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We study the ordering of O atoms in YBa2Cu306+ using a two-dimensional Ising model. We as-
sume a screened Coulomb repulsion between any two 0 ions of the CuO planes, but the interaction
between second-neighbor 0 ions with a Cu ion in between is reduced by a factor f due to charge-
transfer eftects. We construct the symmetry-independent atomic configurations, which enable us to
compare the energy of a large number of structures. We obtain a rich x fphase dia-gram that for

0
screening lengths larger than —1 A and low values of f contains structures compatible with all the
diAraction patterns so far observed. The ground state consists of structures composed of linear CuO
chains for f& 0, or x near 0.5 and f( 1, while for f= 1 simple lattices of nearly hexagonal symmetry
of 0 ions or vacancies added to the x= 1 structure dominate.

I. INTRODUCTION

An important feature of the high-T, superconductors
resides in the subtle changes in the superconducting tem-
perature T, caused by small compositional variations. '
It is of crucial importance to determine to what extent
these changes are related to modifications in the atomic
structure, since the understanding of this phenomenon
could lead to the development of stable or metastable ma-
terials with higher T, . '

In YBa2Cu3O6+, as x is varied, the plateaus in T,
(Ref. 2) and the number of carriers deduced from Hall
measurements are observed. On the other hand, struc-
tures that differ in the arrangement of O atoms in the
CuO planes were reported to exist for different values
of x at low temperatures. The simplest ones are the
tetragonal phase for x =0 and the orthorhombic phase
for x =1 (Ref. 6). For x =

—,', the unit cell is doubled. '

More complex structures were observed for x =
—,
' (Refs. 9

and 10), x =—,'(Refs. 10 and 11), x near —,'(Ref. 12), and x
near —', (Ref. 13). The latter two and those of x =1 and —,

'

are composed of linear Cu-0 chains. For brevity we shall
call them CS (for "chain structures"). At present, there
is controversy over which of these structures are stable
and which of them are metastable. From their observa-
tions and by comparison with other systems, Alario-
Franco et ar. ' suggest that a family of different stable
ordered phases may be a better representation of the sys-
tem. Reyes-Gasga et al. ,

' by cooling at constant
stoichiometry, find that the phase of x =

—,
' is stable, while

other CS seem to be metastable. However, evidence of
phase separation into x -0.7 and x = 1 (Refs. 15 and 16)
and into 0.55 and 0.75 (Ref. 17) point towards the stabili-

ty of another phase, at least, between x =
—,
' and 1.

Most theoretical treatments of the ordering of 0 atoms
are based on an Ising model for one of the CuO planes.
These planes of variable O content are those perpendicu-
lar to the c axis that bisect the shortest Ba-Ba distance.
The parameters of these models were chosen according to
two diff'erent points of view: (1) two or three arbitrary
parameters of magnitude equal to or less than 0.1 eV
(Refs. 18—23), and (2) comparatively large screened
Coulomb repulsions. In addition to the x =0 and 1

phases (which are easy to explain), the first point of view
was used to obtain the x =

—,
' structure as the ground state

for the corresponding composition, ' and to explain the
high-temperature thermodynamics, ' ' although the
good fit of the phase diagram is rather fortuitous. The
existence of other chain structures has been proposed to
come from spinodal decomposition. Partial ordered CS
were obtained in recent Monte Carlo calculations. ' In
any case, these theories cannot explain the observed
diffraction patterns for x =

—,
' and —,', which have been

shown to be consistent with the second point of view.
The following facts point towards the Coulomb repulsion
being dominant: (a) the number of carriers is very low,
suggesting a screening length of several A (Ref. 29), (b)
the variations of the lattice parameters and distances be-
tween atoms with x are explained in terms of Coulomb
energies, ' ' (c) the crystal structure and parameters of
YBa2Cu3O6+ and LazCu04 are explained very well us-
ing empirical atom-atom potentials that include Coulomb
interactions, ' (d) it is practically impossible to increase x
from 1, suggesting a very large nearest-neighbor O-O
repulsion, (e) the observed structures for x =

—,
' and —,

'
(Refs. 9—11) show that the O-O interactions are still im-
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0

portant at distances of order of 11 A, (f) considering only
the Madelung energy, severa1 important properties of this
and other high-T, compounds can be explained, and

(g) direct and constrained density-functional ' calcu-
lations give values between 1 and 3 eV for the Coulomb
repulsion U d between electrons in nearest-neighbor Cu
and 0 atoms.

