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Singularity and nonlinearity in the Kapitza resistance between gold and superAuid He near T1,
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We report experimental results for the Kapitza resistance R& between gold and superAuid He,
which were obtained by using very-high-resolution thermometry. The data imply that R& is singu-
lar at the superfluid transition temperature Tz. Comparison with theory suggests that the singulari-

ty results from a hydrodynamic effect proposed by Landau, and that it is associated with the vanish-

ing of the superAuid and normal-Quid currents at the boundaries. Recently a quantitative predic-
tion of the singular part of this Kapitza resistance has been made based on dynamic
renormalization-group theory. This theory requires no adjustable parameters and it agrees well
with our data. The measurements of Rx are independent of the heat Aux Q only for reduced tem-

peratures t =1—T/Tq greater than a characteristic value t, . We And that t, is approximately pro-
portional to Q, and that for t & t, the maximum value of (BRx /BQ), is approximately proportional
to l/t Th.e Q-dependent contribution Rx& to RK can be represented by a function of the single
variable Q/t. For large Q /t, this function saturates at a value near 0.35 cm' K/W. We know of no
theory that predicts the dependence of Rx on Q.

I. INTRODUCTION

Heat transport in superAuid "He occurs by counterAow
of the normal-Auid and super Auid currents, and at
sufficiently small heat currents does not induce any tem-
perature gradient in the bulk liquid. ' Therefore the tem-
perature difference across a conductivity cell will result
only from effects associated with the solid-liquid boun-
daries and the finite conductivity of the solid endplates of
the cel1. The thermal resistance Rz associated with the
boundaries is the Kapitza resistance, and is generally at-
tributed to a discontinuity of the temperature at the
solid-liquid interface. Pollack, Pfotenhauer and Donnel-
ly, Swartz and Pohl, and Swartz have reviewed both
experimental and theoretical work on the Kapitza resis-
tance.

Although an anomaly in Rz near the superAuid transi-
tion temperature Tz was mentioned in passing as early
as 1953, the systematic study of this boundary effect has
been undertaken only recently. ' It has become clear
that two apparently separate physical phenomena con-
tribute to the anomaly in Rz. Our measurements show
that the zero-heat-current limit R&p of Rz increases by
roughly 10% as the reduced temperature t:—1 —T/T& is
decreased from 10 to 10, indicating that Rzp is
singular at T&. "" The singularity in Rgp is believed to
result from a two-Auid hydrodynamic mechanism pro-
posed by Landau. ' Well within the bulk superAuid, heat
is transported by counterAow of the normal-Auid and
superAuid components, and hence no thermal gradient
exists across the bulk superAuid. At a boundary, say the
colder boundary for instance, the incoming normal Auid
must be converted to superAuid to preserve counterflow.
For reduced temperatures t greater than 10 this con-
version occurs very near the boundary and virtually in-
stantaneously and hence no variation in Rzp with t is ob-

served. Closer to the transition, however, the time re-
quired to aff'ect this conversion becomes long (critical
slowing down) and hence the boundary layer in which
this conversion takes place becomes thicker. Since the
counterAow is incomplete in this boundary layer, part of
the total heat current is diffusive, and hence a tempera-
ture gradient exists across this layer. Thus, Rzp is singu-
lar at T&, and close to Tz measurements of R+p show a
dependence upon t. Many theorists have considered this
effect. Most recently Frank and Dohm ' have calculat-
ed the singular part of Rzp from the dynamic
renormalization-group theory. Their prediction agrees
well with our experimental data. " It contains no un-
known parameters for the singularity. Only a constant
additive and nonuniversal background resistance was ad-
justed in Ref. 21 in the comparison to our measurements.

Similar boundary layers due to slow dynamics exist in
other superAuids, i.e., for He and for superconductors.
Additionally, van Son et al. have proposed that a similar
boundary effect may be observed at an interface between
a half-metallic ferromagnet and a nonmagnetic electrical
conductor.

The second, and less well understood, phenomenon as-
sociated with the Rz anomaly at Tz consists of a depen-
dence of Rx. on Q which is observed only for t less than a
characteristic reduced temperature t, . The value of t, is
well represented by a linear dependence on Q, and for
t & t, the maximum slope (c)Rtc/BQ), of Rtc(Q) is within
the experimental resolution inversely proportional to t.
For t « t, the value of Rx(Q) saturates as Q is increased.
The saturated value is approximately 0.4 cm K/W above
the value of the background resistance (which can be
measured near t -=10 ). To a good approximation, the
saturation value is independent of Q. Data from other
authors' on this nonlinear effect are in good agreement
with our results. The physical origin of this effect is not
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yet known.
In Sec. II below we discuss the apparatus and experi-

mental procedures which we used to make measurements
of Rtc(g, t). Following this we present new and extensive
data on Rx (Q, t) in Sec. III.

