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Ferroelastic phase transition in K;Na(CrQ,),: Brillouin scattering studies and theoretical modeling
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For K;Na(CrO,),, Brillouin shifts related to elastic constants have been measured in the range of
temperatures between 140 and 300 K. All modes have been affected, to various degrees, by the
2/m —3m transition at about 231 K. A Landau model has been proposed in order to provide a
qualitative description of the ferroelastic transition. It is argued that it is a weakly first-order transi-

tion.

I. INTRODUCTION

Among the crystals containing BX, (SO,, SeO,, CrO,)
tetrahedrons, described by the formulas 4,BX,, ACBX,,
and A;C(BX,),, where 4,C =Li, Na, K, Rb, Cs, NH,
there is a large group of materials that show an interest-
ing sequence of phase transitions and the appearance of
ferroic phases' ° as a consequence of spatial ordering of
BX, groups. K;Na(CrO,), is such a material and on
which very little experimental work has been carried out.
Even within the very sparse literature, there is a contro-
versy regarding the nature of the relevant phase transi-
tion.

As was recently found from dielectric, thermal, optical,
and elastic studies performed by Krajewski et al.,’
K;Na(CrO,), exhibits a ferroelastic phase transition at
about 239 K. No discontinuity in the elastic distortion
(AL /L) was detected in the course of thermal expansion
studies of K;Na(CrO,), and could point to the second-
order character of the transition. A very small, but
detectable, entropy change, however, was determined
from DTA (differential-thermal-analysis) measurements.
The ferroelastic character of the observed transition was
confirmed by the observation of domain structure and a
strong decrease in the torsional vibration frequencies re-
lated to the acoustic phonon softening. From the mor-
phology of the crystal, the lack of pyro- and piezoelectric
properties, and the analysis of the domain structure, it
was concluded that the phase transition observed at 239
K is of the 3m —2/m type. As will be elaborated below,
this particular symmetry change implies a first-order
transition.

In addition, from the DTA studies,’ it was found that
K;Na(CrO,), undergoes another structural phase transi-
tion at 853 K. This information together with the known
structural isomorphism of the corresponding sulfates and
selenates suggests the following sequence of phase transi-
tions for K;Na(CrO,),:

6 /mmm « melt .
T,=853 K, T, =1160 K

m

2/m <« 3m <«
T,=239 K,

This sequence is also supported by the recent (room tem-
perature) x-ray studies of Madariga and Breczewski.®
From their work, the space group is P3m1l with
a =5.8580(6) A, ¢=7.523(2) A, Z=1, and density
p=2.77(2) gem 3. Using ultrasonic techniques, they
also found that the c¢,, elastic constant is strongly tem-
perature dependent as 7— T,. Furthermore, from stud-
ies of the elastic properties using the torsion pendulum
technique,” it is evident that all torsion moduli G,
(i =1,2,3) are affected by the phase transition. Since the
G; are functions of the elastic constants, G,(css,cq6),
G,(ca4,C66)> G3(Cag,Cs5), and from the symmetry of the
point group 3m, namely, c44=Css, 2C¢6=C1; —Cyz, and
the results of the domain structure analysis, it was con-
cluded that the observed transition is driven by a two-
component order parameter related to the ¢y, and cgg
elastic constants, namely, e, and eg=1(e; —e,).

In the present work Brillouin scattering studies of
K;Na(CrO,), in the temperature range from 140 to 300
K are reported. The temperature dependences of eight
Brillouin modes have been measured. This allowed for
the determination of the temperature changes of all six
elastic-stiffness tensor components for the prototype
phase 3m. The possible forms of the soft elastic constants
related to the 3m —2/m transition are also discussed. A
theoretical model based on the mean-field approximation
using Landau theory is presented from which satisfactory
agreement with the experimental results is noted and the
nature of the phase transition is clearly defined.

II. EXPERIMENTAL PROCEDURE

Single crystals of K;Na(CrO,), were grown, at 315 K,
from aqueous solutions using chemically pure sodium
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and potassium hydroxides and chromium acid anhydride.
Light-yellow crystals were obtained with a maximum
edge length of about 20 mm. The standard choice of
axes® was taken with the 3 axis parallel to Z and the two-
fold axis coinciding with the X direction. Samples of
three different orientations were prepared in the form of
cubes 4X4X4 mm®. The prepared orientations allowed
the measurement of sound velocities propagating along
the crystallographic axes and the bisectors of these axes.
A detailed description of the Brillouin spectrometer is
given elsewhere.!® The incident light was provided by a
stabilized single-mode argon-ion laser (Spectra Physics
2020) operating at 514.5 nm and polarized perpendicular-
ly to the scattering plane. To avoid sample heating, the
laser output power was reduced to about 60 mW. The
scattered light was analyzed at ©=90" with a triple-pass
Fabry-Perot interferrometer (Burleigh RC-110), using
free spectral ranges of 16.51 and 26.76 GHz, and detected
by a cooled photomultiplier tube (ITT FW 130). Spectra
were accumulated with a photon-counting data-
acquisition and stabilization system (Burleigh DAS-1).
The sound velocities were found from the measured
frequency shifts, Av, using the Brillouin equation

