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Theory of quasiperiodic lattices. I. Scaling transformation for a quasiperiodic lattice
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A theory of quasiperiodic lattices that consist of only two types of atoms is introduced. If a ratio
between the numbers of the two types of atoms in a chain is irrational, the lattice is quasiperiodic.
First, we present the scaling transformation for the construction of any quasiperiodic lattice in
terms of a continued-fraction expansion of the ratio. Second, we show that all the scaling transfor-
mations preserve an invariant surface, which was first discovered by Kohmoto, Kadanoff, and Tang.

I. INTRODUCTION

Quasiperiodic lattices have fascinated both theoretical
physicists and mathematicians for a long time. ' Since
the discovery of quasicrystals and the manufacturing of
quasiperiodic materials, the study of quasiperiodic lat-
tices has attracted experimental physicists and engineers.
However, even for one-dimensional problems, traditional
methods based on the Bloch theorem are not applicable
to solve quasiperiodic-lattice problems, each of which is
specified by an irrational number:

1
A, =no+ [np&n ]&np&. . . ]

n&+ 1/n2+

where no, n „n2, . . . are positive integers, the set of
which is called the tail of k.

The first successes in understanding the physics of
quasiperiodic lattices appeared in the studies of the one-
dimensional Fibonacci lattice by Kohmoto, Kadanoff,
and Tang (KKT) and Ostlund, Pandit, Rand,
Schellnhuber, and Siggia. This is because the Fibonacci
number is in some sense the simplest out of all the irra-
tional numbers. It should be especially noted that KKT
were able to obtain both the trace map and an invariant
surface, which played a crucial role in obtaining the
Cantor-set-like band structures and critical wave func-
tions of the electron on the lattice. ' Since there exists
an infinite number of irrational numbers in a real interval
[0,1], almost all other irrational numbers have not been
studied.

Recently, Gumps and Ali and Holzer showed that
there exist the same types of trace maps and the invariant
surface, even for a series of irrational numbers which are
obtained by taking all n, as the same n (n any positive in-
teger). Therefore, one fascinating question arises: wheth-
er or not there exist the same types of trace maps and the
invariant surface for any irrational number. The answer
is yes. This is the principal accomplishment of this pa-
per.

The motivation for this research on quasiperiodic lat-
tices came from a very difFerent direction that the usual
studies. We had been particularly stimulated by a
mathematician's works on a famous problem, known as

II. FUNDAMENTAL STRUCTURE
OF A SUBSTITUTION GROUP (REFS. 11—14)

There exists a free group generated by 2 and 8, which
belongs to SL (2, C), where A and B are the transfer ma-
trices of a lattice problem, as discussed above. We define
the matrix group G=SL (2, C), where A and B are ele-
ments of G. Then we take a pair ( A, B) as the seed of a
lattice. This pair (A, B) is an element of the product
group G XG.

Now, taking g as an element of G, then we transform
the pair ( A, B) to a new element; g ( A, B)g ' =( A ', B'),
which belongs to the same G XG. We also assume that
there is an element of G, which we shall denote as U, that
satisfies UAU '= 2 ' We can now define the following
four transformations:

gt(A, B)gt '=(A, B),
g ( A, B)g '=(B, A),

g (A, B)g '=(B ', A),
(2)

the Markov spectrum problem: how to classify all the ir-
radiation numbers. ' ' The great clue needed in order
to tame quasiperiodic lattices lies in the concept of the
substitution groups, which are subgroups of the free
group constructed from the transfer matrices of lattice,
Mz and Mz belonging to SL(2, C). ' We shall denote
the two matrices M~ and M~ as 3 and 8, respectively.

The purpose of this paper is to present the general as-
pects of a theory of quasiperiodic lattices that consist of
only two types of atoms. What we are going to discuss is
model independent as long as we are concerned with the
discretized models such as the tight-binding model with
two site potentials on the two types of atoms, respective-
ly. For this reason we do not specify physical models.
First, we introduce the concept of a substitution group in
the mathematics for quasiperiodic physics. Second, we
use it to construct scaling transformations in terms of the
generators of the substitution group. Finally, we con-
struct quasiperiodic lattices from those scaling transfor-
mations.
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g, (A, B)g, '=(B,C),
where gI, g, g, and g, are the elements of G and C is
defined by ABC =1. We represent these four transfor-
mations as I, X, Q, and T, respectively. We can then
rewrite them as

belonging to a subgroup of F, say F,.
When the subgroup F, acts on the canonical projec-

tion of the strings, it induces a subgroup F 2 of a group
6 z=SL (2,Z). Elements of the subgroup are the follow-
ing 12 matrices:

I( A, B)=( A, B),
X( A, B)=(B,A ),
Q( A, B)=(B ', A),

1 0 0
+ 1, +

0 1 —1 —1
+

1 0 ' 0 1
+ +

—1 —1

I 0
—1 —1

T(A, B)=(B,C) .