II. EXPERIMENTAL ASPECTS
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The main features of the cryostat used in these experi-
ments have been described elsewhere. Major
modifications made to it included a new experimental cell
design, together with a copper shield stage which com-
pletely surrounded the cell to protect it from black-body
radiation from the thermally uncontrolled He bath.
Minor changes included a reduction in the intake Aow

impedance of the continuously operating He refrigera-
tor, and the development of superconducting coaxial-
cable heat sinks. The design and construction of the ex-
perimental liquid-helium cells, designated J, K, L&, and
1.2, are described in detail. The thermal conductivity of
the copper stock used to make these cells is an important
parameter in determining the Kapitza resistance. For
this reason the thermal conductivity of the actual copper
stock used to fabricate these cells was measured. The de-
velopment and use of the much-higher-resolution ther-
mometry crucial to this work would normally be included
in this paper; however, this has become a major under-
taking in its own right. All details concerning the devel-
opment, use, and performance of these thermometers
have been deferred to an upcoming publication. They
are, however, already available in unpublished form. '

A. Overview of apparatus

1. Overview of cryostat

The cryostat used in this work is a modification of one
described previously, and is shown schematically in
Fig. 1. The vacuum can, which was submerged in a
liquid-helium bath at 4.2 K, contained four stages. Lo-
cated on the first stage was a continuously operating He
refrigerator of the type described by De long et al. It
typically operated near 1.3 K and was used to cool the
other stages in the cryostat.

As described in Ref. 26, the refrigerator operated by
drawing liquid helium into its evaporation pot from the
bath outside the cryostat through a Aow impedance. This
impedance was constructed by placing a 0.0246-cm-
diameter stainless-steel wire into a stainless-steel capillary
with an inner diameter of 0.0254 cm. Its length was 18
cm and its value measured with room-temperature heli-
um was approximately 4X10" cm . A Nupro B-4F-0.5
Aow filter containing a piece of sintered metal made of
0.5-JMm-diameter stainless-steel particles was used to filter
the bath helium before it entered the impedance. All
components of the Nupro filter were ultrasonically
cleaned in acetone before assembly. Stycast 2850FT
epoxy was used to seal the sintered metal to the Nupro
fitting.

The isothermal stage was suspended from the refrigera-
tor stage by three hollow stainless-steel rods. When it
was operated at 1.8 K, the heat current to the refrigera-
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FIG. 1. Schematic diagram of the cryostat with cell K in-

stalled.

tor stage was 4 mW. The temperature of this stage was
then regulated to within a microKelvin of its operating
temperature.

Below the isothermal stage was a copper shield stage
which completely surrounded the experimental cell. This
stage shielded the cell from radiation from the thermally
uncontrolled bath at 4.2 K. Three hydraulically activat-
ed valves were located on this stage and were used to
close off the cell fill capillary, as well as the supply capil-
laries to the two He thermometers during data acquisi-
tion in cells J and E. This stage was always operated
above T&. A Cryo Cal CR-1000 germanium thermome-
ter and a 5-k 0 reference resistor were used in a five-

wire bridge to measure the shield-stage temperature.
Like the isothermal stage, the shield was regulated to
within a microKelvin of its set temperature.

Within the shield stage was the cell in which the actual
measurements were made. It was thermally coupled to
the warmer shield stage only through three hollow
stainless-steel support rods which created a negligible
heat input. The cell was connected to the isothermal
platform by a 17.8-cm-long, 0.033-cm-diameter copper
wire which provided a cooling power of about 30 pW. In
addition, the cell could be cooled through a hydraulically
activated heat switch which was thermally anchored to
the isothermal stage and which when closed provided a
cooling power to the cell of about 350 pW.

2. Experimental cel1s

Three different cells were used in this work. They are
shown schematically in Figs. 2, 3, and 4. Cell J was con-
structed differently than cells K and I.. Cells K and L„
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FIG. 2. Diagram of cell J shown in cross section.

which used the same solid endpieces, were made using a
new construction technique described below. Cell L was
cooled down twice and thus it is designated cell L, and
cell L2. Cells J, K, and L& used two thermometers with
one on each copper endpiece of the cell. Cell L2 had one
additional thermometer located on a copper ledge which
was compression fitted to the cell's stainless-steel sidewall
half-way between the surfaces of the cell (see Fig. 3).
Since no heat fiowed through the interface between the
midcell ledge and the helium, this midcell thermometer
measured the true helium temperature TH, una8'ected by
helium-solid temperature jumps. This midcell thermome-
ter of cell L2 made it possible to measure the top and bot-
tom Kapitza resistances individually while holding TH,

constant. The physical dimensions of all the cells are list-
ed in Table I.

