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The collision duration time 7cp (a short time scale < 10~ !* s) is estimated for an equilibrium non-
degenerate semiconductor. For interaction with nonpolar optical phonons, it is shown that there is
one common scale 7¢p for both the scattering-in and scattering-out integrals. This time is defined so
that if 7cp << (7 is the quasiparticle lifetime) subsequent scattering events do not interfere. We find
that the best estimator for this time, which is independent of the temperature, is the Landau cri-

terion proposed for metals.

I. INTRODUCTION

Transport theory of nondegenerate semiconductors is
largely based on the Boltzmann equation. To derive the
Boltzmann equation from the quantum description of
electrons interacting with phonons or impurities one has
to assume that individual interaction events are indepen-
dent of each other, i.e., that the collision is completed be-
fore another interaction starts. Formally, we say that the
Boltzmann equation is derived under the assumption that
the collision duration time 7cp <<, where 7 is the quasi-
particle lifetime or the mean free time.!

In spite of its importance a precise definition of the col-
lision duration time is not in print. There are few intui-
tive estimators of the collision duration time 7cp that
show a variety of trends and values. We will briefly dis-
cuss them for a local interaction, such as the interaction
with polar optical phonons or with neutral impurities.
All our estimates are appropriate for the I' valley in
GaAs and the electron energy ~0.2 eV. This high value
of the energy was chosen for the discussion since it is ap-
propriate for the high-energy tail of the distribution for
which it is difficult to justify the Boltzmann equation.

1. Classical estimate

Within classical mechanics an estimator of the collision
duration time is the time the electron spends in the region
of the interaction potential, assuming that the velocity of
the electron is equal to the velocity of the initial or final
state.! Since the interaction with optical phonons is lo-
calized to one elementary cell (a ~107° m) and electron
velocity v is 10 m/s, one finds

a —
(”z—~10 15 s .

TCD v (1.1)
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In the parabolic band the classical estimator for an elec-
tron of energy o is proportional to 1/V w.

2. Energy derivative of phase shift

The theory of elastic scattering associates the “col-
lision delay time” 72} with the energy derivative of the
phase shift.2 In the lowest-order approximation such an

interpretation of the collision duration gives®

VdN(a))

~107"s,
do ®

T ~7h (1.2)

where N is the density of states per atomic unit (~V c_o),
and V' ~1 eV was used for the impurity potential. This
value of the collision delay time differs from the classical
estimator 7} in that it depends on the strength of the
impurity potential. On the other hand, both have the
same energy dependence 1/V o.

3. Applicability of the pole approximation
to the spectral function

Alternative quantum-mechanical estimators are based
on the applicability of the pole approximation to the
spectral function A of the single-particle Green function?

1
o—e(k)—2R(w)
~—2Im 1 z ,
w—e(k)—=%(e(k))
where the energy « and the Kkinetic energy e(k) are in-
dependent.
Since the real part of the self-energy is usually model

A(w;k)=—21Im

(1.3)
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dependent, it is better to base the estimator entirely on
the spectral function of the self-energy I'(w)
=—2Im3®(w). The spectral function A4(w;k) has a
Lorentzian peak of the width I'(e(k)) in the vicinity of
w=¢(k). The pole approximation is applicable if the
change of the self-energy within the width I'(w) is small
relatively to its value

No) LX) <Nw), (1.4)
which can be rearranged as
# dl' () #

No) | do Now) ° (1.5

The right-hand side of (1.5) is the quasiparticle lifetime
7=1/T, so that the expression on the left-hand side can
be associated with 7¢p,

dInT(w)
do

3~ ~107Ys. (1.6)

Since the spectral function of the self-energy is typical-
ly proportional to the density of states, one can then re-
place T by N in (1.3), which gives 735~%/(2w). This
definition is not only independent of the interaction po-
tential, but the energy dependence is different from (1.2).
This characteristic time directly relates to the scattering-
out integral of the Boltzmann equation. See the discus-
sion in Sec. III.

4. Applicability of the pole approximation to the correlation
function of the self-energy

The pole approximation of the correlation function of
the self-energy A(w;k)Z <(w)= A(w;k)Z<(e(k)) was
used by Kadanoff and Baym* to derive the scattering-in
integral of the Boltzmann equation from the nonequilibri-
um Green functions. The applicability of the pole ap-
proximation to the correlation function of the self-energy
>,

2<(C!))=fFD(CD)F(O)) >

where fgp 1is the Fermi-Dirac distribution and
INw)=—2Im=R(w), requires that the energy depen-
dence of the correlation function of the self-energy is
small relative to the pole value in the vicinity of the
pole.>> This relative energy dependence can be charac-
terized by a time

dInfgp(0)Nw)
do

(1.7)

G~ ~107 5.

TcD™ (1.8)

In (1.8) the dominant part of the logarithmic derivative
arises from the Fermi-Dirac distribution and one can
simplify the criterion to the inverse temperature

T ~f/kgT~10" 1 s, (1.9)

where we have used room temperature for 7.
This definition relates to the scattering-in integral of
the Boltzmann equation. The value and trend with ener-
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gy are essentially different from the scattering-out in-
tegral (1.6). Incidentally, in the early 1950s the criterion
#i/kpy T <7 was supposed to limit the validity of the Lan-
dau Fermi-liquid theory for metals.> We should note that
this criterion is extremely restrictive at low temperatures
and also at high energies when 7 becomes very small.
Later, it was shown by Landau that this criterion is ir-
relevant and he proposed the correct criterion
(tcp~1/Eg), which is much less restrictive in metals.

5. Landau criterion

Finally there is an intuitive estimator proposed by Lan-
dau® within the theory of Fermi liquid that the relevant
characteristic time is given by the reciprocal energy dis-
tance from the nearest nonanalytical point in the density
of states. The strongest nonanalytical points are typically
close to the band edge and thus one finds, if @ measures
the nearest separation from the nonanalytical point in the
density of states,

T(Csﬁzﬁ—zzﬁ ~10"s .

(1.10)
For simple metals this characteristic time simplifies to
2mw#i/Ey, where E is the Fermi energy.

In this paper we will ask a simple question: what
characteristic time scale allows scattering events to be
treated as independent? Since the scattering events enter
the transport equation (for instant, the Boltzmann equa-
tion) via the scattering-in and scattering-out integrals,
one has to discuss the characteristic time scale in two
different frameworks.

The scattering-out term is the simpler one because it
involves only the single-particle Green function. For the
discussion of the scattering-in term one has to use the en-
tire transport equation, which includes statistical infor-
mation such as the temperature. We show in this paper
that (at least at the equilibrium) the noninterference of
subsequent processes, either involved in the scattering
out or scattering in, is given by a single characteristic
time scale. The best estimator of this time scale is the
Landau suggestion (1.10).

The paper is organized as follows. The model, approx-
imation, and formalism introduced in Sec. II are used to
evaluate, in Sec. IIlI, the quasiparticle formation of the
single-particle Green function and, in Sec. IV, the charac-
teristic time scale that corresponds to the interference of
individual scattering events. In Sec. V we assume that
both new times are short compared to the quasiparticle
lifetime and prove a validity of the Boltzmann equation
in this limit. In Sec. VI we discuss the completed col-
lision approximation in the formulation used for high-
field transport theory. Section VII contains conclusions.