We call the group generated by I, X, Q, and T, the sub
stitution group F. It is easy to verify the following prop-
erties: X =Q =T =I. These are the defining relation-
ships of the substitution group. The dimension of the
substitution group F is infinite since X and T do not com-
mute with each other. There is a representation of the
substitution group by a finite dimensional group that is
generated as follows.

We will denote a string of words (i.e., matrices), which
consists of p A's and q B's, as string L ( A, B).
can define a pair of strings as

W(A, B):—(L (A, B),L„,(A, B)) .

If we define the canonical projection of the string

~(Lp q( A B)):pA +qB

then

~( 8'( A, B))—:

The group structure becomes equivalent to that of the
hexagonal dihedral group. (See Fig. 1.) According to the
hexagonal dihedral group, we have the 12 transforma-
tions in terms of the generators of F, which are simply
written LI d „,=—X Q "T" where d, u (mod2), U (mod3),

A

ik

Again, when the subgroup F z acts on numbers p and q
of the strings, it induces a subgroup F 3 of the group
6 3

=Z X Z. Now we have the following 12 pairs (t, , u; ):

+(p q» +( qp ——q» +( —p+q —p)

+(q,p» +( —p q
—p) +( —q+p —q)

We can assert that exactly one of these 12 pairs satisfies
t, ~2u; ~0 unless (p, q)=+(1,0), +(0, 1), +(1,1) in one
case, or +(1,2), +(2, 1), +(1,—1) in the other. Because,
otherwise, those expressions in (6) degenerate without
making sense. From this assertion, if we define a ratio
between p and q as A, =p /q, we get the following six func-
tions:

which forms the group 56.
The most important property of the substitution group

F is that, when we define the commutator
K—:8 ' 2 'BA, any generator of the substitution group
preserves the trace of K, which can be written in terms of
traces of A, B, and C:

A:—Tr(K)=[Tr(A)] +[Tr(B)] +[Tr(C)]
—Tr( A)Tr(B)Tr(C) —2,

where Tr(C)=Tr( AB) and we have used the identity,
called the Fricke identity, in mathematics:

Tr(A 'B)=Tr(A)Tr(B) —Tr(AB) .

If we define three parameters x =
—,'Tr(B), y =

—,'Tr(A),
z =

—,'Tr( AB), we can define an invariant surface I, in
terms of x,y, z:

A —2
4

I= =x +y +z —2xyz —1 . (10)

This invariant surface is completely equivalent to that
studied by KKT, Gumps and Ali, and Holzer. The
Fricke identity and the presence of the invariant surface
play an important role in understanding qusiperiodic lat-
tices. This point is discussed in the following paper. '

III. HOW TO CONSTRUCT A QUASIPERIODIC
LATTICE: THE CONCEPT

OF THE SCALING TRANSFORMATIONS

FIG. 1. The structure of a hexagonal dihedral group.
Now we are going to construct a quasiperiodic lattice.

To construct a quasiperiodic lattice characterized by an
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irrational number, in terms of generators of the subgroup
F], we define an approximation of the irrational number
A, k

=Pk IQ„by recursion relations for Pk and Q„:

k+I nk k+Qk —II Qk+i k

OI

k+1 kPk+Pk —I Qk+1 kQk+Qk —I

with the initial conditions (P I, Q I ) = (0, 1),
(Po, QO)=(1,0). This corresponds to a continued fraction
expansion truncated at the kth step:

1=no+
Qk n, + [1ln2+ +(1/nk)]

no ni np . . . n/ ] (13)

BA "BA—" BA '—:Q BA ", (14)
n=1

Since we know Pk+, Qk Pk Qk+—, =( —1)", the next ap-
proximation Ak+I lies between [Ak „Ak] (or [Ak, Ak I])
with A, & converging to k as k increases.