v =AAv(n?+n2—2n;n,cos)" 2, (n

where A is the wavelength of the incident light, n; and n;
are the refractive indices for the incident and scattered
light, respectively. The refractive indices of
K;Na(CrO,), were found from the data presented in Ref.
11 to be n,=n,=1.7361, n,=1.7278. The Brillouin
scattering experiments were performed in the tempera-
ture range from 140 to 300 K using the cryostat de-

scribed in a previous paper.!? The temperature of the
sample was regulated with a stability of +0.05 K.

III. EXPERIMENTAL RESULTS AND ANALYSIS

At room temperature K;Na(CrO,), belongs to the tri-
gonal point group 3m for which the elastic stiffness ten-
sor contains six independent components: ¢y, €33, Cyy,
12, C13, and ¢ 4. Table I contains the expressions of pv?
as a function of elastic constants for the trigonal 3m and
monoclinic 2/m point groups. These expressions were
found from solving the equations of motion!® for the
three acoustic waves propagating in the direction Q given
by

lcijquj'qk —pv*8;|=0, ()

where g;, g, are direction cosines of Q, p is the density of
the crystal (2.772 gcm™3), and ;i are the elastic
stiffness tensor components. The temperature depen-
dence of the density and refractive index was neglected in
the data analysis. Table I does not contain the relations
pvz(c,-jk,) for the phonons propagating in the [101] and
[110] directions since the solutions of Eq. (2) for those
directions are of third order.

Eight of the 12 Brillouin modes listed in Table I have
been observed. As evident from Figs. 1(a)-1(d) each of
the observed modes is affected by the transition. The fre-
quency shifts of the longitudinal modes ¥, and ¥, in-
crease linearly with decreasing temperature and a change
in slope of the function Av(T) is clearly visible at about
240 K. The other modes were found to be more strongly
temperature dependent. A steplike behavior was ob-

TABLE 1. pv? as a function of the elastic constants in the trigonal (3m) and monoclinic (2/m) phases. The asterisks indicate

which modes were observed in the present experiment.

3m paraelastic

2/m ferroelastic

Hen+ess+V (e —ess)? +4cks)
%(011+C55“\/m]
Ce6

C2

‘;‘{C66+C44+Vm]
%{066+C44_Vm}
Flenstess +1V (33— cs55 )2+ e}
e Fess—V (33 —css)?+4dcss)

Ca4

*yiL 1
[100]*y,T %{044+066+Vm}
vsT %{044+066_\/m]
*riL %{611+C44+Vm]
[010] ¥sT %{c11+c«—\/m}
*veT cﬁf,:%(c”—cu)
*ysL €33
[001] ysT Ca4
*7’9T Ca4
*'}’mL %(Cll +c33 +2044_2014)+%\/%(011 ‘033_2014)2"‘(‘—‘13 +C44—C14)2
[o11)*y,, T Tegtege)teny
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TABLE II. A sampling of measured Brillouin frequency shifts (in GHz) for the eight observed modes in (y;) in K3Na(CrO,)%.
These measurements are considered to have uncertainties of the order of 1%.

T(K) Y1 Y2 Ya Ve Y7 1£) Y10 Y1
295 22.25 16.12 22.30 16.04 24.50 11.25 21.33 14.62
270 22.35 16.20 22.40 16.06 24.65 11.31 21.42 14.70
237 22.50 16.25 22.52 16.08 24.78 11.41 21.56 14.74
231 22.51 14.80 22.27 14.35 24.80 10.52 21.23 14.05
220 22.53 22.42 15.53 24.81 21.33 14.32
210 22.53 22.50 24.83 21.50 14.51
185 22.55 16.50 22.65 16.20 24.85 21.85 14.80
140 22.60 16.67 22.94 16.30 24.93 22.30 14.96

served in the case of transverse modes ¥,, ¥, ¥, and ;.
The frequency shifts of those modes increase linearly
with decreasing temperature and then abruptly decrease
at about 237 K. Minimum values are reached at about
231 K and then nonlinearly increase with further temper-
ature decrease. The frequency shifts of the observed
modes for a few characteristic temperatures, from a total
of over 160 measurements (as shown by data on Fig. 1),