II. ELECTRON-PHONON COUPLED SYSTEM

As an archetypical problem, we study a nondegenerate
system of noninteracting electrons coupled to phonons.
In this section we introduce the full set of nonequilibrium
Green functions and specify the approximations we use.
The set of equations for nonequilibrium Green functions
is an input of our paper, and our aim is to discuss the
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characteristic time scales that are involved in this set at
equilibrium.

A. Definitions of Green functions

Our conventions are as follows.® The correlation func-
tions are defined for electrons and phonons, respectively,
as

G <(;k)=Tr[pY (O k)p(£;k)] , 2.1

G (t;k)=Tr[py(;k)¥(0;k)] , 2.2)
and

D <(¢)=Tr[pu(0)u(t)], (2.3)

D~ (#)=Tr[pu(t)u(0)], (2.4)

where 1/;T (1) is a creation (annihilation) operator of an
electron, u is an atomic position deviation, and p is a
grand-canonical ensemble-averaging operator. In the
definition of the phonon correlation function we have al-
ready taken into account that we will be concerned only
with the flat optical-phonon mode and thus we exclude
the momentum dependence of D~ and D <.

The retarded and advanced operators are composed of
the correlation parts as®

ZR)=—io)[Z> (t)xZ <(1)] (2.5)

and

ZA)=ieo(—N[Z>(H+Z<(1)], (2.6)

where the upper (lower) sign is for fermionlike (bosonlike)
operators. While, as in (2.5) and (2.6), we put %=1
throughout the paper, for the reader’s convenience we
write # explicitly whenever we recall material parameters
that are fitted to the central valley of conductivity band
in GaAs.

B. Approximations of Green functions

To express approximations we take advantage of the
diagrammatical language and use the rules® of the gen-
eralized Kadanoff-Baym formalism to write down equa-
tions determined by the diagrams. The set of equations
that will be the focus of our interest follows from the
dressing of the electron Green function.” It is diagram-
matically expressed by the equation on Fig. 1.

The Dyson equation for the single-electron Green
function G % thus reads

t 4
GR(1;k)=GR(1;k)+ fodtlfo dt,GR(t—1,;k)

XZR(t,—1,)GR(t;k) .

2.7)
The self-energy =X consists of the analytical parts
> <(t)=y D> <(t)g > (1), (2.8)
where ¥ is the coupling constant, and
dk
> ()= G~ <(t;k) (2.9)
& s
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FIG. 1. Dressing of single-electron Green function; the
Dyson equation.

_— =

—_s 4+

is the local (in space) correlation function.
According to the definition (2.5), 2R can be reorgan-
ized as
SR(t)y=—i0()[y*D > (1)g > () + 72D <(1)g <(1)]
=y D> (t)gR(t)—y*DR(t)g <(1) . (2.10)

The last form in (2.10) is the most suitable for the low
electron-density limit, where the second term of (2.10)
vanishes.

The transport equation for the correlation function,
called the generalized Kadanoff-Baym equation,

(k)= [" dr, [° d,GR(1—1,3k)
XZ<(t,—1,)Gty;k),  (2.11)
will be the focus of our interest.

C. Spectral representation

For the sake of convenience we describe the model
property in the energy representation. Our convention
for the energy representation is

Z(w)=[" dtez(r) . (2.12)

The equilibrium correlation functions are related to the
single-particle Green functions via the Schwinger bound-
ary condition*

G “(0;k)=fpp(0)i[GR(w;k)— G Uw;k)] ,
3 (@)= frp)i[ZR(w)—24w)] .

(2.13)
(2.14)

Our main interest will be nondegenerate systems where
the Fermi-Dirac distribution fgp reduces to the
Boltzmann distribution

—w/kpT

frplw)=nge » (2.15)

where n; =n(27/mkyT)*/? includes the electron density
n and the normalization of the Boltzmann distribution
with respect to a density of electron states to satisfy
f(dw/277')g “(w)=n.

D. Spectral function of the self-energy

In the self-energy, given by the last line of (2.10), we as-
sume that the semiconductor is nondegenerate and the
concentration of electrons in the conduction band van-
ishes, i.e., n —0. The second term of (2.10) thus vanishes
and the energy representation of the self-energy reads

ER(w)Zyzf£D>(z)gR(w—z). (2.16)
21

The correlation function of Einstein phonons is purely
real,’
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D>(z )=N—2;1)—8(z Yo+ (N+1)——8(z—awp) , (2.17)
0

2w

where o, is the phonon frequency (or energy since #i=1)
and N is the Bose-Einstein distribution N =[exp(w,/
kpT)—1]7L

For simplicity we neglect the dressing of the line inside
the self-energy. In other words, we approximate the local
Green function g® in (2.16) by the free-particle Green
function gX. For the parabolic band the integration over
momentum [see Eq. (2.9)] thus results in the free-electron
density of states

—2Img&(w)=n,0(0)V o , (2.18)

where n, =(V'2/m)m>/% note the norm n, depends on
the effective mass of electrons.

Since in a real material the integration over momentum
does not go to infinity but is limited by the Brillouin
zone, we introduce an artificial exponential cutoff

—2ImgR(w)=n,0(0)Vwe ', (2.19)
where w,,, is of the order of the energy bandwidth (~2
eV). This form of cutoff is not motivated by any physical
property of the system. In fact, in GaAs the density of
states increases more rapidly than the square root in the
upper part of the conductivity band and moreover in-
volves the additional nonanalytical points due to X and L
minima. We use the exponential cutoff because it re-
moves fast oscillating parts in the time dependence of the
self-energy and leads to convenient analytic expressions.

Upon the substitution of (2.17) and (2.19) into the
imaginary part of (2.16) one finds
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—(o+tawg) /o,

——2ImZR(co)=Na0(a)+a)o)\/a)+a)0e
+(N+1)ab(w—awg)

><‘/—w_woe—‘(w*cuo)/wcut i
where a=1v2n, /20,. Figure 2 shows that two nonanalyt-
ical points at —w, and at w, are common for both self-
energies, the spectral function of the self-energy
Im3®(w), and the correlation function of the self-energy
3 <(w). The nonanalytical point at —w,, due to the pho-
non absorption part of the self-energy, lies below the
band edge and thus it is always far from the electron en-
ergy. The nonanalytical point at @, is due to the phonon
emission, and it will be in the center of our interest.

(2.20)

III. PROPERTIES OF THE RETARDED
GREEN FUNCTION GR&(¢,,t,)

Here we discuss properties of the retarded Green func-
tion GR(¢,,t,) in equilibrium. Although the energy rep-
resentation is advantageous in equilibrium, we will dis-
cuss the Green function in a time representation to natu-
rally demonstrate the characteristic times.