The method of construction of cell J was quite similar
to that of the cells described in Ref. 31. The cell end-
pieces were machined from oxygen-free, high-
conductivity (OFHC) copper and the cell surfaces were
lapped and polished to a mirror surface. The surfaces
were then chemically plated with a layer of gold to pro-
tect them against oxidation. The top endpiece con-
tained a reservoir volume in which the helium liquid-
vapor interface was maintained during the experiment
(see Fig. 2). This insured that all measurements within
cell J were made at saturated vapor pressure. A 0.005-
cm inner-diameter capillary connected the reservoir
volume to the fill line which was located in the bottom
endpiece. The cell was assembled by slipping a 0.010-
cm-thick stainless-steel ring around the copper endpieces.
The ring was roughly 0.008 cm wider than the diameter
of the endpieces. It was precisely machined to allow
smooth, free slippage when rotated around the inserted
endpieces. With the endpieces spaced with precision
ground spacers, a ring of Stycast 1266 epoxy was placed
around the base of the wall ring. Surface tension drew
the epoxy up between the stainless-steel wall ring and the
copper endpiece sides until the epoxy reached the actual
cell volume. After the epoxy dried the same procedure
was repeated to epoxy the other endpiece to the wall ring
and thus seal the cell. Since the low-viscosity epoxy
Rowed evenly between the copper endpieces and the
stainless-steel sidewall, this assembly procedure
guaranteed that all the volume between the sidewall and
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VXXXXl
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& BOTTOM PLATE
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FIG. 3. Schematic diagram of cell L. Cell I( used the same
endplates as cell L but did not have a midplane ledge attached
to the cell wall. FIG. 4. Exploded view of cell L.
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TABLE I. Room-temperature dimensions of the cells.

Cell
Diameter

(cm)
Area
(cm )

Height
(cm) D/H

Wall thickness
(cm)

J
L

4.912+0.002
2.534+0.002
2.534+0.002

18.953+0.010
5.043+0.005
5.043+0.005

0.0975+0.0025
0.2878+0.0008
0.576+0.0010

50.4
8.80
4.40

0.0107+0.0003
0.011+0.0018
0.010+0.0013

the plates would be excluded from the helium during the
experiment. The meniscus which the Aowing epoxy
formed at the cell volume was very small and did not
reduce the cell's volume or the endplate's surface area by
any significant amount.

A disadvantage of the cell J design was that the epoxy
sealing the wall ring to the copper endpieces would weak-
en on repeated thermal cycling. Furthermore, the cell
surfaces could not be preserved as the sidewall and epoxy
were machined away. Hence the cell height could not be
changed without repreparation of the cell surfaces. Thus
a new method of cell assembly was developed and was
used to construct cells K and L.

Cells K and L were prepared from the same endpieces,
each of which was machined from a single piece of
OFHC copper stock. This copper stock was very well
characterized as will be explained below. The construc-
tion of cells E and L is shown schematically in Fig. 3.
The cell endpieces consisted of 7.5-cm-long, 2.5-cm-
diameter OFHC copper rods with thermometry ledges lo-
cated approximately 0.3 cm from the end which formed
the cell surface. The top endpiece contained a reservoir
on its thermometry ledge. This reservoir had a volume of
0.183 cm and contained a parallel-plate capacitor of di-
ameter 1.09 cm with a spacing of 0.137 cm between its
horizontally oriented plates. This resulted in a 0.6 pF
nominal capacitance. During data acquisition the helium
liquid-vapor interface was maintained between these
capacitor plates, thereby insuring that the measurements
were made at saturated vapor pressure. Using a General
Radio model 1615A capacitance bridge, the interface was
located to within 6 pm of its set position, corresponding
to a capacitance resolution of roughly 10 aF. The fill
capillary entered the reservoir, and the reservoir was con-
nected to the active cell volume by a hole of 0.042-cm di-
ameter. For a more detailed drawing of ce11s K and L see
Fig. 4.

Each cell surface was lapped and polished to a mirror
quality and then chemically plated with a 600-A-thick
layer of gold. The side of the copper nub which elevat-
ed the cell surface from the thermometry ledge was then
coated with a thin layer of pure indium using an ultrason-
ic soldering iron. A stainless-steel wall Range was
machined with an inner diameter within 2 pm of the
outer diameter of the cell surfaces. Because of the close
match between the diameters, the cell could not be as-
sembled with the endpieces and wall fIange at the same
temperature. During assembly the endpiece was cooled
to liquid-nitrogen temperature in a dry glovebox. At
liquid-nitrogen temperature the diameter of the endpiece

was 0.008 crn less than its room-temperature diameter.
This allowed the room-temperature wall Aange to be
slipped on easily. The wall Aange was screwed down
evenly onto a 0.025-cm-diameter indium 0 ring located
at the inner corner of the thermometry ledge. This same
procedure was repeated to seal the other endpiece to the
wall Aange.

With the cell back at a uniform temperature the thin
indium coating between the stainless-steel sidewall and
the copper endpieces was under compression. This
caused any empty volume to be filled by the Aowing indi-
um and hence to be inaccessible to the liquid helium dur-
ing the experiment. The data taken in cell J agree well
with the data from cells K and L. This indicates that this
assembly technique was quite successful at excluding the
volume between the sidewall and the copper from liquid
helium.

