*]—

[b (ico )+co ]'~
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FIG. 4. (1/y )(d hC/d T) vs T, /coF and T, /mp with
T, /T, =0.5. At (0,0), we obtain the BCS value of 3.77. The
maximum value of 23 occurs at T, /~F =0.4 and T, /co~ =2.0,
the same place where the maximum of the specific-heat jump
occurs.

FIG. 2. Electron-boson mass-enhancement factor A, vs

T, /coF. A, is determined by choosing an co+ and then calculat-
ing X to give T, =200 K. For T, /coF ~0.5, A, appears to be
unphysically large.

AC
f+c

.o, a.o)

(o.

FIG. 3. Normalized specific-heat jump (AC/y T, ) vs T, /co+
and T, /mp for T, /T, =0.5. At (0,0) the height is 1.43, the BCS
value. The maximum of 11.4 occurs at T, /coF =0.4 and
T, /coI =2.0. This is much larger than the maximum value that
can be obtained in a purely attractive system.

and T, /co~ equal to zero, we obtain the usual BCS value
of 1.43. As T, /coF increases, (b, C/y T, ) increases,
reaches a maximum of =4. 1 for T, /coE=0. 4, and then
decreases below the BCS value. As T, /co~ increases, the
specific-heat jump is enhanced and, for T, /cuE =0.4 and
T, /co~ =2.0, we find that (AC/y T, ) =9.6, which is
much larger than the maximum value obtained without
spin Auctuations. It is interesting to note that, in the
case of paramagnetic impurities, the specific-heat jump is
always suppressed below its pure value. Figure 4 shows
the slope of the specific-heat difI'erence at T, normalized

by y, (1/y)(dAC/dT) (y is the Sommerfeld value). For
T, /coF=T, /coI, =0, we obtain the BCS result of 3.77.
As T, /coE increases, the normalized slope increases,
reaches a maximum, and then decreases. For T, /cop =0,
a maximum value of =21 is attained for T, /co@=0.4.
The maximum value obtained was 67.3 for T, /co@=0.4
and T, /cop =2.0. The slope of the specific heat behaves
qualitatively like the specific-heat jump. This is not par-
ticularly surprising, as one would expect them to be
correlated with one another in order to satisfy the entro-
py sum rule.

When we compare these results to those obtained for
systems where no dynamic pair-breaking mechanism is
included (p*, a static, repulsive, Coulomb pseudopoten-
tial is included), we find that the results are qualitatively
similar, but there are large quantitative differences. In
the case of both the jump and the slope, other authors
find a maxima in these values at T, /co+ =0.2. Note that
the position of these maxima agrees with the values ob-
tained here when we recall that T, /T, =0.5. However,
the maxima obtained for the jump, with p* =0.0, is
=3.4. Even in the weak-coupling limit for the spin fIuc-
tuations, we obtain a maximum of 4.1. Similarly, the
maximum value for the slope in the purely attractive case
is =14.5, whereas we get a value, again in the weak-
coupling SF regime, of =21. Once again, as for the criti-
cal temperature, we see that even very weakly coupled
spin Auctuations can have a dramatic effect upon the
properties of a superconductor.

In order to measure the normalized jump or slope of
the specific heat, it is necessary to know the value of the
Sommerfeld constant y. Due to the large critical temper-
atures and large value of the low-temperature critical
fields, y is not a well-known quantity for the high-T, su-
perconductors. A quantity which contains information
about both the jump and the slope in the specific heat is
the ratio of the slope to the jump. In particular, we have
calculated (T, /b, C)(dbC/dT). This quantity is indepen-
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both the normalized jump and slope rise quite rapidly
with the value of T, /co, . Results terminate when conver-
gence becomes dificult. In contrast, the ratio of slope to
jump (dashed curve) is nearly constant and has a value
around the BCS value of 2.64 in this model. The large
slope-to-jump ratio observed in experiments cannot be
explained in this way.

