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II. CLUSTER ENERGY CALCULATION

It is well known that when an atom in a crystal struc-
ture is replaced by another of a different kind, a certain
amount of energy g is needed to relax the crystal around
the impurity (elastic energy) and to rearrange the chemi-
cal bonds (chemical energy) Of course, this energy de-
pends mainly on the environment of the substituted
atom. In order to simplify the problem, the Fe, Co Siz
alloy has been described by taking the tetrahedra as
building blocks (there are eight of these tetrahedra for
each cube of lattice parameter a). At the center of each
tetrahedron there is a Si atom, while its corners are occu-
pied by Fe and Co atoms in five possible configurations.
Each of them comes from an ordered crystal of
Fe4 „Co„Si8,type as shown in Fig. 3.

The energy of each tetrahedron has been evaluated
from a self-consistent total-energy calculation of the cor-
responding ordered crystal. The calculation of the or-
dered structures was performed by using the (relativistic)
linear muffin-tin orbitals (LMTO) method in conjunction
with the local-density approximation to density-
functional theory. The LMTO calculations were opti-

mized by inserting four empty spheres in the cell contain-
ing eight Si atoms. The total energies were, for each
compound and at each volume, calculated from self-
consistent-field (SCF) band-structure calculations using
identical geometries in real as well as in reciprocal space,
i.e., the same number of atoms and the same mesh of k
points used for Brillouin-zone integrations. The number
of k points was gradually increased until the numerical
error in structural energy differences was well below 1

mRy. By this we mean that we first performed a com-
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FIG. 3. The five ordered structures and the basic clusters of
Fe4 „Co„Si8in the Auorite form.
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FIG. 4. The total valence energies of the five configurations.
The self-consistently calculated points were fitted with a cubic
spline {rms error 10 ). The energies at the minima are (in Ry)—244.0520 for Fe4Si8, —260.1524 for n=1, —276.2559 for
n =2, —292.3589 for n =3, and —308.4632 for Co4Si8.
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FIG. 5. The formation energies of the five clusters: unrelaxed —from the self-consistent calculations (solid lines) —and relaxed—
after removal of the extra elastic energy (dashed lines).

piete series of total-energy calculations using only 22 spe-
cial k points. We then repeated all the calculations (i.e.,
for all compounds and at all volumes) using 45 k points in
the irreducible zone. At all volumes the relative energy
position of any compound as compared to any other com-
pound changed by less than 1 mRy per cell (a "cell" con-
taining eight Si atoms). As a further check of the numer-
ical stability, we then recalculated the energy-volume
curves for selected compounds using 76 k points. When
compared to the 45-k-point calculations, the increased
number of k points led to increases in the total energy by
amounts that vary smoothly with volume, and lie be-
tween 0.3 and 0.7 mRy/cell. The relative position of en-
ergy curves change by less than 0.2 rnRy/cell. Thus, @-

space integration errors are =1 mRy/cell in the total en-
ergies themselves, but below =0.2 mRy/cell in the
diff'erences, i.e., the quantities that matter in the present
application. Errors due to finite numbers of iterations to-
ward self-consistency are negligible; the total energies are
converged to 10 Ry and the Madelung energies of 10
Ry (which is a measure of convergence of the charge dis-
tribution). These latter numbers refer to an iteration
scheme where linear mixing of charge densities at the last
10—12 cycles uses a feedback of 75 —80 %.

When a tetrahedron is inserted in the disordered struc-
ture with a =a(x), its volume is relaxed so that its
corners (Fe or Co) match the ideal crystal position at that
lattice parameter. No displacement from the center of
the tetrahedron was allowed for the Si atoms. This ap-
proximation is somewhat crude as compared to the calcu-
lation by Qteish et al. , which did include this kind of re-
laxation. However, the diff'erences in lattice parameters
of the CoSi2 and (theoretical) FeSi2 are so small that only
minor errors are expected (this approximation will be
reconsidered in Sec. IV). The results of the total energy
versus a of the five configurations are shown in Fig. 4,
along with a cubic spline fitting. To get the formation en-
ergy for each structure, the total energy of the pure ma-
terials CoSi2 and FeSi2 has been subtracted (Fig. 5):

bE„(a)=E„(a)— 4 —n n

4 2 4 2
EFesi + Ecosi

n =0, . . . , 4.
Finally, the correspondence between the latter parameter
and the composition has been derived by use of Vegard's
law:

a(x)=aF, s; +(ac,s;
—aF,s; )x .