A. Retarded self-energy in the time representation

The retarded self-energy in the time representation is
obtained from (2.20) by inverse Fourier transformation
SK)=—io(0) [ 42emio—2)Im3R@) . (1)
21

In (3.1) the entire retarded self-energy in the time repre-
sentation is evaluated only from the imaginary part of its

0.0040 T T T
0.0030 |+ -
-
2
v
A
=]
0.0020 | e
E
I
]
g
=
(3]
l 0.0010 | B
0.0000 . i -
-0.10 0.00 0.10 0.20 0.30
w (eV)

FIG. 2. Spectral function of the self-energy —2 Im3®(w), thick line; and the correlation function of the self-energy 2 <(w), thin
line. To make the two scales comparable we set n, =1 in the plot. The parameters we use are w,=0.04 eV, a=2.5X10"3eV!/?, and
T=300 K.
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energy representation. This simplification is possible be-
cause of the following identities known from spectral rep-
resentation. First, the retarded self-energy can be ex-
pressed as ZR(¢)=0(t)[ZR(t)—=4(¢)] because the ad-
vanced self-energy is zero for ¢ >0. In the energy repre-
sentation the difference of the retarded and advanced
self-energies is the spectral function of the self-energy
SR(w)—34w)=—i(—2)ImZR(w) because the retarded
and advanced functions are conjugated to one another,
SR(w)=F “4(w), where the overbar denotes the complex
conjugate.
From (3.1) and (2.20) one finds

ER(t)=—19(t) zwot —iwot

[N
—3,2
+,-tj .

The cutoff energy w.,, does not affect the self-energy ex-
cept for the times ¢S#%/w,,. For . =2 eV,
#i/ 0oy~ 1071 s.

We note that the self-energy (3.2) has the form of the
original expression (2.10) Z®(t)=y2D>(¢t)g&(¢). Since
D~ (t) is a sum of two exponentials, the power-law decay
follows entlrely from the time dependence of the Green
function g&(z). This power-law behavior of g&(¢) fol-
lows from the square-root behavior of the density of
states (2.19).

+(N+1)e ]

X (3.2)

(9]

cut

B. Pole (quasiparticle) approximation in equilibrium

In semiclassical transport theory the scattering-out
term is treated as an instantaneous event. Within the
double-time Green-function approach the scattering-out
events are described by Z%(¢), which is certainly not an
instantaneous function of time; see (3.2). Our aim there-
fore is to approximate the self-energy 3%(z) by some
effective self-energy o®(¢;k) that is instantaneous but
may be momentum dependent,

aR(t;k)=8(t)oR(k) . (3.3)

In the energy representation this instantaneous approxi-
mation means that o® is energy independent. The stan-
dard way to obtain such an approximation is the pole ap-
proximation*®

o’(k)=3R(w) (3.4)

\w:so(k)-HrR(k) ’

where gy(k)=k?/2m is the free-electron dispersion rela-
tion.

The real part of the effective self-energy o®(k) is an
effective potential and the correction of the dispersion re-
lation (correction to the mass of electron). The quasipar-

ticle energy dispersion is then

e(k)=¢y(k)+ReoR(k) . 3.5

The imaginary part relates to the quasiparticle lifetime®

1
7(k)

=—2TImoR(k) . (3.6)
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C. Green function in the pole approximation

We introduce the pole approximation using the time
representation, which will permit a discussion of the ap-
plicability of the pole approximation in terms of charac-
teristic times. Within the pole (quasiparticle) approxima-
tion

(3.7

the Dyson equation for the retarded Green function (2.7)
reads

GR(1;k)=GE(1;k)+ fo’dtlGg(r—z,;k)a’*(k)G;*(zl) )
(3.8)

The exact solution of (3.8) for the quasiparticle approxi-
mation for GR is

Gf(t,k): _io(t)e—ia(k)te*t/ZT(k) .

(3.9)

D. Limits of validity of pole approximation: Test function

The form (3.8) of the pole-approximated Dyson equa-
tion permits direct comparison with the nonapproximat-
ed Dyson equation (2.7). If the effective Green function
GR should approximate the asymptotic behavior of the
Green function G, the terms containing self-energies in
(2.7) and (3.8) must lead to the same result,

f dt, =R

The condition (3.10) cannot be satisfied for a general
time argument ¢, but there is a region in which approxi-
mation (3.10) is valid. To gain insight into regions of ap-
plicability of (3.10) we approximate the Green function
GR(t,;k) in the left-hand side of (3.10) by the effective
Green function G (¢,;k). Dividing both sides of (3.10)
by G (¢,;k), one then finds that the approximation (3.10)
is pos51ble in the region where the test function

t1—1,)G (1K) =0 (K)G](1,5k) . (3.10)

t
sMes = [ a3 — )G 06 K)]

(3.11)

is independent of ¢,. In particular, if s®(¢,;k) is indepen-
dent of #; over a dominant part of the integral over ¢, in
(2.7) or (3.8), then the pole approximation holds and

R(k) is equal to s®(z;;k) in the region of the latter’s
constant value.

E. Limits of validity of pole approximation:
Numerical results

Consider the test function (3.11) for our model. Since
t1,>0in (3.11), the product of the retarded Green func-
tion with its inverse, according to (3.9), is

—ie(k)(t,—t)) —(t,—1;)/27(k)
e .

GR(1; KGR k)] =
3.12)

But the substitution of (3.12) and (3.2) into (3.11) one
finds
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t . .
skt k)= —i 1dt a_ iog(t; —t,) —iwg(t; 1)
(t,;k) zfo 2= [Ne +(N+1)e ]

iwgt —iagt

_ . rh a
zfodtm/;[Ne +(N+1e ]

[0

The function s®(¢,;k) can be separated into the absorp-
tion part, the term with Nemot, and the emission part, the
term with (N+1)e . The emission part of the func-
tion s®(¢,;k) is plotted in Fig. 3. The behavior of the ab-
sorption part is very similar.

The main features of the function s®(¢;k) are as fol-
lows. The function oscillates around the pole value of the
self-energy with a constant period 7o

2

TQF(k): E(k)—(oo .

(3.14)
[Below we show that the period of oscillations is a good
estimator of the quasiparticle formation time. Indeed, it
is identical with Landau’s proposal (1.10).] The ampli-
tude of the oscillations is minimal at the time ¢, =37, in-
creases as ¢ /2 for t; —0, and exponentially diverges for
t;— . There is a deviation from this behavior in a very
short-time region ¢, S27#/w,, because of the complex
shift of the time (¢ —i /w,) in (3.13).

With respect to validity of the pole approximation
there are three important regions apparent in Fig. 3. In
the region t; <7gr=2.8X10"'"* s the function s®(z;;k)
differs from the pole approximation of the self-energy.

=
e g8l 4
< ol
2
=
2]
g
=
| 06} 4
=
~
w
0.4 I £
B r =
g ¢ I
02 L L L L
-17.0 -16.0 -15.0 -14.0 -13.0 -12.0 -11.0
1ogm[t(s)]

FIG. 3. Test of the pole approximation for scattering out.
The figure contains a plot of the emission part of the test func-
tion s® vs logo[t (s)] for the energy e€(k)=0.2 eV. There are
three regions of interest. For ¢ <7, logo(7qr)= —13.55 from
(3.14), the quasiparticle is forming, and s® varies strongly. In
the interval 7qp <t < T4iy, 10g10(74iy)= —11.77 from (3.20), there
is a plateau on which the pole approximation is acceptable. For
t > 74, the power-law tails of the propagator take over the ex-
ponentially decaying quasiparticle part, which results in the
breakdown of the pole approximation. The quasiparticle life-
time is 7=1.9X 107 '3 s, therefore the smallest amplitude of the
oscillations is around logo(37)= —12.24.