3. Thermal condttctivity of copper

Since the Kapitza resistances to be measured were
small, the thermal resistance of the bulk copper between
the gold cell surfaces and the thermometry stages could
be as large as 25% of the total thermal resistance of the
cell. For this reason we measured the thermal conduc-
tivity of the copper which was used to fabricate the end-
pieces of cells K and L. We removed two pieces of
copper from the unneeded outer diameter of the stock
which was used to make the endpieces. These copper
pieces were then machined into two rods with diameters
of 0.63 cm and lengths of 10.16 cm. One copper rod (rod
A) was annealed by heating it to silver-soldering temper-
atures with a torch. After remaining at this temperature
for about one minute it was allowed to return to room
temperature slowly. The other rod (rod 8) was only sub-
jected to soft-soldering temperatures. The thermal con-
ductivity of each rod was determined by passing a con-
stant heat Aux Q through it and measuring the resulting
temperature difference AT between the top rod tempera-
ture TH and the bottom rod temperature T~. The tem-
perature of the measurement was taken to be
(TH+ Tc)/2. The thermal conductivity of each copper
rod was obtained from

A,c„=QI./b, T .

Values of Q in the range 0.7&Q &11.6 mW/cm were
used and no dependence of A,c„on Q was detectable. The
results of the measurements of kc„ for rod 8 are shown in
Fig. 5. The solid line is the best fit to the data with the
result
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FIG. 5. Thermal conductivity of the oxygen-free, high-
conductivity (OFHC) copper which was used to fabricate the
endpieces used in cells K and L.

Ac„=(0.9734+0.0032)T+(0.1616+0.010) W/cm K

for rod B.
The thermal conductivity of rod 3, which had been

annealed as described above, also varied linearly with
temperature. At 2 K the thermal conductivity of rod 3
was roughly a factor of 2 higher than that of rod B. The
best fit to the rod 3 thermal conductivity resulted in

Ac„=(1.068+0. 125)T+(1.463+0.038) W/cm K .

In this work, the endpieces of cells K and L were never
heated above soft-soldering temperatures, so the thermal
conductivities of rod B were used to correct the measure-
ments described below. The rod A results serve as a
warning that incidental heating of OFHC copper pieces
during fabrication may increase their thermal conductivi-
ty by a significant amount.

B. Copper conductivity corrections

Cells K and L had a 6.35-cm length between the cell
surfaces and the ends of the copper pieces at which the
heat current was applied or removed. This insured that
the isotherms within the copper would be Aat in the re-
gions between the thermometer location and the interface
between the gold and the liquid helium.

In a numeric simulation designed to model the temper-
ature profile within the cell L and cell K endplates, a
5.08-cm copper rod of 1.27-cell radius was placed against
a 0.508-cm-thick layer of normal-Quid helium. An identi-
cal copper rod was located on the opposite end of the
helium layer. Heat was applied to the center of the free
end of one rod and removed at the center of the free end
of the other. The copper thermal conductivity was 2.0
W/cmK. The helium conductivity was 1.8 mW/cm K,
corresponding to HeI at saturated vapor pressure and 20

p, K above T&. The effect of the boundary (Kapitza) resis-
tances were included by adding a 0.127-cm-thick layer
with a conductivity of 0.319 W/cm K. This correspond-
ed to a boundary resistance of 0.4 cm K/W, which was
realistic for cells K and L. The simulation was set up
with 0.127 cm between nodes in both the radial and lon-
gitudinal directions of the cylindrical coordinates. This
method of solving the thermal diffusion equation discrete-
ly in cylindrical coordinates closely followed the method
outlined by Ozisik. The thermometry stages were not
modeled in this simulation. They did not contain any
heat sources or sinks and hence did not perturb the longi-
tudinal heat Aow away from their location.

In the simulation, 50.67 pW of heat entered one copper
rod and a corresponding 50.67 pW was removed from the
copper rod on the opposite side of the helium layer. This
corresponded to an average heat current of 10 pW/cm
through the copper which would create a 25.4-pK tem-
perature difference along the 5.08-cm copper rod if the
heat Aow were uniform across the rod's diameter. The
heat-Aow model was iterated until a radial temperature
variation of less than 10 K could be detected. At a dis-
tance of 1.27 cm along the length of the rod from the
heated end, the total temperature variation across the ra-
dius of the rod was 300 nK, which was 1.2% of the total
temperature difference along the 5.08-cm length of the
rod. At 2.04 cm from the heated end the radial tempera-
ture variation was down to 9 nK, which was 0.035% of
the temperature difference along the length. Hence to in-
sure Bat isotherms at the cell surface to the minimum lev-
el resolvable using this simulation one should use an
OFHC copper rod with an aspect ratio (diameter/length)
of 1 or less to separate the heater from the liquid-helium
layer. Since in cells K and L the copper aspect ratio was
0.4, these copper isotherms were very Aat at the liquid-
helium interface and hence effects associated with radial
thermal gradients in the copper would not be seen in cells
K and L.