The shortcoming in the works of Refs. 24 and 25 is
that they cannot reproduce the observed CS for x =

—,', x
near —,', and x near —,

' (which were not known by the au-

thors). However, this drawback is removed if the effects
of the Cu-0 electronic repulsion U~d and Cu-0 charge
transfer are also taken into account. Using a
modification appropriate to Cu0 planes of an extended
two-band Hubbard model that leads to excitonic pairing
in Cu02 planes ' (and also in Bi03 systems, ' ') we
have shown that these effects lead to a tendency of the
system to order in chains, which competes with the direct
0-0 repulsion. In the next section we will present a
simple argument to show that this tendency can be ac-
counted for by reducing the second-neighbor O-O repul-
sion if a Cu is in between. Combining exact results in
finite clusters and perturbation theory in the hopping, it
was shown ' that the above-mentioned extension of the
two-band Hubbard model explains not only the tendency
to order in chains, but also the metal-insulator transition
at x =

—,
' (Refs. 5, 44, and 45), the hole count in Cu02

planes, and the number of Cu and 0 holes.
Using the model described in the next section, the main

features of the thermodynamics are also reproduced,
but there is an important difference with the results ob-
tained using the above-mentioned first point of view due
to the larger magnitude of the Coulomb interactions: the
tetragonal phase almost avoids occupancy of nearest-
neighbor 0-0 atoms (as suggested earlier ). This
considerably reduces its energy at a low cost of entropy
for x =

—,', leading to a comparatively low orthorhombic-
tetragonal transition temperature Ta and to important

correlations of the latter phase, which recalls to mind the
x = 1 orthorhombic structure. ' The following facts
provide evidence of such correlations: (a) direct
perturbed-angular-correlation measurements, (b) there
is a discontinuity in the slope of the resistivity versus x
curve at x =0.5 (probably associated with the metal-
insulator transition ), but no change of slope at TD

(Ref. 45), and (c) ' 0 diffusion experiments show no
break in the Arrhenius plot at T0.

Here we show that, using a screened Coulomb 0-0
repulsion, reduced for second neighbors if a Cu ion is in
between, all the observed diffraction patterns can be ex-
plained. The model is described by essentially two pa-
rameters: the screening length k and the reduction factor
f. The model is equivalent to a planar Ising model with
interactions of range k, all antiferromagnetic, i.e., com-
peting iff & 0 (x and the 0 chemical potential p play the
role of the magnetization M and magnetic field 8, respec-
tively). Therefore, it is of intrinsic interest in addition to
its relevance for high-T, systems.

The model and the method used to solve it are de-
scribed in Secs. II and III, respectively. Section IV con-
tains the results, Sec. V, the comparison with experiment,
and Sec. VI, a discussion. A short summary of the results
has been presented earlier.

II. MODEL

We call n; (0 or 1) the atomic occupation number at
position i of the sublattice of all possible 0 positions of
the Cu0 plane. We assume that this lattice is square,
i.e., we neglect the small orthorhombjc distortion and
take the lattice parameter b=a. Calling c0 the binding
energy of a'single 0 atom of the plane of interest, the
Hamiltonian can be written in the form

0= gEan;+ —,'g V;, n;n, ,

where

R;+R
Vb =f e if

~ R; —
R~ ~

=b, with =Cu position,

—IR,. —R, IyX

IR, —R, I

otherwise
(2)

3 is a constant of order -e if real rather than formal
charges are used. In real systems, Cu-0 covalency
and the promotion of holes to 0 atoms as x is increased
should decrease A. The screening length A. should also
decrease with x, particularly after x =