1 —3/2
— +it ] ele(k)tet/Zf(k) .

cut
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L+i(t1—t2)

WDeyt

372 (k)(t,—1t,) ( )/
i€ to—t t,—t,)/27(k)
] e ! 2 e ! 2

(3.13)

—

The middle region 7qe(k)<?; <74, =1.7X 10712 s pro-
vides a plateau in which the pole approximation of the
self-energy holds. For #; > 7, the integral starts to oscil-
late with an exponentially increasing amplitude. An esti-
mate for 7y, will later be provided by (3.20).

F. Limits of validity of pole approximation:
Analytical estimate

The characteristic features of Fig. 3 can be derived
analytically. The emission part of the integrand in (3.13)
is a product of the oscillating term exp{i[e(k)—awy]t}
and the envelope function which is

(a/4V'm)(N+1)t 3 %exp[t /27(k)]

for t >>1/wy.

The minimum of the envelope function is at ¢t =37(k).
As a result, around the point 37(k) the oscillation of
s®(t,;k) has the smallest amplitude. Since the envelope
function monotonically increases with |t —37(k)|, the
amplitude of fluctuations of s®(z;k) increase as one goes
from the “‘center” of plateau at 37(k) toward the limiting
regions either of very short times (before the quasiparticle
is formed) or to very long times (when quasiparticles are
decaying and power-law tails are dominant).

An estimator of the amplitude As®(¢,;k) of oscillations
of s®(¢,;k) can be obtained by integrating ¢ over a half-
period At=m/[e(k)—wy]=7qr(k)/2 of the oscillating
term in the vicinity of ¢,

AsR(t;;k)=|sR(t, + At /2;k)—sR(t, — At /2;k)]

+At/2
= (TN e N A 302000

t,—At/2 4V

Xcos[e(k)(t—1¢,)] . (3.15)

We approximate the time dependence of the envelope
function by its value at t =¢,,

AN+1) —3p 172702

AsR(t;k)~ -2z
stk == e(K)—wp

(3.16)

This approximation is valid if 7qp, which is the period of
oscillation of the oscillating function, is smaller than ¢,
and 7, the scales on which the envelope function varies.
The pole approximation of self-energy is correct for
times ¢, for which the test function is constant, i.e., the
oscillation is negligible. The amplitude of the oscillation
has to be compared with both the real and imaginary
parts of the pole approximation of the self-energy; how-
ever, obtaining the correct value of the imaginary part of
the pole approximation is more important since it has the
direct meaning of the scattering rate while the real part
produces only a small correction to the band structure.
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We do not discuss the validity of the pole approximation
of the real part since the artificial energy cutoff (2.19)
does not guarantee the right behavior of the real part of
the self-energy anyway. Thus our criterion of the validity
of the pole approximation is to require that the amplitude
of oscillation As®(¢,;k) be small compared to the pole
approximation of the emission part of the self-energy
—2Im32 (e(k)) in the plateau

As® (¢;k)
—2Im32R (e(k))

<1. (3.17)

From (2.20) one finds the pole approximation of the
emission part of the self-energy

—2Im38 (e(k))=a(N+ 1)V e(k)—0w, , (3.18)

where we have neglected the bandwidth cutoff @, since
we assume £(k) <<w,,;, and we have left out the function
0(e(k)—w,), since we are interested in the high-energy
part of the spectra.

By substituting (3.16) and (3.18) into (3.17) one finds
that for ¢; to lie in the plateau the following condition
has to be satisfied:

(27)? L3

V2

—1, /27(k)

_ >>1 . 3.19

The criterion works for both short- and long-time limits
of the pole approximation. In the short-time region one
can neglect the exponential term and thus one recovers
the condition ¢, > 7gr(k). That is why the period of the
oscillation of the test function plays the role of the quasi-
particle formation time. In the long-time region the ex-
ponential term prevails. Then one can approximate ¢, by
37(k) in the power-law term and one finds that the pole
approximation  applies for ¢, smaller  than
37(k)In[37(k) /Tqr(k)]. The region of the validity of the
pole approximation thus reads

21 _
T — =7or(k) <t; <74,(k)
_ 37(k)
=37(k)ln -—TQF(k) (3.20)

Let us summarize the results of this section. We have
formulated the criterion for the pole approximation of
the retarded self-energy in terms of the semiasymptotic
behavior of the test function s®(¢;;k). In the plateau re-
gion of s®, given by (3.20), the pole approximation ap-
plies and the instantaneous approximation of the self-
energy holds. The criterion (3.20) provides both the
short-time limit and the long-time limit. In the short-
time limit the criterion defines the quasiparticle forma-
tion time and our result confirms Landau’s criterion
(1.10).

The time scale 7 that allows us to use the instantane-
ous approximation of the retarded self-energy appears in
the transport equation in the scattering-out term.’ In
this sense we have confirmed that the estimator (1.10) ap-
plies to the scattering-out integral and one can identify
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Tqr With 7cp with respect to scattering out. However,
the discussion of the propagator does not provide a cri-
terion for the scattering-in term.

IV. CHARACTERISTIC TIMES
OF THE TRANSPORT EQUATION
FOR THE CORRELATION FUNCTION
IN EQUILIBRIUM

In this section we discuss characteristic times that ap-
pear in the transport equation for the correlation func-
tion g <(¢) in equilibrium. Our main aim is to show un-
der what conditions the double-time integration in (2.11)
can be reduced to a single-time integration, i.e., under
what criterion the quantum scattering in can be described
by scattering rates of instantaneous events as it is done
using the Fermi golden rule. We shall show that the
relevant time scale for scattering in is identical to the
time scale for scattering out, i.e., the quasiparticle forma-
tion time 7o defined by (3.14). In particular we shall
show that the semiclassical Boltzmann equation for semi-
conductors is valid under the condition 7or<7. This
condition is identical to the one proposed by Landau® for
metals.

A. Transport equation for the correlation function local
in space

An important property of the correlation function of
the self-energy is that it depends only on those elements
of the correlation function G <(t,k) that are local in
space, g <(¢). Indeed, from (2.10) and (2.11) one finds
that g <(¢) satisfies the closed equation

g<(t)=f_t dtlf_o dtyy*D (1, —1,)

dk
X GR(t—1,:k)
J (27) !

XGNtyk)g <(t,—t,) . (4.1)

We note that the local element g <(¢) provides only
very limited information about the system. On the other
hand, once g <(¢) is evaluated, the generalized Kadanoff-
Baym equation (2.11) is no longer a difficult self-
consistent equation since = < is known. Accordingly, g <
involves exactly that information necessary to evaluate
the self-consistent transport equation and thus the
characteristic time scale of (4.1) is the relevant one that
determines the noninterference of individual scattering
events within the generalized Kadanoff-Baym equation.