The thermal conductivity of rod 8 was used to evaluate
the contribution from the copper ends (typically 25%) to
the measured temperature differences AT for cells K and
L during Kapitza-resistance measurements described
below. This contribution is given by KTC„=LC„Q/A.c„,
where Lc„=1.044 cm is the total length of the copper
sections between the thermometers, and Q is the heat
current through the cell. For cell J a correction was es-
timated by subtracting a contribution ETC„, which yield-
ed overall agreement with the cell-K data. The required
ATc„differed by only 24% from a rough a priori estimate
based on the geometry of cell J and the kc„of the copper
stock used in cell K.

C. Experimental procedure

The singularity in th. e zero-power limit of Rz was not
resolved in previous work using conventional germanium
thermometry. ' ' Its quantitative study required the ex-
tremely high-resolution thermometers which have been
developed only recently. ' ' ' ' Our measurements
were made using several cells and two different methods
of thermometry. Cell-J and cell-K measurements were
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Rx. =(b.T' b, TC„)IQ, — (2)

where i designates the top or bottom endplate, AT' is the
change of the top or bottom temperature when the heat
Aux Q is applied, and ATC„ is the copper contribution to
the observed temperature differences at the respective
endplate. For the temperature corresponding to these
measurements we chose the mean temperature
T= T, +AT/2 in cells J, K, and L, , and the actual heli-
um temperature TH, which was directly measured with
the midcell thermometer in cell L2. Since the superAuid
transition temperature at a given level in the liquid was
suppressed by the hydrostatic pressure due to the liquid
above, there existed a variation of T& along the vertical
axis of the cell. We used T& at the middle of the liquid
layer to define the reduced temperature t =—1 —T/T& for
all the cells.

Measurements made in cells J, K, and L
&

were taken
manually, cell-L z measurements were fully automated us-
ing a computer located outside the shielded room. Ultra-
pure He with a measured He impurity concentration of
5 X 10 ' was used in cells K and L. Standard well heli-
um was used in cell J.

The Kapitza resistance has been observed to vary
greatly between nominally identical surfaces in diA'erent
measurements. ' In fact Dingus et al. report that the
polished copper surfaces in their cell have a Kapitza
resistance which varies by up to 30~o on thermal cycling
to only 77 K. Hence we do not expect our measurements
of Rz to repeat from one cell to the next, even though the

made with thermometers which detected the variation of
liquid He vapor pressure with temperature using a very
sensitive capacitive strain gauge technique. ' The ther-
mometers used with cell L detected the change in the
paramagnetic susceptibility with temperature of copper
ammonium bromide (CAB), a salt with a Curie tempera-
ture 0.4 K below Tz at saturated vapor pressure (SVP).
Both techniques of thermometry were virtually free from
Johnson noise and could be driven at much higher bridge
voltages than the germanium thermometers without sub-
stantial heating. Both the He vapor-pressure thermome-
ters and the CAB thermometers were capable of resolv-
ing a few nK in temperature changes near T&, and thus
had roughly 2 orders of magnitude more resolution than
the best commercially available thermometers near 2 K.
The bulk superAuid transition of the pure He in the cell
served as a fixed point.

The Kapitza resistance was measured by applying a
heat Aux Q to the bottom of the cell while maintaining
the top thermometer at a constant temperature T'. The
resulting rise of the bottom-plate temperature AT(Q)
was used ' to evaluate the Kapitza resistance

Rx =(b T ETc„)/2Q—

in cells J, K, and L, The temperature assigned to this
measurement was T'+AT/2. In cell Lz we measured
and regulated the actual helium temperature T ' with
the midcell thermometer (see Fig. 3). This allowed us to
measure the Kapitza resistance of the top and bottom
surfaces independently. Hence in cell L2

surface preparations are similar. In the data discussed
below we allow for this variation by adding small oftsets
to the data from cells J and L to make them coincide
with the cell E data at t =2X10, where the singular
and nonlinear eAects are smaller than our thermometry
resolution can detect. Unlike the total size of Rz, we
show below that the singularity in Rz and the nonlinear
dependence of Rx. on Q gave quite repeatable results
from run to run. Comparison with the work of others
suggests that the Q dependence of Rx. is insensitive to the
solid surface material and its preparation. The sizes of
the Q=O singularity of Rx- reported by other authors
vary considerably from our result, suggesting the need for
further measurements.

Prior to making measurements of Rz within cell K,
measurements of the thermal conductivity within the
normal-Auid phase were made. These normal-Auid mea-
surements agreed very well with those of Tam and
Ahlers, ' indicating that the cell-E geometry was well
known and that there were no major systematic
discrepancies between the sets of measurements.

III. RESULTS
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FIG. 6. Kapitza resistance measurements vs heat-Aux Q at
constant reduced-temperature t =—1 —T/Tz. Values of log&o(t)
are shown in the insets. All points are cell-K data plus 0.033
cm K/W except for the data at log&ot = —4. 13, which are cell
Ll data plus 0.023 cm K/W.