0.90

0.85

IV. H, g AND [26(0)/kii T, ]
0.80

We now consider our results for the reduced upper
critical field which were obtained by solving Eqs. (2.7)
and (2.8). Figure 7 shows the reduced upper critical field
versus reduced temperature t. For all curves
T, /coE =0.05 and T, =200 K. The curves for
T, /mI, =0.05 and the curve for the system with no spin
fluctuations lie on top of one another. Both of these
curves seem to be tending smoothly to the BCS value of
0.73 at zero temperature. The spin fluctuations have no
observable effect upon the reduced upper critical field in
the weak-coupling regime. This is in marked contrast to
both the critical temperature and the specific heat. As
T, /co~ is increased, the curves start deviating markedly
from BCS. The last curve shown is nearly linear over a
large temperature range and starts bending over only
around the reduced temperature t-0. 1. In Fig. 8 we
show h, 2(0) versus T, /cop. We observe that it starts off
slightly below 0.73, dips, and then rises, reaching a value
of =0.88 for T, /cop =2.0. This type of behavior is simi-
lar to the behavior seen by Schossmann et al. as a func-
tion of T, /mE. They obtain a maximum value near 1.5
for T, /mE =1.5. Our maximum value is smaller than

0.75

0.70

0.65
0.0

I I l I I I I I I I I I I I I I I

0.5 1.0 1.5

this, although our curve is still increasing.
Figure 9 shows the ratio of [2b,(0)/ksT, ] versus

T, /co p. This quantity was also computed for
T, /coE=0. 05. The curve starts off slightly above the

FIG. 8. The zero-temperature reduced critical field vs T, /cop
for T, /T, =0.5. This type of behavior is qualitatively similar to
that of a purely attractive system as a function of T, /~E. For
T /cop =0 we agree with the BCS result of 0.73.

1~0 I I I
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FICx. 7. Reduced upper critical field vs reduced temperature
for T, /T, =0.66. For all curves T, /coF =0.05. The curve for
T, /cop=0. 05 is almost indistinguishable from the curve one
would obtain with no spin fluctuations which we do not show.
The trend for increasing T, /cop is shown clearly in Fig. 8.

T~ /cdp

FIG. 9. The zero-temperature gap ratio vs T, /cu p for
T, /T, =0.5 and T, /coE =0.05. The values obtained are all well
below the maximum values that can be obtained in a purely at-
tractive system.
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BCS value of 3.53, exhibits a small dip, and then rises.
The values obtained for these parameters are all well
be1ow the maximum possible value of approximately 13
that can be obtained in the extreme strong-coupling re-
gime with no pair-breaking mechanism. For compar-
ison with conventional phonon superconductors, we re-
mind the reader that Pb has an energy gap ratio of 4.5.

V. ISOTOPE EFFECT

We now focus our attention upon the isotope effect
that we would expect in such systems if we assume that
the pairing interaction is due only to phonons. As we
have already stated, we do not believe that phonons alone
are responsible for the superconductivity in the high-T,
superconductors. Indeed, our results for the isotope
effect will demand that, if the scenario that we discussed
is to be applicable, the pairing mechanism cannot be pho-
nons alone. It could be mainly charge fluctuations, for
example.

We have performed numerical as well as analytical cal-
culations of the isotope effect /3, which is given by

d ln(T, )

d ln(M)

where M is the ionic mass. In all of the results below, we
have assumed that the a F(co) kernal is due to phonons
alone. Numerical results are shown in Fig. 10. This
curve was calculated for T, /co+ =0.05, and T, =200 K.
We see that P is everywhere larger than —,', the BCS re-
sult. The peak occurs at T, /co~=0. 2,8. We can gain
more insight into this result by considering the Rainer-
Culetto formula for the isotope effect "

0~70 ~ y ~ g
~

~ & y

P„,=I dcoR (co)a F(cg) .
0

R (co) is defined as

(5.2)

6T, d 6T,
R (co)= +CO

5a F(co) d~ 5a F(co)
(5.3)

%'e need to know the functional derivative of the critical
temperature with respect to the electron-phonon spectral
density in order to see why the isotope effect is larger
than —,'. In Fig. 11 we show the functional derivative
[5T, /5a F(co)] for two cases: a 200 Ksupe-rconductor
with no spin-Auctuations, and the same system with its
critical temperature suppressed to 100 K by spin Auctua-
tions. In both cases T, /co@=0.05, and for the second
case T, /cop =0.05. Both curves are everywhere positive
definite, and the curve with spin fluctuations is every-
where larger than the curve for the pure system. In both
cases, the electron-phonon spectral density is the same
and it is sufficient to look simply at R (co@) to see how P
changes.