23.04
22.0}
'7-0‘\ 4
- %
160 + ~ ) ]
1501 (a) [l00] T ]
23'0-M
22.04 <
b2 . x 7
= 6oL T : *
T
()
< 150t T
4 (b [010) . .
250 ' 7 ]
*—.‘\‘.
24.04 p
% <
1o+ \\,) T
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220f - Yo .
210¢ h
15.0 . i g
14.0 + I(d) [o“] . . y
150 200 250 300
T(K)

FIG. 1. Temperature dependence of the Brillouin frequency
shifts of K;Na(CrO,), for phonons propagating in the direc-
tions: (a) [100], (b) [010], (c) [001], (d) [011]. (Refer to Table I).

are listed in Table II. Because of the low signal-to-noise
ratio below T, the y,, ¥4, and ¥4 modes could not be ob-
served in the entire temperature region studied. The bro-
ken lines in the plots ¥,(T) and y4(T) indicate regions of
extremely weak scattering. In the case of the ¥4 mode,
the region of very weak scattering extends almost over
the entire range of the low-temperature ferroelastic
phase.

The temperature dependence of the elastic constants
and their combinations are given in Fig. 2. The simple
relation pvz(cij) is valid for the modes y,, ¥, ¥7, and ¥,
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FIG. 2. Temperature dependence of the elastic constants and
their combinations (for the paraelastic phase 3m) as determined
from the data in Fig. 1. (Refer to Table I.)
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TABLE III. Elastic constants of K;Na(CrO,), at room temperature (295 K) in units of 10°° Nm ™2

a
1 C33 Cas

C12 Ci3 Cia

6.02+0.10 7.34+0.12 1.55+0.12

—0.24+0.08 2.80+0.33 0.27+0.06

2Using ultrasonic techniques ¢4 =1.47 X 10’ N'm 2 at 295 K from Ref. 8.

which in the paraelastic phase 3m are related to the elas-
tic constants ¢, cge=1(c;;—C}3), €33, and cyy, respec-
tively. The room temperature elastic constants and the
associated uncertainties of K;Na(CrO,), as determined
from this work are presented in Table III. Since the solu-
tion of pv?( ¢;jxi ) for the longitudinal mode y,, gives two
sets of values for c 3, the proper value of this component
were obtained by checking the consistency of the velocity
extremums in the pure-mode direction.!*!3

The greatest anomaly of elastic constants versus tem-
perature were found for the cg4, 44, and the transverse
elastic constant related to the phonon propagating in the
[100] direction

PUZZ%[C44+066—\/(C44_066 )2+4C%4] .

In those cases the observed steplike changes were about
20%. As is evident from the experimental results
presented in this section there is no single distinct soft
mode for K;Na(CrO,),. The symmetry change which
occurs during the transition studied here involves the on-
set of the two-component order parameter (mentioned
earlier) and makes the form of the soft elastic constant
more complicated.

The ferroelastic phase transition of type 3m —2/m
may be described after Boccara'® and Toledano et al.!?
using the order parameter of form a(e, —e,)+Be, since
this expression is invariant under the symmetry operation
of the group of binary axis parallel to X; and the group
of mirror plane parallel to X,. The corresponding eigen-
values of the elastic constant matrix are given by

€11~ €12 €4

2c14  Cy

Consequently, the elastic constant which goes to zero at
T, (when the transition is of the second order) can be
found as'®

_. 2.00]

DY

£

=z

(=] L

% 1.50 Czs/ 1

N

>

oot oy Ly
150 200 250 300

T(K)

FIG. 3. Temperature dependence of the ‘“‘soft” elastic con-
stant ¢, =1 [(c4q +2ce6)— V(266 — €4 )>+ 8214

pu2=1(caq+2ces—V (2066 —C4s )2+ 8c3,)
—c,. . @)

In the present work the temperature dependence of the
pv? elastic constant was found from the measured rela-
tions c44(T), c(T), and from c4(T) as calculated from
Y1u(T). As is shown in Fig. 3 the temperature depen-
dence of pv? is similar to those observed for the other
transverse elastic constants.