Shown in Fig. 6 are cell-K measurements of Rz plus
0.033 cm K/W plotted against Q at nine values of log&ot,
and cell L, measurements plus 0.023 cm K/W at
logto(t)= —4. 13. Notice that as r becomes small, the Q
dependence of the data at constant t becomes very strong,
and that the zero-Q limit of Rx-, designated Rxo, in-
creases with decreasing t.

The dependence of Rxo on logto(t) in cell K and cell 1
is displayed in Fig. 7. For t (4X 10 the Q dependence
was so strong that extrapolation to Q=O was not at-
tempted. For t )4X 10, the Q-independent region was
accessible with our thermometer resolution, and measure-
ments in the Q=O limit were made. The steep increase of
R~o at the large values of t is similar to that which has
been observed by many other authors. ' ' ' ' It corre-
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FIG. 7. Kapitza resistance measurements Rz in the limit
Q~O vs t. Solid circles are cell-K measurements plus 0.033
cm K/W, open circles are uncorrected cell-J measurements
minus 0.587 cm K/W.

periment.
Measurements of Rz for small t made by other

groups ' ' ' ' have also shown the existence of an
anomaly in Rz at T&. The data of Zhong et al. ' display
a singularity in Rzp, but with an amplitude several times
larger than that which we report here. This is shown in
Fig. 8(b), where their results are plotted with the same
vertical resolution as our data in Fig. 8(a). The line
represents the calculation by Frank and Dohm, again dis-
placed vertically so as to cause agreement for
10 ~t ~10 . Clearly, the data of Zhong et al. do not
agree well with the theory. They rise much more rapidly
than ours as t vanishes. Although the authors do not
claim that their data correspond to the Q=O limit, their
results also increase more rapidly with decreasing t than
do ours at similar power densities (see Fig. 9 below). We
note that the active area across which the current left the
helium was not as precisely defined in the cell used by
Zhong et al. This is because there was a capacitor situat-

sponds to the regular dependence of Rzp upon T, which
can be written approximately as Rzp ~ T . Unfor-
tunately, very few measurements of Rzp were taken in
cell K at values of t ) 10

If Rgp were a regular function of temperature through
T&, then the Rzp measurements displayed in Fig. 7 would
approach a constant value near 0.44 cm K/W as t van-
ishes, say for t ~10 . We see that this is not the case:
measurements of Rzo increase by 10% as t decreases
from 10 to 10, indicating that R~p is singular at T&.
Notice in Fig. 7 that the cell-K and cell-J results show the
same singularity in Rz. Since the spacing of cells K and
J difFered greatly (see Table I), we conclude that the
singularity displayed in Fig. 7 is due to an effect near the
solid surfaces and is independent of the bulk helium.
Furthermore, similar singularities were observed in cell L
on both thermal cyclings. The same singularity was ob-
served within cells J and K, which had different end-
plates. This suggests that the observed effects are in-
dependent of the surface detail and preparation.

Recently, Frank and Dohm ' calculated the singularity
in Rzp using a renormalization-group method and mod-
el F of Halperin et al. for the dynamics of the
superAuid transition. In their theory, all adjustable pa-
rameters had been determined previously by a fit of their
predictions for the thermal conductivity of He above T&
(Ref. 46) to experimental data. ' The only remaining pa-
rameter required for a comparison with experiment is the
additive background value, which apparently differs for
difFerent surfaces. In Fig. 8(a) we compare our data for
Rzp with the calculation. The theoretical curve was
shifted vertically so as to cause agreement in the range
10 ~ t ~ 10 where the singular contribution to Rzp is
nearly negligible. Although the theoretical curve falls
slightly below the data for log&pt ~ —3.5, the agreement
is clearly quite good over the entire experimentally acces-
sible range of t. The small systematic differences are well
within possible systematic errors in the theory or the ex-
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FIG. 8. Comparison of experimental measurements at rela-
tively low power densities where the power dependence is at
most weak, with the theoretical result of Frank and Dohm (Ref.
21) for the singular part of R&0. In each case, the theoretical
curve (solid line) is moved vertically so as to agree with the
background resistance of the experiment in the range
10 ' ~ t ~ 10 . (a) The zero-power limit Rzo of Rz reported in
this paper. (b) Data from Figs. 7 and 8 of Zhong et al. (Ref. 17)
(the authors do not assert that these data correspond to the
zero-power limit). (c) Results of Tam and Ahlers (the authors
do not assert that these data correspond to the zero-power limit)
(Ref. 31).
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08 —~ ~ 0
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FIG. 9. Simultaneous measurements from cell L2 of the Ka-
pitza resistance R& of the top plate (solid points) and the bot-
tom plate (open points) plotted against t = 1 —T„,/Tz.

ed above the top plate of their cell, which sampled the
Quid by means of an array of small holes through this
plate. Some heat might have Aown into the top main
body of the cell via these small holes. Also, their cell
consisted of cylindrical pieces with parallel faces which
snugly fitted into the stainless-steel wall. A large sidewall
area did therefore exist through which some of the heat
might have been Aowing. However, Zhong et al. , on the
basis of several experiments, argued that only the plate
area perpendicular to the heat Aux on the cell was the ac-
tive area, since the ratio b.T/Q did not change substan-
tially with Q, nor with the concentration of He impuri-
ties. In our cell, sidewall areas were eliminated. A singu-
larity in Rzp as large as that reported by Zhong et al.
should also have been detected by Tam and Ahlers. '