'2 '2 '2

This assumed linear dependence agrees very well with the
variation of the lattice parameter derived from the total-
energy minimization for the ordered structures (Fig. 6).

III. BUILDING THE PHASE DIAGRAM
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FIG. 6. Equilibrium lattice constants of the five ordered
Fe4, co„Si, configurations (dots) compared to Vegard's law
{solid line).

The phase diagram is obtained from the minimization
of the Gibbs free energy of mixing,

G (x, T) =H (x, T) —TS (x, T) .
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From the cluster energies we compute the enthalpy of
mixing, '

4
H (x, T)= g P„(x,T)bE„(x,T) .

Here, P, is the four-site tetrahedron probability and sum-
mation is over all its possible configurations. In order to
derive the probability, we write relation (3) as
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where P„~zi kl and AE, AE, kl. The correspondence
between n and ijkl is given by
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FIG. 8. Theoretical phase diagram of Fe& Co Si, in the
fluorite form: (a) unrelaxed model and (b) relaxed model (see
Sec. IV).

With this prescription, n equals the number of Co atoms
in the tetrahedron. The configurational entropy S is
also a function of the basic cluster concentration z. Fol-
lowing the cluster-variation method (CVM) of Kikuchi, "
the entropy for the four-site tetrahedron is given as

S = —ks 5+x, lnx; —6+x,I 'lnx, ' '

+2 g z, kilnz, i,i
i,j,k, 1

(6)

(n —4x)z, ki =0,
i,j,k, l

where x; denotes the site concentration and x,' ' denotes
the concentration of the next-nearest-neighbor pairs Fe-
Co. The Gibbs free energy of mixing, Cx, can be rnini-
mized with respect to the independent variables z to cal-
culate 6', z;.kl, and S, from which the other thermo-
dynamic functions can be easily determined. This has to
be done under the constraint

which takes into account both the fixed concentration
and the normalization condition (the sum of the variables
z is equal to 1). Therefore, the free energy of mixing to be
minimized is

G (x, T)= g z,jk&(x, T)EE,&k&

i,j,k, I

—TS (x, T)+A, g (n —4x)z; i„(x,T),
i,j,k, l

where the formation energies, AEjkl, are calculated ac-
cording to Eq. (1) and A. is a Lagrange multiplier. The
system of nonlinear equations, Eq. (8), can be solved self-
consistently using the natural iteration method of Kiku-
chi, " starting with guessed values of the dependent vari-
ables and solving a fourth-order polynomial during each
iteration. From the equilibrium Gibbs free energy, G
the phase diagram (miscibility gap and spinodal curve)
are derived. In Fig. 7 the G'q(x, T) functions for
Fe& Co„Si2 are shown for different T ranging from 110
to 150 K. The instability region in (x, T) space, bounded
by the spinodal curve, is the region where
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while the miscibility gap, above which the disordered al-
loy is stable [Fig. 8(a)j, can be calculated from the values
of x at which G'q(x) have common tangent at fixed T. It
can be noticed that the critical temperature (the max-
imum of the curve) is at 160 K. This is the minimal tem-
perature at which the alloy can be treated at any concen-
tration in a homogeneous form. Such a low critical tem-
perature is due to the fact that the Fe and Co atoms are
so similar in size that it is very easy to create the alloy.
However, it is interesting to see that the maximum of the
curve does not correspond to x=0.5, which means that
the alloy is not ideal, and interactions between next-
nearest neighbors are not negligible. '

IV. CENTRAL-ATOM RELAXATION
AND NN DISTANCES

FIG. 7. Gibbs free energy of mixing of the Fe 1 Co Si~ alloy
at different temperatures.