—,
' due to the in-

crease in the number of carriers. ' This is confirmed by
oxygen K soft-x-ray emissi. on measurements. ' Both
effects decrease the derivative of the free energy with
respect to x, i.e., the 0 chemical potential. Here we take
parameters independent of x. The ground state depends
only on x, A, , and f. The fact that f ( 1 in YBazCu306+„
is a consequence of Cu-0 charge transfer, Cu intra-

atomic and Cu-0 interatomic electronic repulsions. " '

A simple argument can be given for x —,': let us assume
first that all 0 ions are 2 —.For x =0, all Cu ions of the
CuQ plane [Cu(1) in the notation of Ref. 6] are 1+, the
rest are 2+ (Refs. 46 and 52). When 0 atoms are added,
they take the electrons from the highest coordinated
Cu(1) ions to minimize the Cu-0 nearest-neighbor in-
teraction U~d (Cu + is almost forbidden because of in-
traatomic correlations ). If the added x 0 atoms do not
have common nearest-neighbor Cu ions (right-hand side
of Fig. 1), they take the electrons from their 2x nearest-
neighbor threefold-coordinated Cu(1) ions [we remind the
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Cu-0 repulsion U d of the extended two-band Hubbard
model. Realistic calculations, ' which also explain oth-
er electronic properties, give values of the order of 1 eV.

A similar argument could be used to argue that the
first-neighbor 0-0 repulsion is also reduced by AE.
However, this repulsion is so large that, in any case,
nearest-neighbor 0 atoms are avoided in the ground
state.

III. METHOD OF SOLUTION
(1 Z

so'===~=See
0 0 0 0 0

0 0
tm4 Im0 0

0
0

(b)
0

0
0

FIG. 1. (a) Scheme of the distribution of holes in the CuO„
planes that result from nearest-neighbor interatomic repulsion

Upd if covalency is neglected and 0 is presented only as O'
for two dÃerent types of structures. (b) Structural units com-
posed of Cu(1) and its nearest-neighboring 0 ions contained in
planes perpendicular to the CuO„ones. The meaning of the
diff'erent symbols is as follows: solid circles, O ions of the CuO
planes; open circles, O(4) in the notation of Ref. 6; crosses,
[Cu(1)]+; crosses inside triangles, squares, and circles denote
[Cu(1)] + with coordination 2, 3, and 4, respectively. For CS
half the 2x holes brought by the x 0 atoms of the CuO planes
are in fourfold-coordinated Cu + ions (with energy gain
—8Upd ) and the other x holes are in twofold-coordinated Cu +

(energy gain —4U~d ). For the other structures the 2x [Cu(1))'
ions are threefold coordinated and the total nearest-neighbor
Coulomb energy is the same ( —12 X Upd ). The energy of the CS
decreases when holes leave the twofold-coordinated Cu + atoms
due to covalency (see text and Refs. 42 and 43).

reader that each Cu(1) ion always has two bridging out-
of-plane 0(4) neighbors, see Fig. 1(b)]. When two 0 ions
have a common Cu neighbor (left-hand side of Fig. 1), the
latter is fourfold coordinated and an extra energy 2U d in
comparison to threefold coordination is gained when an
electron is taken from it. If all 0 ions were 2 —,since
there are not enough Cu ions with more than two
nearest-neighbor 0 ions, another electron should be tak-
en from a two-fold-coordinated Cu ion and the energy
gain is lost. The situation comparing infinite Cu0 chains
with disperse structures for x =—', is illustrated in Fig. 1.
For only two added 0 ions in the planes, there are four
threefold-coordinated Cu ions if these 0 ions do not have
a common Cu neighbor. In the other case there is one
fourfold- and there are two threefold-coordinated Cu(1)
ions. Thus, there should be a twofold-coordinated Cu +.
However, when covalency is taken into account, the
twofold-coordinated Cu ion remains nearly 1+ or inter-
mediate valent at the expense of 0 holes in 0(4) atoms or
Cu02 planes and this results in an energy gain AE. This
energy should be subtracted from the direct 0-0
screened Coulomb repulsion to obtain the effective in-
teraction V& of Eq. (2) (Ref. 42). The value of b,E de-
pends strongly on model parameters, particularly on the

Due to the nature and large number of relevant in-
teractions in our model, the method of geometrical ine-
qualities and the cluster method, which are, in gen-
eral, useful in finding the ground state of Ising models,
are not suitable for our case. Monte Carlo calcula-
tions ' ' present difficulties at low temperatures: the
"simulated annealing" procedure is characterized by ex-
tremely slow kinetics and complete ordering is almost
never obtained. ' For these reasons Monte Carlo
methods were used to justify some of the observed struc-
tures as transient or metastable, with the dubious as-
sumption that the Glauber or Kawasaki dynamics chosen
has some similarity with the 0 dynamics in the real sys-
tem.

