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By use of a combination of the two-spin cluster approximation with the discretized path-integral
representation, the surface phase diagrams and surface thermodynamic quantities, such as free ener-
8y, specific heat, and susceptibility, of a semi-infinite Ising ferromagnet in the presence of a surface

transverse field are investigated.

I. INTRODUCTION

In earlier work,! we have proposed a method that com-
bines the two-spin cluster expansion? with the discretized
path-integral representations>* (DPIR’s) to study the
transverse Ising model (TIM) in a quantum spin system.
The coordinate dependencies of the critical transverse
field for spin 1 and spin 1, as well as mixed spin system,
are obtained analytically.!>>

On the other hand, surface magnetism has been a sub-
ject of increasing interest, both theoretical and experi-
mental. The surface critical behaviors of semi-infinite
magnetic solids have been extensively studied by using a
variety of techniques.®’ As for the semi-infinite Ising fer-
romagnet with a surface transverse field, the surface ther-
modynamic properties have not been studied, although
the surface critical properties have been examined.

The purpose of this Brief Report is to investigate the
thermodynamic properties of surface in the spin-1 semi-
infinite Ising ferromagnet with a surface transverse field
by nlleans of the same framework as that of our earlier pa-
per.

II. FORMALISM

For a semi-infinite Ising ferromagnet with surface
transverse field Q0 and bulk transverse field I, the surface
Hamiltonian of this system can be written as

H=—3Jufu;=BFu;—Q 3 u—3 Juis}, (1)
ij i i i

where u; and s/ are z components of Pauli matrices, cor-
responding to the surface and bulk spin, respectively. J,
is the nearest-neighbor exchange interactions of surface
spins, and J is the exchange interactions between other
spins. The sum (¥,;) is performed over a pair of
nearest-neighbor spins on the surface. B is the external
longitudinal field acting on the whole system and is as-
sumed to be in the negative direction.

We introduce the surface and bulk spin deviation
operators §; and o, respectively, as follows:

8

§;=t—uf, o,=5—s}, )

where 7 and § are the parameters whose best values will
be determined by minimizing the surface and bulk free
energy, respectively.

From our earlier paper,' we know that the parameter §
expresses a long-range order parameter of infinite system,
and it satisfies the relation g(8=1/kzT,5,B,I')=0 [Eq.
(25) in our earlier paper']; thus the parameter 5 is a func-
tion of bulk transverse field I" and temperature 7. When
5 tends to zero as the external field B =0, the bulk critical
temperature approaches the critical value T, the critical
coupling K. =J/kyzT, decrease as the bulk transverse
field increases.

In terms of §; and o;, the surface Hamiltonian can be
broken into two parts, an unperturbed part,

Hy=Ey+>L5;+3 L,o,—Q > u’, (3)
i i i

and a perturbed part,
Vi=—J,38,8;,—J X 8,0,, (4)
ij i

with
Eow=—1N'Z'J 7 —BN'T—N'Jis ,
L,=B+Z'JT+Js, (5)
L,=Jt,

where N’ and Z’ are the total numbers of lattice sites and
the coordinates on the surface. This choice of the pertur-
bation is reasonable as the spin deviations are presumably
small.

Correspondingly, the unperturbed part F,, and the
perturbed part F, of the surface free energy are defined
by

—BFy,=InTre ~PHo, R
- (6)
—BF,=In(e ﬁV“') .
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By use of the two-spin cluster approximation, the con-
tribution to the surface free energy from all spin pairs is
given by
BJ S ﬁm,.a,.)

~BF! ) =iN'Z'In¢™ %% ), + N'In(e 7

The final form for the surface free energy is obtained as

—BF,= LN'Z'InTre "7t

+N'lnTre PHus —N'Z'InTre Hus , (8)

with
J
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Hy,=—Jufu;—[B+(Z'—1 Wt+Js)(ui+uf)
—Qu+tu )
Hy,=—Juisf—(B+Z'J,Duf—Quf , 9
H,=—(B+Z'JT+J5)uf—Quj .
In the calculation of surface free energy F, the diagonali-
zations of Hy; and Hy;, are simple and one can directly
calculate their partition function. For Hyp;,, we will use

the DPIR’s to calculate its contribution to F,.
The average surface free energy per spin is obtained by

—BF,= Z'In(2 coshB{[B +(Z'—1)J,7+J5]*+Q*}'/?)—Z'In{2 coshB[(B +Z'J T+ J5)*+Q?]'/?}
+In{2coshB[(B +Z'JT+J)*+Q?]">+2 coshB[(B +Z'J,T—J)+Q?]'/?}

Z'BJ; [B+(Z'—1)J,T+Js*tanh?B{[B +(Z' —1)J, T +J5 >+ 02}/

(10)

2 [BH(Z'— 1 F+Is >+ Q2

III. RESULTS AND DISCUSSION

From oF, /0t =r(j3,B,5,T)=0, the self-consistency equation for 7 is derived as

Z'(B +Z'J,T+J¥)
(B +ZUT+Ir+02]72
(Z' = V[B +(Z'— 1)J,F+J5]
{[BH(Z'—1)JT+Is]P+ Q%)

tanhB[(B +Z'J,T+J5)2+ Q?]/2

tanhB{[B +(Z'—1)J,T+J5*+Q?} 12

+ {coshB{(B +Z'J,T+J)*+ Q]+ coshB[(B +Z'J,T—J)2+02]1/2} 7!
(B +Z'J i+ J)sinhB[(B+Z'J,T+J)>+ Q?]' /2 N (B+2Z'J;t—J)sinhB[(B +Z'J . T—J)*+ 0?2

[(B+Z'JT+J)*+Q?)?