There are two time integrations in (4.1). We shall show
that for a given ¢ there is a region in the plane of ¢, and
t,, where the integration provides the dominant contribu-
tion; see Fig. 4. In the rest of this section we show the
following three points: (i) the dominant region is a strip
centered around t; —t,=¢; (ii) the width of this strip is
lt;—t,—t|<7qe; and (i) in the limit of an
infinitesimally narrow strip, i.e., for Tqr <<T, twWo subse-
quent scattering events do not interfere. From these
three points it follows that the 7or can be interpreted as
the collision duration time that confirms Landau’s cri-
terion (1.10).
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t2

¢ Tor !

FIG. 4. Dominant region of the double-time integration in
the GKB equation (4.1). The cross-hatched area represents the
strip |t, —t,—t| <Tqp, which gives the dominant contribution.

B. Spectral representation of initial states of scattering in

The correlation function of the self-energy,
3<(¢;—t,), is the quantum-mechanical analog of the
scattering-in integral of the Boltzmann equation. The
correlation function g <(¢; —¢,) in (4.1) represents a sum
over all the initial (incoming) states of the scattering-in
event. The wvalidity of the approximation of the
quantum-mechanical scattering by instantaneous scatter-
ing rates, known from the Fermi golden rule, depends on
the energy of the incoming electron. Within the language
of characteristic times we can say that the collision dura-
tion time depends on the energy of the incoming electron.
To separate incoming states with different energies we ex-
press the correlation function g <(z;—¢,) in the energy
representation

g<(t1~z2)=f‘;—:e_"“’“'"’z’gﬂw) . 4.2)

P(t;a))=f_t°°dtlffwdt272D<(t1—t2)fW€

dk _ —ilo—elt;=1y) gy, ~ (1 1)11/27K))
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Using the free-particle approximation (2.19), we find the

equilibrium  correlation  function from = (2.13)
[((GR—G4)=—2ImGR] and (2.19)
g <(0)=frp(@)n,0(0)Vae /. 4.3)

The approximation (4.3) will be used only for the internal
line of the correlation function of the self-energy in the
right-hand side of (4.1).

To discuss the collision duration time as a function of
the energy of the incoming electron we define the
response function P(¢;w) as

P(t;0)= f:wdtlfi)wdtzyzD <(t;—t,)

dk
X [ ——=GR(t—1t;;k)G Ut,;k
f(zﬂP (1= tskG k)

—io(t) —t,)

Xe (4.4)

The reduced transport equation (4.1) in terms of the
response function reads

(4.5)

The collision duration time we want to discuss is a prop-
erty P(t;w).

C. Response function

The response function P(t;w) involves the retarded
and advanced Green functions. For simplicity we take
the quasiparticle approximation (3.9) of the propagators

GR(t—1t;kK)G4(t,;k)
— k pa— — p—

_ —i@(t—tl e ie(k)(r tl)e (t—t,)/27(k)

—ie(K)ty t,/27(k)

e ; (4.6)

here we have used G “(¢,)=G R(—t,), where the overbar

indicates the complex conjugate. Within the quasiparti-
cle approximation (4.6) the response function reads

Xie(—tz)e

4.7)

The characteristic times of the response function P are mostly determined by the integration over the final momen-
tum k. Since the momentum dependence of the integrand in (4.7) appears only via the quasiparticle energy e(k), it is
advantageous to express the integration over momentum in terms of the integration over final-state energy. Within the
free-particle approximation of the quasiparticle energy, e(k)=¢y(k), the response function reads

P(t;w)znbfowg_fr‘/—z—efz/wcutf_' dtlff dt2,y2D <(t1—t2)e

—ilo—z)t,—t,) _;,, —(t—t, —1t,)[1/27(2)]
171) , —izt, 17 % , (4.8)

where we have introduced the exponential cutoff exp( —z /@) to simulate the finite size of the Brillouin zone.

The phonon correlation function

1 —iwg(t 1
D<(t,—t,)=N—o ot
(1 =1) 2co0e 2w,

wtl)'i'(N“f"l) eiwo(tl—tz)

4.9)

has the absorption part (first term) and the emission part (second term). Again we discuss below only the emission part;
the absorption part is similar. Finally, the part of the response function we will study is
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% - - —ilo—z—wNt;~ty) _jpy —(t—t,—
P,(1;0)=(N+Da [ ;—;\/ze oo [ gpy [0 drye MO T gm0 TN (4.10)

where a=y%n, /2w,

D. Characteristic time scale of scattering in

As already mentioned there are two time integrations in the response function P and we want to find the region of ¢,
and ¢, producing the dominant contribution. Towards this end we assume ¢ > 0 and keep ¢, fixed while integrating over
t;. The path of this integration corresponds to the dashed line in Fig. 4. Our aim will be to show that the main contri-
bution to the integral comes from the region around the point of intersection of the dashed line and the line ¢, —¢, =¢
indicated by the point X in the figure. First we interchange the order of ¢, and ¢, integrations in (4.10) and then change

the ¢, variable via the substitution ¢t'=¢; —t, —t to get

P,(t;0)=(N+1)ae THeTeor
o 2w

Now the dashed line in Fig. 4 is the path of the ¢’ integra-
tion and the point X corresponds to ' =0.

Our approach will roughly be the following. First we
replace the upper limit of the ¢’ integration by an in-
dependent variable 7 and study the integration over the
path shown by the dashed line. We then show that this
integration, as a function of 7, exhibits a step-function-
like jump at 7=0. This indicates that the main contribu-
tion to the ¢’ integration is coming from the region ¢’ ~0,
which is indicated by the point X in the figure. To ac-
complish this we introduce the test function

o dz —~ —z/w,, t,/Hz)
\/ze cute 2
27

Xff dt,e—i[m—z—wo+i/[27(z)]}t' )

(4.12)

ptest(T’tZ;w): f()

In terms of this test function the response function (4.11)
reads

—ilo—ay)t

0
P,(t;0)=(N+1)ae [ dtopia(—ty150) .

(4.13)

The behavior of p,(7,t,;0) as a function of 7, ob-
tained numerically, is demonstrated in Fig. 5 for two
different choices of the time t,. In Fig. 5(a) we have
1078 s=|t,| <7=2.6X 10713 s and one can see that the
real part of the test function p(7,t,;w) has a jump at 7=0
which is nearly a step function. The deviation of the real
part from the step function is in a region of the order of

the quasiparticle formation time Top(w)=4X10"" s.
The imaginary part of p(7,t,;w) does not have the step
contribution and oscillates around the value zero. As dis-
cussed above, the presence of this step shows that the
main contribution to the integration is coming from the
region around point X of width 7gr(w). In Sec. IVE
these results will be confirmed analytically. In Fig. 5(b)
the condition 10712 s=|t,| >7=2.6 X107 13 s is satisfied
and the step contribution is not so obvious. However,
one can see that the test function oscillates around a
nonzero value on the right-hand side of the figure. This
value provides a step contribution. The magnitude of the

wdz —~ —z/0 0 t, /mz)
—Vze ““‘f dt,e? f
- o0

"zdt,e~i[w~z~wo+1/[2ﬁz)]}:' . @.11)

—

r

step is relatively small compared to the oscillations; note
that the scale in Fig. 5(b) is two orders of magnitude
smaller than in Fig. 5(a). This reflects the fact that large
values of t,>>7 contribute little to the generalized
Kadanoff-Baym equation (4.1). Note that the position of
the jump corresponds to the point X in Fig. 4 while the
value of the test function entering the response function
(4.13) is for the value 7= —t, which corresponds to the
point L in Fig. 4. The important fact is that at point L
the value of the oscillations in the test function have a
small magnitude and are smaller than the magnitude of
the step. Below we discuss the approximation of neglect-
ing the oscillations completely and keeping only the step.
It will be shown in Sec. V that this approximation leads
to the Boltzmann equation.