There are various factors contributing to the change in
P when we add the spin fiuctuations to the system. There

I I I
)

I I I
i

t I t j I

0.4—

~ r+
'~

t
C

For Einstein spectral densities P is simply equal to
AR (co@), where 3 is the weighting factor of the
electron-boson spectral density, i.e.,

a F(co)= A5(co~ —co) .

0.65—
0.3 —,

0.8-
0.80-

0.1
PSZ'8IQ8gQOQS

055--
(j 0 '

g $ I I I t I I I I I

0.0 20.0 40.0 60.0

050 t t t t l s t t t I t t t t I

0.0 0.5 1.0 1.5
Te /Ca)P

8.0

FICx. 10. g, the isotope eff'ect coefficient, vs T, /cop for
T, /cuz =0.05 and T, /T, =0.5. It is everywhere greater than or
equal to 2, the BCS value.

FIG. 11. Functional derivative of the critical temperature
with respect to the electron-boson spectral density vs cg/T, .
For both curves T, /~&=0. 05, and for the system with spin
fluctuations, T, /cop =0.05 and T, /T, =0.5. The derivative for
the purely attractive system is smaller and shifted to slightly
lower co/T, than the derivative for the system with the spin
fluctuations.
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is a suppression of T, which tends to cause f3 to increase.
In addition to this effect, there is a change in the func-
tional derivative. One must remember that the function-
al derivative is plotted versus co/T„and hence the
relevant data is at co/T, =20.0 for T, =200 K, and
co/T, =40.0 for T, =100 K. One can see that both the
functional derivative and its derivative with respect to
frequency are smaller for the system with spin Auctua-
tions. However, both of them have been reduced by less
than —, which, in combination with the factor of 2 coming
from the T, suppression, leads to an enhanced isotope

X '(m)=& '(0)e( (5.4)

We mean by co~~ the spin-Auctuation analogue of the
Debye frequency. Solving for T, in this approximation,
one gets

effect.
We can solve Eqs. (2.1) and (2.2) for the critical tem-

perature using a square-well model for both the pairing
and spin-Auctuation spectra. In such a model we assume
that co+ ~ && T, and approximate

(1+X+(0)—A, (0)ln(1. 13coz )+A, (0)ln(1. 13'~~ )
T, =exp

(0)
(5.5)

and using (5.1), one obtains for the isotope effect

1 A,P"(0)

(0)
(5.6)

Using this model, Eqs. (2.1) and (2.2) give

60I1+A,+(0)]=vrT[A, (0)+A, (1)]60 . (5.8)

This can be solved for T, in the limit of coE «~~ && T,
to give

() ph)1/2

Tc 1+2m'
(5.9)

This gives /3= —,'. Figure 10 shows P approaching —,
' for

large T, /coE.

From Fig. 1 we see that, for small T, /co&, A, is quite
small, and hence P does not deviate significantly from —,',
as is shown ln Fig. 10.

One can also solve for T, in the limit of k " going to
infinity. In this limit, it has been found that T, is given
to a good approximation using a one-gap model

o ifn=1
0, otherwise

as large as 7.68 for the parameter space surveyed. This
value is larger than the maximum established by Akis
and Carbotte for a pure boson-exchange mechanism
which is 4.6 when the Coulomb pseudopotential p =0.
It is large enough to explain the lower bound presently
established in specific-heat experiments. The value of 7.6,
however, is only obtained when the average boson energy
in the pairing channel is small. Other quantities con-
sidered were the ratio of the gap to critical temperature
and the second critical magnetic field h, z. Results for the
specific heat were also obtained in the marginal Fermi-
liquid model which, in some sense, is a subcase of the
work presented here. In this case it was found, for the
parameter space considered, that the jump and slope are
always above the corresponding BCS value and rapidly
increasing with the ratio of T, to cutoff co, in the Auctua-
tion spectrum. The ratio of slope to jump was, however,
found to be reasonably constant and nearly equal to the
BCS value.

Finally, it was found that spin fIuctuations can increase
the value of the isotope coeIIicient P. In a phonon model
for the pairing, spin fluctuations increase 13 above —,.
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