Their results, together with the theoretical calculation
(displaced vertically so as to cause agreement for
10 & t & 10 ) are shown in Fig. 8(c). The authors
rightly concluded that their data provide no definitive
evidence for a singularity in R&p. However, as can be
seen in Fig. 8(c), there is a slight upward trend in the data
as t becomes small, and the size of this trend is quite con-
sistent with the size of the calculated effect. The data of
Tam and Ahlers are inconsistent with a singularity in

R~p as pronounced as that indicated by the data of
Zhong et al. [Fig. 8(b)].

Our thermometry resolution allowed us to make mea-
surements with an accuracy of 2% or better at currents
as small as 0.45 pW/cm, corresponding to a temperature
jump due to Rx. of about 200 nK. Hence our zero-Q lim-
it corresponds to values of Q on the order of this
minimum heat flux. Recently Li et al. have made mea-
surements of Rz over the range 10 ~ t ~ 10 with a
much smaller heat flux Q=0.05 )MW/cm . Their results
using this value of Q show no singularity in Rxo over this
range in t. Thus, their resu1ts differ from ours and from
those of Zhong et al. ' and Chui et al. ' They also differ
from the theoretical result of Frank and Dohm. ' Hope-
fully Li et al. will repeat their measurements in this
range of t at numerous values of Q between 0.05 and 10

pW/cm . This may resolve the discrepancy between the
data sets.

In cell L2 we could measure and regulate the actual
helium temperature TH, with our midcell thermometer.
Hence we could measure the Kapitza resistance of the
top and bottom plates independently. Figure 9 shows a
comparison of the top-plate (solid points) and the
bottom-plate (open points) Kapitza resistances for
Q=48.97 pW/cm . In Fig. 9 the reduced temperature t
is simply defined as 1 —TH, /T&, as mentioned above.
Notice that the data at small t show an apparent depar-
ture of the top- and bottom-plate measurements from
each other, with the bottom-plate measurements falling
systematically higher. Since all previous experimental
evidence suggests that this dependence of Rx on Q is as-
sociated with thin liquid-helium layers near the solid sur-
faces, we defined an effective reduced temperature t * as

t"=1—(TH, +b, TI', /2)/T& b (bottom surface),

t ' = 1 —
( TH, b, T;/2)/T—z, (top surface),

(3a)

(3b)

Q = 48.e7+W/cm'
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FIG. 10. Data displayed in Fig. 9 replotted vs t*. Notice
that the apparent discrepancy between the top and bottom Rz
measurements for small t displayed in Fig. 9 are accounted for
nicely by this redefinition [t*, see Eqs. (3a) and (3b)] of the re-
duced temperature.

for the top and bottom boundary layers. In Eqs. (3a) and
(3b) the boundary-layer temperature-variations ATb and
6T; are determined by multiplying the heat-Ilux Q by the
amount of the Kapitza resistance which is above the
background Kapitza resistance at t =2 X 10 . Figure 10
displays the same data shown in Fig. 9 but plotted against
t'. Although the variation of Rz with t* is the same
within our resolution for the top and bottom plates, the
magnitude of Rzb was larger than Rz, . This may be
due to the cell fill hole which enters through the top
plate. Notice that the top- and bottom-plate measure-
ments agree well when plotted against t'. Five sets of
constant heat-current measurements (including the set
displayed in Figs. 9 and 10) were made spanning the
range 9.79& Q &48.97 pW/cm in even intervals. All
these data sets show the same Q dependence at the top
and bottom plates only when the data are plotted against
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FIG. 11. Measurements of the Kapitza resistance RIc vs

log&ot at six values of Q: open circles, 0.45; solid circles, 1.81;
open diamonds, 4.08; solid diamonds, 9.79; open triangles,
19.59; solid triangles, 39.18 pW/cm . For Q (4.08 pW/cm the
data are from cell K. The data for Q ~ 9.79 pW/cm' are mea-
surements from the top surface of cell L2 minus 0.016
cm K/W. The reduced temperature at which the line through
the Q-independent data intersects with the line through the
constant-Q data is designated t, for that value of Q.