E. Pole (quasiparticle) approximation of scattering in

In this section we shall try to understand the features
of the test function p.(7,¢,;®) (4.12) analytically. In-
tegrating over t’ gives

ptest(ﬁ tz;a))z fomf—;V;e ’-Z/wcmetz/ﬂ”
X ~
w—z—wyt+i/[27(z)]

—ilo—z—wy+i/[27(2)]}T

Xe (4.14)

Now we discuss the properties of the integral over energy
z via contour integration in the complex plane; the con-
tours are shown in Fig. 6. The choice of the contours de-
pends on the sign of 7. For 7 <0 the integrand of (4.14)
goes to zero exponentially in the right lower half-plane,
i.e., for Rez >0 and Imz <0. This region is contoured by
the curve ¢ . with clockwise orientation. For 7> 0 the in-
tegrand of (4.14) goes to zero exponentially in the right
upper half-plane, i.e., for Rez >0 and Imz >0. This re-
gion is contoured by the curve ¢, which has a counter-
clockwise orientation.

We express the integration along the real axis from O to
o as the integral over the contour minus the integral
along the imaginary axis,
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- ~ . 0 dz_ — —z/ t, /7z) ] —ilo—z— j [
Prest(E515;0)=60(—7) | —2mi 3 Res, — = Vze Cemgn’TE . Homz oottt
< —iw 27T 0—z—wy+i/[21(z)]
+0(7) |27 S Res, +fzw dz T o Peur, 12/ 2 Ul —ilw—z—wy+i[{1/[2r(2)]})7
> o 2w w—z—wyt+i/[27(z)]
(4.15)
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FIG. 5. Test of the pole approximation for scattering in. The real part of the test function p(7,¢,) is plotted for the energy
®=0.2 eV and for two different values of ¢, (time separation between consecutive scatterings). In (a) we have t,=—10"!* s, which
corresponds to scattering events close to one another, since the quasiparticle lifetime is 7=2.6X 10" "3 5. In (b) the value t, = —10"'2
s is used, which corresponds to a long free flight between two events. For both values of ¢,, p behaves like 6(7). The sharp jump at
=0 (represented by point X in Fig. 4) develops within the time scale #%/w.,~ 107 '® s (where w.,, is the band cutoff), which is too
short to be readable from the figure. The oscillations have the period Tor~4X 10~ '* s and the asymprotic value is achieved for 7> 7qr
in (a) and after few periods in (b). Comparing (a) and (b) one sees that the oscillations are relatively larger for bigger |¢,|. Note that

the scales are different in (a) and (b).
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The only pole occurs in the contour ¢, for z=w—wy+i/27(w—w,) with contribution

—(w—wg) /oy, t,/Mo—awy)

ppole(f,tz;co)=0(7)9(co—w0)\/w~cooe e , (4.16)

where we have omitted the complex shift of the energy in the square root. We observe from (4.16) that the pole contrib-
utes to the reduced transport equation (4.1) in the form of a sharp 6 function in time 7.

Both integrations along the imaginary axis (we call them the off-pole contributions p ) are of the same order and
have similar behavior. The region 7 >0 is more important because = —¢, in (4.13) and ¢, <0, thus we focus on the
case 7 >0. We can estimate the integral along the imaginary axis in (4.15) for values of 7 satisfying |7|>27 /|0 — g/,
i.e., for |7] > Tor(@). For these values of 7 the integration is important only in the region Imz << —w, and one can ap-

proximate z by zero except for the term V'z exp(izf),

iow dz —~ —z/o., t,/Hz) —1
—\/ze cute 2

—ifo—z—wy+i[1/27(2)]}T

Porl(fs13;0)= fo 27

Y ) Vi .
- —o+wy—i/270)

Since
wdz,
o 2w

—i_ 1 ——3p

vl
one obtains the oscillating tail of the test function p,.,
which has the same form as the deviations from the pole
value of the retarded self-energy (see Sec. III). The pre-
factor of (4.18) falls exponentially slower than (4.16) since
1/7(0)<1/m(w—wy). In the estimates that follow we
will neglect 1/7(0) compared to 1/7(w—wq).

Now we are in a position to estimate the width of the
shaded region of Fig. 4 for fixed ¢,. The shaded area indi-
cates the region where the off-pole contribution cannot be
neglected compared with the pole contribution. Accord-
ing to (4.17) and (4.16) one finds

(4.18)

0

FIG. 6. Contours c. and c¢. in the complex plane used to
solve (4.14). The cross represents the pole enclosed by the con-
tour ¢, .

—ifo—wy+i[1/200))}F p o dz Vze—d

Z—wtwo—i/21z) ¢

4.17
0 2w ( )
poﬂ‘(it?,;w) 1 —ty/Mo—wy)
Ppote(Trt2;0) 87V'2
- —3,2
e — (4.19)
27 /(@,—wg) ’

The energy distance from the nonanalytical point » —w,
can be expressed in terms of the quasiparticle formation
time TQF- Then, from the requirement that the off-pole
contribution has to be negligible compared to the pole
contribution, one gets

2lt,| /31w —wp)
e 2 o

7> ror(®) (4.20)

Thus we see that for 7, of order 7 or less, the dominant
region of integration represented by the shaded area in
Fig. 4 has a width of order 7.

In the reduced transport equation 7 is replaced by —¢,,
see (4.13); we can also ask the question that for which
values of 7, the pole approximation is valid? By replac-
ing Tby |t,| in (4.20) we get

T(w—wg)

Tor(®) <|t,| < 37(@—w))ln (4.21)

TQF( )

One can see that the criterion (4.21) gives less than half
the value of the upper limit compared to the criterion
(3.20) for the retarded self-energy, the order of magni-
tude, however, is the same. The upper limit on |z,|
shows that for large enough values of |#,| the off-pole
contribution cannot be neglected compared the pole part.
This is due to the fact that the pole contribution decays
faster than the off-pole contribution; however, the magni-
tude of both these contributions is small in this region.

V. RELATION OF THE POLE APPROXIMATION
TO THE BOLTZMANN EQUATION

The pole approximation (4.16) brings about a strong
simplification in the physical processes involved in the
correlation function g <. In fact, in this section we show
that within the pole approximation the quantum general-
ized Kadanoff-Baym equation (4.1) reduces to the semi-
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classical Boltzmann equation and establishes the criterion
for validity to be Tqp <<7.