We denote by the number Pk (Qk ) the total number of
A's (B's) in the lattice. The total number of sites in the
lattice is Xk =Pk+Qk, where Xk /Qk defines the average
spacing between B's. Then we have a recursion relation
for Xk such that Nk+ &

= n&N& +N& ] with X
&

= 1 and
1VO = 1. We can then write the lattice in the following
form, called the primitive lattice:

L (A, B):Lp g (A,—B)

r'
.r ..~ '.. ~ '. . '. . ', . ~ '. .r'

,r' ..",.". .~ '. . '. . '. . ~ .' . .'. ~ .'. .'. ~ . '.r r' ." ' . ' . '. '. . '. ~ '. . . . ' . . ' ~ ' ~ . ~ .' ~ .' ~
~ ~ ~ ~,' ' ~ ~

/ r r' ~ r ~ .. '..~.'."..~ .'.8 ~g r

RRR RR R, IR S, g R k R RR| I otP x I & ~ P & PP RRRR

I l! I I'I ~'3 IIK~Rni «&ill'
IR ~ pp p o 15 R RR RRI 5 5 R I a a rr a pp PRRR

j(ililhFIii%8 Ii RI%IIBNSIQII$$$5!RB

gh
———'"

m! BIRR RIRRRRRIRkk~gk

I Rik~ RPP ncP

", )N)l I
SIII%I, I RRRil'Il Rig I~

)Illaua i

\ + If~IN I, I Rll ll RP ~ im e

l
I~;', ~II1III[ IIIIII&a iii aa

I

I PBIW

II ' P
' I 'I ~ I

itive lattices in terms of X and %:

X(L,„L,„)=(L„,L, „,L, „),
for left multiplication, and

R(R„„R,„)=(R„„R„,R, „), (17)

FIG. 2. Quasiperiodic lattices. The vertical line indicates
density of B atom (solid circle) to 3 atom (open circle), which is
varied between 0 and 1. The horizontal line indices the lattice
sites from 0 to 400.

where
for right multiplication, where we require

a„=[nAk] —[(n —l)Ak] .

The symbol [ ] denotes the largest integer part of the
number in the square bracket. Thus, once we have an ap-
proximation to an irrational number A, l„we can construct
the corresponding lattice at the kth generation. A repre-
sentation of the quasiperiodic lattice structures for all the
irrational numbers is shown in Fig. 2. This picture can
be compared with one for the disordered lattice struc-
tures in Fig. 3. Here the horizontal axis is the lattice sites
from the 0th site to the 400th site, and the vertical axis is
the density of B's in the lattice.

Now we consider the role of F, in the lattices. Build-
ing an idea from Cohn's work, " ' we have the follow-
ing transformations of the seeds:

X( A, B)=( AB, B)

%( A, B)=( A, AB),
3 L..

IPPI i g IP'P

I

W ~ IP5I '
i ~ r&

'i I'R '

~ I,

Pl ~ PP f ~
II 8 ~ P P

pl iRRII I ~
. il iIR

P ~
R

~'

IP PP

!==-R~

~ .'l

~K3 ~
I P ~ ~

I P gy P P ~ P

~ ~
I 'll

where we have renamed QT as X meaning left multiplica-
tion, and (TQ) as %, meaning right multiplication.
We call the group generated by X and X or % the scaling
group S.

We are then able to construct transformations of prim-

FIG. 3. Disordered lattices. The vertical line indicates densi-

ty of B atom (solid circle) to A atom (open circle), which is

varied between 0 and 1. The horizontal line i.ndicates the lattice
sites from 0 to 400.
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This is all we need to define the scaling transformations
in terms of generators of S. We then construct scaling
transformations such that

X~"k(L k —I L k) (L k L k+1)
(18)

XQ "k(R k R k —I) (R k+1 R k)

where we have used L =L (A, B) and R"—=R "(A,B),
whose lengths are constrained to be Xk. These exactly
correspond to the scaling transformations which are the
inAation rules for the lattice

B—+A, A ~BA

B A, A —+A B.
Therefore, by successive transformations of the genera-
tors, we can rewrite the scaling transformations as

(L" L +')=XX "XX " ' XX (B A)
(20)

(R"+',R")=X% "XA ' ' . XA '(A, B),

which correspond to the continued fraction expansion (1).
We note that when we use the continued fraction approx-
imation of the irrational number we regard the lattice as
being an infinite repetition of 1. or R as the unit cell.
In this way we obtain the scaling transformations in
terms of the generators of the substitution group. The
scaling transformations (20) play a crucially important
role in the application of the theory to g,iysical systems.
This point is discussed in the following paper. '

In conclusion, we have presented the scaling transfor-
mation for constructing any quasiperiodic lattice. We
also showed that the scaling transformation for any
quasiperiodic lattice preserves an invariant surface first
discovered by KKT.
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