Figure 11 shows additional measurements of Rz versus
log, o(t) at six values of Q. The data displayed in Fig. 11
are from cell K for Q (4.08 pW/cm . The points in Fig.
11 with Q ~9.79 pW/cm are measurements from the
top surface of cell L2 minus 0.016 cm K/W. Since we
have no theoretical guidance about the functional form of
Rx. ( Q), we now proceed with a phenomenological
description of the experimental data. Notice that the re-
duced temperature at which the data begin to show a
dependence on Q is itself dependent on Q. Thus, we

log, o(t, ) =a+P log, o(Q) . (4a)

This fit gave a = —5.275+0.046 and P=0.914+0.038 for
Q in units of pW/cm . Here the error estimates are the
67% confidence limits. Since Il-=1, r, is approximately
proportional to Q. Assuming f3=1, we obtain

define a characteristic reduced-temperature t, (Q) as illus-
trated in Fig. 11. We simply draw a line through the Q-
independent points and intersect this line with another
drawn through constant-Q points within the Q-dependent
region where Rx. (Q) versus log, o(t) has approximately at-
tained a constant slope. The reduced temperature at
which these two lines intersect was designated t, for that
value of Q. This procedure neglects any gradual growth
of the Q-dependent contribution to Rx with decreasing t
which may be associated with a gradual onset for this
effect. Figure 12 displays t, versus Q on logarithmic
scales. Our data from cell K are shown as solid triangles,
while our data from the top endplate of cell L2 are
displayed as solid circles. The open triangles are data in-
ferred from Fig. 4(b) of Dingus et al. and the open
squares are inferred from the data within Fig. 4 of Chui
et al. ' Both Chui et al. ' and Dingus et aI. used
copper surfaces within their cells. Most recently, Zhong
et al. ' report agreement with these results for their first
series of measurements, but their second data series falls
below the line indicated in Fig. 12. The agreement of t,
from their cells with our measurements which were made
using gold surfaces strongly suggests that this effect is in-
dependent of the exact surface material and its prepara-
tion. This, together with the observation that the Q
dependence is independent of the cell spacing, suggests
strongly that these effects are associated with a thin hy-
drodynamic layer in the helium near the solid boundaries.
The line shown in Fig. 12 is the best fit of the solid points
to
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FICr. 12. L g,o(t,0) vs Q. The solid points are our measure-
ments from cell K (triangles) and from the top plate of cell L2
(circles). The open squares are inferred from Fig. 4 of Chui
et al. (Ref. 12) and the open triangles are inferred from Fig. 4(b)
of Dingus et al. (Ref. 9). The line is the best fit of
log, o(t, ) =a+plogID(Q) to the data. Since p= 1, t, —Q.

FIG. 13. The maximum sloPe S—:(BR+/I)Q), of the KaPitza
resistance measurements vs t for t (t, (Q). The solid points are
measurements from cell K, while the open circles are from cell
L, and the open triangles are from the top plate of cell L&. The
line is the best fit of log, oS =a +b log, o(t) to the data. Since
b= —1, S-1/t.
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r, =Q/Qp (4b) I 10

with Qp=0. 288 W/cm from the data represented by the
solid points in Fig. 12.

We see from Fig. 6 that for t ( t, (Q) measurements of
Rx. show a maximum slope S =(BRir/c)Q), which be-
comes larger as t becomes smaller. Figure 13 displays the
maximum value of S versus t. The solid points in Fig. 13
are from cell K, while the open circles are from cell I.&,

and the open triangles are from the top surfaces of cell
L2. The solid line in Fig. 13 is the best fit of

0.3—

4~0
0 0 49.0 p.W/cm

29.4 p.W/cm

9.8 p.w/cm

logip(S) =a + b log&p(t) (5a)

to the data from all the cells. The result of this fit gave
a = —1.034+0.095 and b = —1.041+0.0184 with S in
units of cm K/W . Here again the error estimates are
67% confidence limits. Since b -=—1, S is approximately
proportional to I /t. Assuming b = —1, we obtain

S =k/t, (5b)

with k=0.12 cm K/W .
The results of Eqs. (4b) and (5b) suggest that there is a

range of r below but near t, (Q) over which the nonlinear
contribution

Rag=Ra —Rzo (6)

to Rz can be written as a function of the single variable
q/t, with q =Q/Qp. We find that this is indeed the case
over the entire range of q/t. This is illustrated in Fig. 14,
where Rx.& is plotted as a function of In(q/t) for several
values of Q. As already apparent from Fig. 6, the data in
Fig. 14 suggest that R&& saturates at a constant, Q-
independent value as q/t becomes large. The saturation
value is approximately equal to 0.35 cm K/W, and is
consistent with the measurements of Zhong et al. '

In conclusion, a singular contribution to the Kapitza
resistance has been observed which is independent of the
heat-fiux Q which was used to make the measurement. A
theoretical prediction ' for this singular boundary resis-

0
0

In (q/t)

FICr. 14. The Q-dependent contribution Rs& to Rz as mea-
sured in cell L2 as a function of ln(q/t), where q =Q/Qp with

Qp =0.288 W/cm'.

tance based on the dynamic renormalization-group
theory and containing no adjustable parameters agrees
well with our data. In addition, a strong nonlinear
dependence of the Kapitza resistance on Q has been ob-
served. Comparison of our results to the results of other
authors shows good repeatability. Unfortunately, the
physical origin of this Q-dependent effect is not yet un-
derstood. We find that the Q-dependent contribution to
Rz can be represented by a function of the single variable

Q /t.
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