A. The generalized Kadanoff-Baym equation
within the pole approximation

Now we write g < within the pole approximation (4.16)
derived in Sec. IV. Equation (4.16) includes only the
emission part; the absorption part is obtained by replac-
ing —wy«>wy and (N +1)«>N. The substitution of (4.16)
into (4.13) gives

0 —i(o—wo,
P(t;w)= [ drle TN N 4 Dablw— )

— t,/Ho—w,)
XV 0o—awge ? 0

—ilo+w,

+e )tNaG(w—Fwo)\/a)-Fwo

ty /Mo+wy)

Xe 1. (5.1)

Note that (4.13) involves an integration over all values of
negative t,, whereas the pole approximation is only valid
under the condition (4.21). However, since the main re-
gion of integration in (4.13) extends over a quasiparticle
lifetime 7, the error introduced by the pole approxima-
tion is only of the order 7gr/7. Using (5.1) in (4.5) gives

f(k):fj dtzetz/‘r(k

This equation is exactly the Boltzmann equation in its in-
tegral form.” We want to remind the reader that the ar-
guments given in this section do not depend on the tem-
perature. Indeed we have derived the Boltzmann equa-
tion subject to the Landau criterion 74op<<7 and not
f/kpgT <<T.

VI. THE COMPLETED COLLISION
APPROXIMATION

Up to now we have discussed the integrated transport
equation (4.1). This is not a standard approach to the
derivation of the Boltzmann equation or its more general
derivation from quantum-field theory (in our paper
represented by the generalized Kadanoff-Baym equation).
In derivations of the Boltzmann equation one usually as-
sumes that the strip which gives the dominant contribu-
tion to the double-time integral in (2.11) is defined by
|t,—t,] <7cp. This assumption is used to derive the
completed collision approximation;>!° the same assump-
tion leads to a simplification which is called the general-
ized Kadanoff-Baym ansatz.!! We will see that using this
assumption leads to an overly restrictive, temperature-

I Gl ) S , ,
T%f oy KN B(eg(k) —eolk )=o) (N + 1)8(eo(k) —eglk ") )] -
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g (0= [ "2 /e io

ty /Tw)

X [7 diye "N +1g “(@+wo)

+Ng “(0—wy)] , (5.2)
where we have used the substitutions w—w=+w, in the
emission and absorption parts. Finally, to get this equa-
tion closer to the semiclassical Boltzmann equation, we
express the o integration as an integration over the

momentum k [note that a=(y2/2w,(V'2/7)m3"%,
<y dk  —igyk)t
t =
N s

0 /k) 2
xf_wdtzetz —zwLo[(N+1)g<(so(k)+a)0)

+Ng “(eo(k)—ay)] .

(5.3)

B. Connection with the Boltzmann equation

Now we want to show that (5.3) is equivalent to the
semiclassical Boltzmann equation. First we define a func-
tion f (k)= f(gy(k)) by [see (2.9)]

dk  —igy k)t
“ty=[—=e ° (k).
g5 0= J oy 4
Then we substitute this into the left-hand and right-hand
sides of (5.3), after using inverse of (4.2), and find that

f(k) must satisfy the following equation:

(5.4)

(5.5)

dependent criterion for the validity of the Boltzmann
equation. In this section we will discuss this assumption
and demonstrate its failure in the high-energy tails of the
distribution.

A. Correlation function of the self-energy
in the time representation

The time dependence of the correlation function of the
self-energy = <(¢) can be evaluated analytically from the
spectral representation

do

)= [ e W) (6.1)

According to the Schwinger boundary condition (2.14)
and the formula for the spectral function of the
self-energy  (2.21), one finds {i[ZX(w)—24w)]
=—2Im3Kw)}
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S (w)=nye _w/kBTa[G(a)-i-wO)N\/a)-Fwoe

+0(w—wy)(N+1)

XV 0—wye —(w~m0)/wcm] R

see, that up to times t ~#/kzT~3X 10" s, the time
dependence of = <(¢) is dominated by the temperature.

—(w+wy) /o,

B. Completed collision approximation

It is interesting to see how the integrations over times
t, and t, in the entire generalized Kadanoff-Baym equa-
tion (2.11) proceed for different final momenta k, i.e., for
different energies of the final state. We study this to
determine when the completed collision approxima-
tion>1? is satisfied and thus when the Boltzmann equation
can be derived with the help of this approximation.

To derive the Boltzmann equation in the way used in
high-field transport theory,>!° one keeps the momentum
dependence while the energy is integrated out, i.e., one
sets £ =0. Thus the generalized Kadanoff-Baym equation
(2.11) reads, using quasiparticle approximation for G* 4
(4.6),

6.2)
which results in

any —iwyt
—[Ne 0
4V [Ne

Loyt

()= +(N+1)e

]

—3/2
+,-t] ,

(6.3)

where we have neglected 7/w.,~107'¢ s compared to
the inverse temperature #/kzT~3X10"'* s. One can
J

0 0 ie(k)(t, —1t,) (t;+1,)/27(k) 0 0 ie(k)(t, —t,) (t,+1t,)/27(k)
GOk)= [ dt, [ dte " e =<t =)+ [ wdtlftldtze 1Tl TR s <4 — 1),
o , _
(6.4)

where we have separated the regions ¢, >, and ¢, <t, as is necessary if one uses the generalized Kadanoff-Baym an-
satz. >

The correlation function of the self-energy satisfies = (¢, —#,)=2X <(¢, —t;), where the overbar denotes the complex
conjugate [this can be checked from (6.3)]. Interchanging ¢, and ¢, in the second term of (6.4) one finds that the second
term is a complex conjugate of the first term. Here the correlation function G <(0;k) is a real function [this can be

checked independently from (2.13) by integration over energy w]. Thus we express (6.4) as

0 0 ig(k)(ty—ty) (ty;+15)/27(K)
G(Ok)=2Re [ di, [ de™ " e
_L0

0 t /() 0, ie(k)t,—t,) (1, —t,)/27(K)
=f dtye ? 2Ref[ dte Pttt 2 S<(t,—t,) .
w R

This equation has a structure similar to the Boltzmann
equation in the integral form.> To get the Boltzmann
equation one needs two simplifications. (i) The time diag-
onal element of the correlation function G <(0;k) has to
be interpreted as the Boltzmann distribution f(k). This
is true in the weak-coupling limit we assume here. (ii)
The correlation function of the self-energy = <(w) has to
be approximated by some energy-independent function,
which is its pole value = <(e(k)). Since energy indepen-
dence in the double-time representation corresponds to a
function proportional to the 6 function in the difference
time, the Boltzmann equation for equilibrium in our no-
tation reads [see (5.5) and substitute (5.4) in (2.8) for com-
parison]

FI0=[° diye™ ™5 (0)] yme - 6.6)
From a straightforward comparison of (6.6) and the
second line of (6.5) one finds that the Boltzmann equation
|

2<(t1 _tz)
(6.5)
r
holds if
2Rﬁf()dtleis(k)(tl*tz)e(tl—tz)/21'(k)z<(t1 —1,)
2
:2<(w)|w:£(k) . (6.7)

This equation cannot be satisfied for a general time argu-
ment ¢, and a general momentum k. Equation (6.7) is
called the completed collision approximation.