In view of the above-mentioned difficulties, we have
directly compared the energy of a large number of
configurations. This method was used earlier in
YBazCu306+ „(Ref. 19). In our case the studied
configurations include all the so far observed or proposed
superstructures. Also, since the computer time increases
with the number of relevant interactions, which, in turn,
increases quadratica11y with the screening length A, , it was
necessary to reduce all possible configurations to those
which are not equivalent by symmetry. Otherwise the
calculation would have had to be restricted to A. ((a or a
much lower number of configurations. Disregarding the
structures with nearest-neighbor 0 atoms, which are ob-
viously unfavorable for x ~ 1, the set of calculated struc-
tures include the following subsets: (a) all structures
whose unit cell or a multiple of it is a rectangle of largest
side +3a and area + 8a, (b) all structures with a unit
cell 1Xn, i.e., those composed of full and empty chains
(CS) for 1 ~ n ~8, (c) all simple lattices of 0 ions with
x ~

—,', and (d) all structures with —,
' ~x ~ —', formed sub-

structing simple lattices of 0 ions from the x =1 struc-
ture. To obtain one and only one representative of all
structures that are equivalent by symmetry, we used a
group-theoretical method developed by one of us for
finite clusters, which was expanded to take into account
periodic boundary conditions. It can be brieAy described
by the following steps: (1) one of the possible unit cells
considered is chosen, (2) the set of all possible 0 sites of
the unit cell is divided into subsets which are generated
by application of the point-group G operations to a site,
(3) within each subset, all nonequivalent subconftgura-
tions C,. are constructed, (4) from all subconfigurations C,
and C belonging to two different subsets, all the possible
subconfigurations of the union of both subsets are ob-
tained only once combining C; and gC, where g is one
operation representative of those of a double coset in the
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G;g/G. double coset decomposition "of G (Gk is the
symmetry group of the subconfiguration Ck ), (5) the pro-
cedure is iterated until all subsets are considered, and (6)
structures that are equivalent due to translational sym-
metry to previous ones are disregarded. To illustrate the
power of the method, note that, for a unit cell 2&2 X 2v'2
(with 16 possible 0 positions), there are 2' =65 536 pos-
sible configurations. We find that only 997 are nonequiv-
alent and after disregarding those with nearest-neighbor
0 atoms, only 35 structures remain.

It might happen that the ground state for particular
values of the parameters is out of the set of structures we
have considered. We believe that if this were the case for
not too large screening lengths, the ground-state struc-
ture and its energy would be very similar to our result
and would not change the trends of our conclusions.
This is the case of the structure of Fig. 4(b), which we in-
cluded because we suspected that it should have lower en-
ergy than a similar 2X3 structure. The di6'erence of en-

ergy was actually very small. Our cluster-variation
method calculations ' at very low temperatures detect-
ed an unexpected ground-state structure only in one case
(x =O. 5, &=1, f=0.6), but this was a consequence of
cutting oA'the interactions beyond the fifth 0 neighbors.

IV. RESULTS

For an arbitrary value of x, the ground state of the sys-
tem is found to consist of a mixture of two phases with
two neighboring compositions x;, x, +, with x, &x &x, +, ,
that correspond to two structures i and i +1. These
structures can be classified into four diFerent types
represented in Figs. 2 —5, respectively. Briefly they can
be identified as (1) "chain" structures (CS), (2) nearly

X X X X X X X
(a} ~ o o o o o ~

X X X X X X X

X X X X X X X

{&)x X X
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(b)x g
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x x x )i. x x

"hexagonal" structures (HS), (3) "pair" (or small-
chainlet) structures (PS), and (4) others. In the wide re-
gion of parameters studied, types 1 and 2 are the most
frequent and type 4 is very rare. In the following we ex-
plain this classification in more detail.