IV. LANDAU MODELING AND DISCUSSION

The 3m —2/m type of transition has been discussed in
the context of classes of phase transitions characterized
by a deformation of the unit cell by Boccara.!® This tran-
sition exhibits the loss of the ternary axis of symmetry
(0Ox ) and is necessarily of first order due to strict symme-
try requirements. Thus, terms cubic in the order parame-
ter o are admitted in the free-energy expansion. The
specific reason for the free energy to contain a cubic term
in o is that 2/m is an invariant subgroup of G, with the
order of 4 while the order of G is 12, so the factor group
G,/G is of order 3. According to Boccara’s!® theorem 4
this implies the existence of a cubic invariant. As men-
tioned before, following Boccara'® the order parameter o
is assumed to take the form of a linear combination of eg
and ey, i.e.,

o=ale;—e,)+PBe, , 4)

where a and B are in general arbitrary but can be deter-
mined from experiment.

Because the range of temperatures studied far exceeds
the critical region, the postulated free energy should in-
clude both critical and noncritical contributions (as com-

monly done in Landau expansions!”!?)
F=F(o)+Fyle,eyesz,e,), 5)
where
4 4
Foley,ez,e5,6,)=1 3 ciel+ 3 clee; (6)
i=1 i#j=1

is a noncritical part and, as argued before,

F(o)= Ay0*+ Ay0°+ 4,0 @)
is the critical part. In the above

A,=a(T—Ty), a>0, A,>0,

and Aj; is of an arbitrary sign but nonzero in order for a
discontinuous transition to occur. For the sake of argu-
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ment and without loss of generality 4; will be taken as
positive. Minimizing F with respect to o yields
O=§—5—=2A20+3A302+4A403 3)

which means that either 0,=0 or

_ —34,£V943-324,4, )
oL= 84, .

For o070 to be real the square-root expression must be
positive in Eq. (9). Thus, the ordered phase may only ex-
ist when

A3

<T,+
T=To 32a4,

=T, . (10)

The transition temperature is calculated by solving the
two simultaneous equations

F(o)=A,0*+ Ay0°+ A,0%= (1)
and
oF 2 3
a——2A20+3A3a +4A4,0°=0 (12)
o
which gives
T.=T,+ 45 (13)
¢ 707 4g4, "
Next, the stability condition is examined and
2
0<3F 24, +64,0+124,07 . (14)
do?

For 0 =0, it is immediately obtained that the range of
stability of the disordered phase is

T>T,.

On the other hand, for the two ordered phases o, condi-
tion (14) should be taken together with Eq. (9). This
yields (for A4;>0) o_ to be metastable between
T.<T < T, and absolutely stable for T <T,. Also, o, is
unstable for T > T, and metastable for T <T,. In Fig. 4
the effects of metastability are illustrated through the
plots of the free energy F(o) at different temperatures.
Figure 5(a) shows how o depends on temperature in the
various phases. The order parameter discontinuity at
T =T, can be calculated from Eq. (9) as

A3

Aa=(0_—-00)(T=Tc)=—2A4 .

(15)

Thus, for weakly first-order transitions, as appears to be

the case in discussion and as verified later on, 4; << A4,.

The soft-mode elastic constant is readily found as

d*F(o)
do?

Substituting Eq. (9) into the above results in

Cos =

=24,+64;0+124,0° . (16)

9A§
Czs(ai):_4a(T_T0)+ 8A4
34 _—
¥ 8AZ\/9A§—32A2A4 17
which is of the (nonlinear) form
cylo)=ag+a;Tta,Vy+qT , (18)
where
AF(o)
T>Tg

(a)

F(o)
T=T,
(d)
(0}
0_-0+0g
F(o)
T'—'To
00=0+
(e) \q_ (J o
F(o)
T<To
(f) o_| o, o
Op

FIG. 4. Schematic illustration of the temperature variation
of the Landau free energy. [Refer to Eq. (7) in text.]
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ay=9A43/84,+4aT,, a;=—4a,
a,=3A4,/84,, y=9A43+32a4,T,,
n=—32a4, .

On the other hand, for the disordered phase, the elastic
constant has the linear temperature dependence

025(00):2a(T—T0) . (19)

By finding the difference Ac,, =c,,(0_)—cy(0y) using
Egs. (18) and (19) and evaluating it at 7, given by Eq. (13)
yields

Acy(T,)=0 . (20)

This zero soft-mode discontinuity is confirmed by the
present experimental data.

In addition, 2a in Eq. (19) is found from the slope of
pv2 versus T in Fig. 3 as 22 =0.075X10° N/m?>K and
will be used for comparisons below. Likewise, calculating

g 1t
(a) T
a
Cog 4
(b) 9/8
1.0
> T
To Te Ts
C4
B aT + apT?
(c)
T
Te

FIG. 5. Temperature variations of (a) order parameter o.
[Refer to Eq. (9).] (b) soft mode elastic constant c¢,,. [Refer to
Eq. (17).] In this figure the solid circles correspond to the unsta-
ble region, the light solid lines to the metastable region and the
heavy solid lines to the stable region.