C. Numerical test of the completed
collision approximation

We keep the time ¢, as a parameter and test the possi-
bility to integrate out ¢, in (6.5), i.e., the applicability of
the completed collision approximation (6.7). To simplify
the notation we introduce the test functions

a(N+1)n; o ig(k)(t,—1,) —(1,—1,)/20(k) ioglt;—1,) | 1 w2
Cem(t23k) PRy f’z 1 e e T i(t;—1;)
alN+Dn, ~—t5 iogt | 1 2
- Il t eie®igt/2mk) it |1 4 6.8
Ve fo dte e e kT i (6.8)
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and
aNng o ie(k)t, —t,) —(t,—1,)/27k) iwy(t,—t,) 1 3
c (t;k)=—— d 1 2e 1 2 e 0“1 2 +.t_t
abt"2 4V fz ! kgT i —t)
aNn; »—1 ; ot |1 32
= 4 dt elE(k)tet/ZT(k)e (Ugl S ,
4V fo kgT ! (6.9)

where we have used the explicit form of the correlation
function of the self-energy (6.3) and separated the emis-
sion and the absorption parts.

Equation (6.5) in terms of the test function reads

G<(0;k)=2Re [* diye '™

X[Cem(ty;k)Feg(ty3k)] . (6.10)

Again we are looking for a plateau in the test functions
Cem(25:k) and c,,(2,;k) which will provide us with the
time region within which scattering in can be approxi-
mated by instantaneous scattering events. The plot of the
test function 2 Rec,,(?,;k) is shown in Fig. 7. We note
that in the short-time region ¢ <107 s the test function
for the completed collision approximation c., increases
more slowly than the test function for the pole approxi-
mation s® introduced in Sec. III (compare Figs. 3 and 7).
This follows from the presence of the inverse temperature
1/kzT~3X10"" s in (3.13). Aside from the slow in-
crease in the short-time region, the amplitude of oscilla-
tion around the pole value is larger than the amplitude of
oscillations around the pole value of the retarded self-
energy. This second feature is discussed analytically in
Sec. VID.

D. Analytical criterion for the validity
of the completed collision approximation

For the analytic discussion of the completed collision
approximation we can advantageously use the results of
Sec. III. One can again define the amplitude of the oscil-
lation of the rest function c.(¢,;k) as

ACem(t33K)=|Com (15 + A1 /2;K) = oy (1, — At /2;Kk))]

a(N—+1)n,
PR

Xcos[e(k)(t—t,)],

t,+AL/2

— 173/262/21'“()

t,—At/2
(6.11)

where At =74p/2 and we have used that 1/kpT <<7(k)
to simplify the power-law term of the integrand; there-
fore we have excluded the short-time region from this
discussion. The “center” of the plateau is again at 37(k).
The amplitude of the oscillation of the test function c., is
equal to the amplitude of the oscillation of the test func-

tion s® except for the prefactor
Acom(ty;k)=nyAsR(15:k) , (6.12)

therefore we can use (3.16).

0.000060 T T T

0.000040

-,

Cem(tZ ) k)

T

0.000020

1 : 1 L 1

0.000000 L

-17.0 -16.0 -15.0

—14.0 -11.0

loglo[t2 (S)]

FIG. 7. Test of the completed oscillation approximation. Test function c.,(#;;k) is evaluated at the energy eo(k)=0.2 eV. This
energy corresponds to 7.7k, T at room temperature, and thus is in the high-energy tail of the electronic distribution. For the most
important time ¢, <7, the figure does not contain a region that can be identified by a reasonable plateau, even though the naive cri-

terion #i/ky T=2.6 X 10" " << 7=2X10""* s is well satisfied.
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The criterion of the validity of the completed collision
approximation is derived from the requirement that the
amplitude of the oscillation 2Ac,,(¢,;k) (the factor of 2
comes from 2 Rec.,) be small compared to the pole ap-
proximation 25, (e(k)),

2Acy(25;k)
—_— 1. (6.13)
S oae(k))
From (2.14) one finds
sSeN=nge 7T —2)Im3R (e(k)),  (6.14)
and thus the criterion (6.13) becomes
2Acp(t53k) 1 As® (13;k)
= <<1.
S (e(k)) e'E“‘)/"BT —Ims® [37(k);k]
(6.15)

Using the estimate of As® /Ims® derived in Sec. III
one finds that the time region within which the complet-
ed oscillation approximation is accurate is set by the con-
dition
3/2

21)? ) —t, /27(K)
(2m) 277 s

e(k)/kgT
— e .
V2

(6.16)

Tor(K)

This criterion has the same left-hand side as (3.19), but
the right-hand side depends strongly on the energy (k).
For energies that are of the order of averaged thermal en-
ergy kT the right-hand side of (6.16) is of the order of
unity and one finds that in the long-time region the
completed collision approximation is satisfied with the
same accuracy as the pole approximation of the retarded
self-energy. In the high-energy region e(k)>kyT the
right-hand side of (6.16) is large and the plateau region
disappears entirely and the completed collision approxi-
mation does not apply at all.

Note that it is not the large amplitude of the oscillation
Ac,,,(t,;k) which leads to the failure of the completed
collision approximation at high energies, but instead, it is
the small value of the total scattering-in rate which
makes these oscillations relatively large (see Fig. 2). Al-
though, after integrating over momenta, the discrepancy
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introduced by the completed collision approximation at
high energies becomes relatively small again, one has to
be careful about this approximation if one studies phe-
nomena that depend exclusively on the high-energy tails
of the distribution. In contrast, we have shown in Sec.
V B that within the pole approximation of the scattering-
in integral, the Boltzmann equation holds even in the
high-energy tails of the distribution where the completed
collision approximation fails.

VII. CONCLUSIONS

In the paper we have discussed the characteristic time
scales that appear in the generalized Kadanoff-Baym
(GKB) equation (transport equation for the single-
electron correlation function) in equilibrium. We used
parameters appropriate for a nondegenerate electron gas
in GaAs. By analyzing the GKB transport equation we
have identified a short-time 7op collision duration time,
which has the property that if the condition 7¢p <<7 is
satisfied, then the Boltzmann equation is valid, where 7 is
the quasiparticle life time. This time scale is identical
with the quasiparticle formation time 7qp, associated
with the single-particle propagator. The best estimate of
this time scale is given by the inverse energy separation
from the nearest nonanalytical point in the local density
of states; this is in agreement with the argument proposed
by Landau for the elastic scattering in metals. In particu-
lar, the inverse temperature does not enter into the cri-
terion for the validity of the Boltzmann equation.

We have also discussed the validity of the completed
collison approximation, which is an alternative way to
derive the Boltzmann equation. We show that this ap-
proximation is overly restrictive and fails in the high-
energy tails of the distribution function where
go(k) <<kp T, and where the Boltzmann equation is still
valid.
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