(1) CS: structures of minimum energy among those of
unit cell 1Xn (composed of full and empty chains) and
composition x =I In with m and n integers (see Fig. 2).
Khachaturyan and Morris proposed similar structures to
be originated in spinodal decomposition. They are the
ground state for f large and negative.

(2) HS: as found earlier by Aligia, Rojo, and Alas-
cio, ' these structures predominate for f= 1. They

X X X X X X X X
(b} ~ o o ~ o o o ~

x x x x x x x x

x x x x x x x x x
(c} ~ 0 0 ~ 0 0 ~ 0 0

X X X X X X X X X

X X X I/X X
1

(c) x X ~ x

x ~ x + x x

x x ~x&x
X X X X X X

(c(} ~ o o o o ~
X X X X X X

X X X X X X X X
(a} ~ o o ~ o ~ o e

x x x x x x x x

X X ii X X

(d) x x&~x
X,
—~~~ X-~

e)
~ ~
X

x

FIG. 2. Unit cells of structures of minimum energy for given
composition x, among those composed of full and empty CuO
chains (CS). Crosses denote Cu atoms, solid circles represent 0
atoms, and open circles denote vacant O sites, which, if filled,
complete the structure for x =1. (a) Example for x = l/n with
n =6, (b) x =

—,, (c) x =
—,, (d) x =

—,, and (e) x =
—,'. The corre-

sponding structures for compositions 1 —x are obtained by in-
terchanging solid and open circles.

FIG. 3. Examples of structures of minimum energy for given
O composition among those built with a simple sublattice of O
atoms, or 0 vacancies on the x =1 structure (HS). (a) x =

—,', (b)
x= —', , (c) x= —,', (d) x=- —', , and (e) x= 4. Symbols as in Fig. 2.
The basic vectors that define the structure according to Table I
are indicated. Dashed lines show a possible choice of unit cell.
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Therefore, for fixed A and x ~ ~, minimizing e„~ reduces

type-II superconductors and, in fact, when the positions
of the vortices are restricted to a lattice, structures of this
type are predicted for magnetic fields corresponding to
x =—'„—'„and 1 [Figs. 3(b) and 3(d) correspond to Figs.
l(a) and 1(b) of Ref. 58]. The basic vectors of the 0 lat-
tice define the structure. These vectors are listed in Table
I. Note that, for most of these structures, at least one of
the basic vectors contains a or b a half-integer number of
times. This means that, as far as the main di6'raction
peaks are concerned, these structures would be
identified as "tetragonal. " The x=1 structure can also
be classified as a CS. (b) For —,

' (x ( I, structures of
minimum energy for a given composition, among those
obtained adding a simple lattice of 0 vacancies to the
x =1 structure. The fact that the latter is a square lattice
implies that these structures have the same form as in
(a). In fact, it can be shown that if A is a simple lattice
of 0 ions, 8 is any 0 structure built on this lattice and
3-8 is the structure obtained from A substracting the 0
atoms in the positions of 8, the energy per unit cell of A-
8 can be calculated as

FIG. 4. Structures denoted by PS in the text, which are the
ground states of the system for particular values of the parame-
ters: (a) x= 4, (b) x= 3, (c) x= 8, (d) x= —,, and (e) x= 2.
Symbols as in Fig. 2. By interchanging solid and open circles in
(a)—(d), the corresponding structures for compositions 1 —x are
obtained.

TABLE I. Basic vectors that define (a) for x (
3

or x = 1, the
0 lattices of minimum energy, and (b) for 4 &x & 1, the struc-
tures of minimum energy among those obtained adding a simple
lattice of 0 vacancies to the x =1 ground state (see Fig. 3). The
unit vectors are (1,0) =a, (0,1)=b [Fig. 3(a)]. In case (b), inter-
changing a and b a diA'erent structure with the same energy
(within our model) is obtained.