L2 DLQB (2 - DI, T+ 5]
{[B+(Z'— DI T+I5P+Q?

" (Z'=DBJ[B+H(Z'— 1), T+JI5]
{[B+(Z'—DJF+I51+0Q?)
Xsech?B{[B +(Z'— 1)J,F+J5 2+ Q2] 2=0 .

Surface magnetization M, can be obtained by
M= —0dF,/3B. For sufficiently large surface coupling
J, both the surface spontaneous magnetization M, and 7
tend to zero near T, (and thus $=0), so that 7 expresses
the long-range order on the surface. We can only take
the linear terms of 7in Eq. (11) as the external field B =0.
The resulting equation yields the surface critical tempera-
ture

tanhK iy

_ Z'n’tanhK (147?72
(1+9%)372
(z’— 1)1+ A)tanh’K iy
+

,',]2

(2Z2'—1)

'K}
1+%° ’

[(B+Z'J,T—J)>2+Q?]'2

T tanh’B{[B +(Z'—1)J,7+J5]*+ 02} /2

1, tanh’B{[B +(Z'—1)J,T+J5 >+ Q?} 2

—~
h—
P

~—

—

where K]=J/kpT:, n=Q/J, J,=(1+A)J. If the sur-
face critical temperature K] equals the bulk critical tem-
perature K,,' the surface coupling approaches a critical
value J,=(1+A_.)J. As mentioned above, the bulk criti-
cal K, depends on the bulk transverse field I', so that the
transverse field I' also has an effect on the surface critical
coupling A,.. Figure 1 shows the phase diagram for some
selected surface and bulk transverse fields. We denote,
respectively, paramagnetic, surface ferromagnetic, and
bulk ferromagnetic phases by the use of P, SF, and BF.
It can be seen from Fig. 1 that reduced surface critical
temperature T./7T,. decreases with the decrease of the
bulk transverse field, but increasing surface transverse
field reduces the T /T.,.

Figure 2 shows that critical coupling A, changes with
surface transverse field. The surface and bulk transverse
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FIG. 1. Phase diagram for some selected bulk and surface
transverse field. The dashed line indicates the result with I'=0
of effective field approximation (EFA).

field has an opposite effect on A.. The stronger the sur-
face transverse field, the bigger the critical value A_.
Otherwise the bulk transverse field suffices.

The surface susceptibility and the specific heat are
given by

AM, oM, 3f oM, 35
yo=s | O O o5 (13)
oB ar OB ds OB
and
dF, 9’°F, 3%, a7 O%F, 5%
Cs/kB:_ZBZ__ 3 - ﬂ __,ai ,
oB B d79p OB  3s9p 9B
(14)

where the derivatives 95 /083 and 05 /0B can be deter-
mined as that in our earlier work' and

or __ |Or , 9rds | /ar
B a8 95 3B or’
(15)
or __ |98r  8rd | /3r
oB 0B 95 OB of

FIG. 2. Critical value A, as a function of Q/J for some
selected " /J.
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FIG. 3. Surface magnetization curves as a function of re-
duced temperature.
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FIG. 4. Inverse surface susceptibility as a function of re-

duced temperature.
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FIG. 5. Surface specific heat as a function of temperature.
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The expression for all these thermodynamic properties
are very tedious. Owing to the limitation of pages, we
will not list them here. The temperature dependence of
surface magnetization, susceptibility, and specific heat
are shown in Figs. 3-5 respectively. It should be pointed
out that the expression for the surface free energy F; in-
cludes the bulk parameter 5, so the corresponding surface
thermodynamic quantities are related to the bulk trans-
verse field I'. Our calculation shows that the influence of
the bulk transverse field on the quantities is relatively
small, and we only show the relation with the T'/J =1
case. We find that the surface susceptibility diverges at
the surface critical temperature 7. For the large trans-
verse field case (Q2/J =8), the surface susceptibility ex-
hibits anomaly at a temperature near the bulk critical
point. The surface specific heat jumps at the surface crit-
ical temperature T,. In the low-temperature range, due
to the effect of bulk critical phenomena near 7, on the
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surface, the surface specific heat exhibits a weak peak,
but an obvious jump does not exist.

Although TIM has been intensively studied by many
authors, most work was limited to study the critical prop-
erties. Surface TIM is a quite complicated problem due
to breaking of translational invariance. There are only
few works related to the surface free energy, specific heat,
and susceptibility near and above the critical tempera-
ture. In this paper, we use the DPIR’s on the basis of
two-spin cluster expansion; the surface thermodynamic
quantities of a semi-infinite Ising ferromagnet with a sur-
face transverse field are obtained in the whole tempera-
ture range.
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