¢, at the three characteristic temperatures T, T, and
T, from Egs. (18), (19), (13), and (10) gives

CZS(TS )/CZS(TC)=% ’

which is reasonably consistent with the experimental
value of 1.2 from Fig. 3, and

CZS(TO)/CZS(TC)

S
2

which could not be verified due to lack of experimental
data below T.. From the raw experimental data and Eq.
(3), ¢5,(T.)=1.22X10'° N/m?. In addition, by substitut-
ing Eq. (13) into Eq. (19)

ey (T )=A3/24, 1)
and therefore from Eq. (13)
¢, (T,)
TC—T0=———SE(—I—C-—=16K (22)
and from Eq. (10)
9ch(Tc)
—-T.=—=18K.
§ooe 8(2a) 8 @3

These results are consistent with the total range of criti-
cality as observed experimentally to be about 30 K. It is
assumed also that from the present experimental data
T.=231K.

From Egs. (4)-(7) the elastic constants can be written
as

cn=ct, (24a)
c3=cl, (24b)
cu=c%+pB%,, , (24c¢)
ces=1(c —c9)+a’c,y, (244)

It is readily seen from the above that the c,4 and ¢ elas-
tic constants are the only ones affected by the onset of
criticality. From the comparison of the behavior of cgg
to that of ¢, it is evident that the order parameter o
must include the difference between e, and e, and any
separation of the two is meaningless. This is consistent
with the fact that, generally, mode softening occurs only
for shear modes (and strongly mixed ones). Consequent-
ly, the ratio in the slopes of ¥4 and 74 in the critical re-
gion T.<T <T, (from Fig. 1) is a measure of
4(a/B)P=4,ie,a=p.

Finally, the entropy and specific heat will be con-
sidered within this model. The entropy in the critical re-
gion is calculated as

oF (o) 2
—ao”.

S=— = 5
aT (25)
Therefore, the entropy discontinuity at 7, is
2, A3
AS=—a(Ao)"=a 5 - (26)
44

Making use of Eq. (21) and from 2a = slope of pv? vs T
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(as used before) allows the calculation of the coefficient
A, as

_ (2a)ey(T,) 27
4 4AS :
Thus, from Eq. (15)
(Ao )*=2AS/(2a) . (28)

Thus extreme smallness of the entropy discontinuity
would imply a related lack of significant discontinuity in
the elastic distortion.
The specific heat is given by
oS 3’F (o)
C=T—=—"T—"7— 29
aT aT? @9
and using the Landau expansion for F (o) in Egs. (5)—(7)
becomes
do
C=—2aTo—— .
aTo (30
As elaborated on earlier, for 4;>0, o_ is absolutely
stable below T, and o above T,. For o, C =0 while for
o _, C decreases monotonically with decreasing tempera-
ture below T, [see Fig. 5(c)]. From Eq. (30) it is easy to
calculate the associated specific heat discontinuity at T,
as
2a?
AC=—-T, .
4, e (3D
Thus, when a2/ 4, is small enough (e.g., due to a large
value of A4,), the discontinuity AC will not be very pro-
nounced as is indeed observed in experiment.” In fact,
using a convenient representation

_ 2(2a)(AS)T,

(1) (32)

With T,.-AS=Q denoting the latent heat of transition,
the magnitude of AC is approximately on the order of
one-tenth of Q. Again, the very small values of both the
latent heat Q and (even smaller) specific heat discontinui-

ty AC seem to explain the lack of calorimetric support for
a first-order transition.

Furthermore, the variation of the specific heat for
To<T <T, may be approximated by the quadratic
dependence on T

It

a’T g ad,
C 1+=——(T—Typ)+ - 33)
A, 9 42 ( o) (
which was found by substituting Eq. (9) into (30) and
Taylor expanding the small terms therein.

V. SUMMARY

In this work Brillouin shifts related to elastic constants
have been determined over a temperature range of
140-300 K for K;Na(CrO,), with particular emphasis on
the phase transition (3m —2/m) region from 210 to 240
K. The experimental results confirm the choice of the or-
der parameter as a linear combination: a(e, —e,)+Be,
where a~f. A Landau model has been presented and sa-
tisfactory agreement with experimental results achieved
with respect to the range of criticality, continuous behav-
ior of the elastic constants, and the value of the ratio
¢ (Ty)/c,(T,). Based on calculations of the entropy,
specific heat, and elastic distortion using present experi-
mental data it is clearly evident that the transition is
weakly first order. This explains previous experimental
inconsistencies in defining the order of this transition.
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