V2

XXX X X ~ X ex
..

X ~ X ~ X. X '.
. X~ X/X

X X. ' X ~ X+X'. X X ~ X ~ X
e i e

x x, x ~ xyx. . x x ~ x ~ x

XXOX'.
, X.- XXOX X X'e ~i o

XXX X XOXOX X X

X X
0
X X

FM. 5. Around state of the system for A, =4a V'2, f= 1, and
x= —,'. Dashed and dotted lines show possible choices of the
unit cell. Symbols as in Fig. 2.

can, in turn, be divided into two groups: (a) For x (—',
and x = 1, structures of minimum energy among the sim-
ple lattices of 0 ions for a given composition [see Figs.
3(a)—3(d)]. These structures are, in general, the smallest
possible deformation of a perfect hexagonal simple lattice
(type p6m) with the same 0 concentration. This hexago-
nal structure would minimize the energy if the 0 ions
could be placed in any position of the plane instead of a
square lattice. It also reminds the vortex structure of
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to minimizing e~. An example of this structure is shown
in Fig. 3(e) and the basic vectors of these structures for
x ~

—,
' are given in Table I.

(3) PS: these structures appear at the threshold of sta-
bility between CS and HS. In general, they are built from
pairs of second-neighbor 0 atoms ( or 0 vacancies added
to the x = 1 structure) with a Cu in between (see Fig. 4).
In two cases [Fig. 4(c)] the basic unit of the structure is
the shortest linear chain containing three 0 atoms (or the
0 atoms replaced by vacancies). Some structures of these
type were proposed by Alario-Franco et aI. the struc-
tures of Fig. 4(a) are the same as those of Fig. 3(c) and
3(g) of Ref. 10. Similarly, our Fig. 4(c) corresponds to
Figs. 3(d) and 3(f) of Ref. 10.

(4) In the range of parameters investigated (f ~1,
A, ~ 10ao, where ao = a /&2 is the lattice parameter of the
0 sublattice), we found only three structures that do not
belong to the previously described types. The most fre-
quent of them is the one shown in Fig. 5. Another one is
built adding vacancies to the structure of Fig. 3(c), sug-
gesting a generalization of the constructing procedure
used for type 2(b) [see Fig. 3(e)] for large A, . The three
structures appear only for large values of A, and f-1.
This is due to the fact that, within our model with con-
stant 2 and screening length A., for a given composition,
segregation into neighboring phases also implies a segre-
gation of ionic charges. As the screening by mobile car-
riers is reduced (A, is increased), this segregation becomes
energetically unfavorable and the system prefers struc-
tures with increasingly larger unit cell and composition
nearer to the given one. To accurately describe the
academically interesting regime A. ~10ao and f—1, a
larger number of possible structures have to be con-
sidered.

In Fig. 6, we show the x fphase diag-ram for different
values of A, . The regions 0&x & —,

' and —', &x & 1 are emp-
ty because we have not considered structures with these
compositions. The phase diagram is dominated by CS
and HS. The transition from one type of structure to the
other for a given composition happens at values of f
which roughly correspond to the equality between V&

[see Eq. (2)] and the largest interaction between 0 atoms
(or additional vacancies if x is larger than —,) different
from Vb in the corresponding HS. The value of this in-
teraction decreases for x ~0 or x —+1 and is maximum
for x =

—,
' (compare the length of the basic vectors

different from b in Fig. 3). This explains that, for inter-
mediate values of f, the CS are stable within an interval
of values of x which has its midpoint around x =

—,'. For
some values of f, the only stable CS is the one with x =

—,'.
The above-mentioned interval grows with decreasing f.
The transition between CS and HS is mediated by PS:
when the first two have the same energy, the latter is usu-
ally the ground state. This is not apparent in Fig. 6 for x
near —,

' or —', because, in these cases, the size of the unit
cell of the PS is larger than the maximum size which we
have considered in our set of structures.