In the total-energy calculation only the volume of the
cell was changed, without relaxing the position of the
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internal Si atom. In order to see how much the Si atom is
displaced from its position at the center of the tetrahe-
dron and to compute the nearest-neighbor (NN} dis-
tances, one can use the Keating model. ' Following this
model, and assuming for the metal silicides approximate-
ly the same behavior of the zinc-blende semiconductors,
we can represent the elastic energy of the tetrahedra in
the form'4

(&}=&-',&c.s, +(4 &)-',—~F,s2 FeSlz

(10)

2.34—

V

65
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cf

2.30—

I I l
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I I I

Fe& „Co„Si&

where y„and z„are the actual Co-Si and Fe-Si distances
in the tetrahedron with n Co atoms, yo and zo are the
ideal distances in the pure materials, and o.&,~; and o,„,s;' '2 "' '2

are the bond-stretching constants. By fitting the previ-
ously computed total-energy curves with the formula

(a —ao)E(a)=a +const, (11)
~o2

we find' ac,s; =53.8 Nm/A and a„,s; =59.1 NmtA' '2 "' '2

(no experimental data are available for the bond-
stretching constants of CoSiz and FeSi2). Now the y„and
z„can be obtained by the minimization of (10), and the
mean value of Co-Si and Fe-Si distances in the alloy are
given by

Rc, s;(x)= QP„( )xy„( )x,

a I I ~

0.0 0.5 1.0
Composition w

FIG. 9. NN distances in Fe, Co Si, from the elastic model
(lines) and from the self-consistent unrelaxed calculation (dots).

term has been removed (see Table I). By using these
corrected energies, a new phase diagram has been ob-
tained, which looks qualitatively like the one already
shown, but with a critical temperature of 115 K [Fig.
8(b)]. This reduction of T, does not alter our general
conclusions about the phase diagram. However, one
should note that, even for this system, where one would
expect, a priori, very little importance of the internal re-
laxations, they nevertheless alter the key parameters of
the phase diagram significantly.

RF, s;(x)= Q P( xz}„( x),

where the P, (x} correspond to the z,jkI obtained in the
phase-diagram calculation at T = T& (formation tempera-
ture of the alloy). ' The result is shown in Fig. 9, which
clearly exhibits the splitting of the Fe-Si and Co-Si NN
distances as a function of x. The mean of the two dis-
tances (Vegard's law) is also compared to the distances
obtained from the total-energy calculation (dots), show-
ing perfect agreement.

Now we are in the position to improve the mixing en-
ergies calculated in Sec. II by subtracting the elastic ener-

gy associated with the relaxation of the Si-atom positions.
The energies corresponding to the equilibrium lattice pa-
rameter (formation energy) for the relaxed structures can
now be considered purely chemical, ' because any elastic

V. CONCLUSIONS

We performed a self-consistent total-energy calculation
of the Ave possible Fe4, Co, Si8 structures in the fluorite
form at difFerent values of the 1attice parameter a. The
formation energy of each structure was obtained by cal-
culating its diA'erence from that of the pure materials.
The phase diagram was obtained by taking the tetrahedra
as the basic clusters in the CVM approximation, and
from the computed mixing energies. A miscibility gap
appears only under T= I60 K. This means that a disor-
dered Fe, ,Co, Siz alloy (in the fluorite form) could be
easily grown above this temperature. The NN distances
were computed within an elastic model by using the
bond-stretching constants derived from the total energies.
The resulting Fe-Si and Co-Si mean distances diAer by
about 2X10 A. The energy lowering connected to

TABLE I. Lattice constants and formation energies of the five Fe4 „Co,Si8 ordered structures. One
mole is referred to the given chemical formula (full unit with eight Si atoms). The relaxed formation
energies are computed by subtracting the elastic energy associated with the displacement of the central
atom.

Lattice constant Formation energy (kcal/mol}

Fe4Sig
CoFe3Si8

ozFezSi8
Co3FeSi8

Co4Si8

5.3885
5.3780
5.3675
5.3555
5.3435

Unrelaxed

0
0.77
0.54
0.47
0

0
0.47
0.18
0.20
0
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these relaxations has been included in the thermodynam-
ic model, obtaining a non-negligible reduction of the crit-
ical temperature.
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