For different values of A, the same qualitative behavior
is obtained (compare the three parts of Fig. 6). As A, in-
creases, two main eff'ects can be observed: (a) The values
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FIG. 6. Ground state of the system as a function of composi-
tion x and reduction factor f of the repulsion between second-
neighbor O ions with a Cu in between, for different values of the
screening length A.: top, A. =0.4ao', middle, A, =ao', bottom,
A. =4ao, where ao =a /&2 is the minimum distance between two
possible 0 positions. The structures are uniquely determined by
their type (denoted by different lines) and composition. Dotted
line, CS (Fig. 2); dashed line, HS {Fig. 3 and Table I); solid line,
PS (Fig. 4); and dotted-dashed line, Fig. 5. The structure for
x = 1 can also be classified as a CS.

V. COMPARISON WITH EXPERIMENTS

From the density of carriers, one expects a screening
length A, -2ao, where ao=a/&2 for YBa~Cu307 and in-
creasing for decreasing x. An exaggerated lower bound

of f for which the transition between CS and HS takes
place increase. This can be understood on the basis of
the rough explanation of the transition given above. (b)
The number of different structures increases due to the
larger cost of energy involved in the segregation of ionic
charges, as explained above.
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for A, is -0.4ao (Ref. 29). The reduction factor of the
second-neighbor O-O interaction with a Cu in between f
is more difBcult to estimate due to the sensitivity of
b,E=( I/f 1)V—b to the electronic parameters, and the
uncertainty on the exact values of the 0 charges, but one
expects 0&f &1. Thus, Fig. 6 covers a fairly realistic
range of parameters. The fact that, in real systems, 3
and A, decrease with x, and f also varies, affects the rela-
tive stability of the different phases against segregation,
but the trends are clear: stable "chain" structures are ex-
pected for compositions around x= —,'. The most stable
CS is the experimentally observed ' for x =

—,'. Some au-

thors suggest that it would be the only stable CS (apart
from the x =1 phase). ' Instead, for x near 0 or 1, the
structures shown in Fig. 3 (HS) dominate for most values
of f. The structure shown in Fig. 3(a) and that obtained
from it replacing the 0 atoms by vacancies added to the
x =1 structure, are consistent with the experimental ob-
servations for x =

—,
' and —,

' of a unit-cell multiple of
2+2 X 2v'2 (Refs. 9—11). The slightly different structures
proposed in these works [basic vectors (2,2) and (2, —2)
instead of those of Table I or Fig. 3(a)] have a slightly
higher energy (for example, the difFerence is 2.7X10
2 /ao for A, =10ao, 6.6X 10 A /ao for A. =ao, and
6.0X10 A /ao for A, =0.4ao) and could be favored at
moderate temperatures since a greater entropy is expect-
ed.

Concerning the observed CS for x near —', , the stability
of which is currently under debate, our results for
sufficiently low values of f predict stable structures that
are quite consistent with the experimental observations,
in particular, for x =—', (Ref. 13) and x =—', (Ref. 12). For
the latter composition, the predicted CS has the unit cell
shown in Fig. 2(d). In addition to the main diffraction
peaks of the primitive unit cell, this structure should
present jess intense peaks at wave vectors (m /5, 0,0) in
units of 2m/a, with the intensity for I =2, 3 being 6.86
times larger than for m =1,4, which is consistent with
the observed diffuse streaking. ' Note, however, that the
CS for the similar compositions —', and —', [Figs. 2(e) and

2(c)] would produce diffraction patterns difficult to distin-
guish from the previous ones within the experimental
resolution. As shown in Fig. 7, a mixture of equal quanti-
ties of the three structures, oriented in parallel, produces

0.&

FICi. 7. Di8raction pattern of a mixture of equal parts of in

parallel oriented CS (see Fig. 2) with x =
—,, —,, and —', , along the

(q, 0,0) direction, excluding the peaks at q =0 and 1 in units of
2~la. All peaks have been broadened with a half-width of 0.03.

a diffraction pattern very similar to the experimentally
observed. '

For CS, a 1 —x dependence of the number of Cu+ is ex-
pected. ' ' Thus, the x-ray absorption experiments of
Ref. 46, together with the structural evidence, ' ' sug-
gest a transition from HS to CS at x -0.35 for increasing
x. This fact can be used to determine f and then a
change from CS to HS near x -0.7 is predicted neg1ect-
ing the x dependence of the parameters. In fact, a new
jump in the amount of Cu+ at this value of x has been re-
ported, and several experiments suggest a phase transi-
tion. ' ' Also, a minimum in the resistivity ' and
changes in the temperature ' and 0 pressure ' depen-
dence of x are observed.

In the comparison with experiment one should take
into account that the structural properties are deter-
mined by the number of 0 atoms in the relevant planes,
while the number of holes in the structure is determined
by the total number of 0 atoms per unit cell, and the
metal-insulator transition and other properties depend on
both quantities. ' The differences between both 0 con-
centrations and the nominal 0 content are affected by 0
present in grain boundaries and near surfaces and inter-
faces and by some loss of bridging O(4) atoms espe-
cially for low values of x.

VI. DISCUSSION

We have studied a two-dimensional Ising model to
represent the possible oxygen positions of the Cu0
planes of YBa2Cu206+, which are the relevant ones for
the structure. We have assumed a screened Coulomb in-
teraction between any two 0 ions, ' but that between
second-neighbor interactions with a Cu ion in between
was reduced by a factor f & 1. We have given a simple
argument to show that this reduction factor is due to
charge-transfer effects induced by Cu-0 Coulomb repul-
sion. The fact that f &1, the hole count, the metal-
insulator transition at x =0.5 and the number of Cu are
qualitatively explained in Ref. 43 and briefly in Ref. 42
using the same extended Hubbard mode1 that leads to ex-
citonic pairing in Cu02 planes.

For realistic values of the screening length A, and a
range of positive but small values of f, all the so far ob-
served diffraction patterns ' can be explained in terms
of the ground state of the model for the compositions
x =0, —,', —,', —,

' (or some mixture of —', , —,', and —,'), —,', —', , and
1. Models based on arbitrary, comparatively smaller pa-
rameters' cannot account for the experimental obser-
vations at x =

—,
' and —', . In addition, since these models

contain interactions up to second-nearest neighbors only,
they predict, at most, three stable structures (for x =0, —,',
and 1). In order to explain a diffraction pattern like the
one shown in Fig. 7, even considering metastable
phases, repulsions between 0 ions at distances 2a or
larger should be included. Otherwise there is no reason
why three consecutive Cu(l)-O(1) chains should be avoid-
ed and only one peak centered at q =0.5 is obtained in
scattering experiments. No matter how small these
repulsions at distances 2a are, they stabilize the CS with
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x =
—,
' and —,

' at zero temperature. Similarly, repulsions at
larger distances stabilize the other CS shown in Fig. 2 for
sufficiently small f. Thus, even for f= —l and in the
(unphysical) limit 0 (A, ((a, the predictions of our model
and that of Refs. 19, 21 —23, 27, and 28 are different at
low enough temperatures. Evidence in favor of the dom-
inant role of Coulomb energies was summarized in the
Introduction. Note that estimations of the magnitude of
the O-O interactions based on the x dependence of 0
desorption rates or of the O chemical potential ' are
actually underestimations because A and A, in Eq. (2) de-
crease with x, since the concentration of carriers and the
number of 0 holes increase in the metallic phase. '

Results presented elsewhere ' using the nine-point
approximation of the cluster-variation method, show
that, for x =

—,
' and temperatures much lower than the

nearest-neighbor O-O interaction, the system undergoes a
transition to a highly correlated tetragonal phase. There
is experimental evidence of these correlations. At
higher temperatures the transition takes place for
x-0.65 almost independently of the temperature in
reasonable agreement with experiment. Thus, the most
important aspects of the structural and electronic proper-
ties of these systems can be accounted for, at least quali-
tatively, in terms of strong interatomic correlations.

Note added. After submission of this paper we learned
about the electron difFraction patterns obtained by Beyers
et al. They are in excellent agreement with our CS for
x =

—,', —'„—,', and —', . We also received a preprint of A. Cx.

Khachaturyan, S. V. Semenovskaya, and J. %'. Morris,
who study a similar model with the method of concentra-
tion waves.
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