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The difference in phonon energies and broadenings between an isotopically enriched crystal of
' Ge (95.9%) and a germanium crystal of natural isotopic composition was measured with high ac-
curacy in first- and second-order Raman spectra (with laser excitation energies of EL =2.41 eV and

El =2.183 eV, respectively) and compared to coherent-potential-approximation and lowest-order
perturbation-theory calculations. The energy of the first-order O(I ) phonon shifts up by 4.9+0.1

cm ' in the isotopically pure crystal, in good agreement with the calculated value of 4.3+0.4 cm
No broadening due to isotopic disorder was observed for optical phonons at the I point Ifull width

at half maximum (FWHM) of 0.99+0.03 cm ' at 80 K for both crystals]. However, additional
broadening at the 8'and L point was found in the second-order Raman spectra (FWHM broaden-
ing of 6.5+0.5 cm at the L point). This broadening and the shifts of the acoustic- and optical-
phonon peaks in the second-order spectra agree well with calculations of the phonon overtone den-

sity of states.

I. INTRODUCTION

The effect of isotopic disorder on properties of crystal-
line materials has attracted considerable interest in the
past from both theoretical and experimental points of
view. ' Properties such as the phonon spectra (phonon
energies and broadenings), the unit-cell volume, the
atomic hopping mobility, and the anharmonicity depend
on the isotope distribution in the material. This means
that all material characteristics that depend on these
properties are also isotope dependent. Examples for such
isotope-dependent characteristics are thermal conductivi-
ty, thermal expansion, melting temperatures, T, of super-
conductivity, nuclear magnetic resonance (NMR), and
Raman spectra.

Tamura theoretically investigated the isotope scatter-
ing of near-zone-boundary acoustic phonons in germani-
um in the THz region. He calculated the frequency shifts
due to isotopic disorder using a Born —von Karman mod-
el of lattice dynamics and the first Born approximation.
Because no experimental data were available, these
theoretical results could not be compared with any mea-
surements.

A scaling theory was developed by Kazakovtsek and
Levinson to describe nonequilibrium phonon propaga-
tion in a crystal. In this theory two types of scattering
processes are considered: elastic scattering (due to isoto-
pic disorder and other defects) and spontaneous anhar-
monic decay. However, using Monte Carlo calculations,
Maris has recently shown that this theory may be invalid
in the case of crystals in which the scattering of phonons
arises only from different naturally occurring isotopes.

Other theoretical work has dealt with the frequently
made assumption of a perfectly random distribution of
different stable isotopes among lattice sites. Instead of
perfect randomness, ordering on the basis of spontaneous
pattern formation in nonlinear systems has been pro-
posed. To our knowledge there is no evidence of cluster-
ing in germanium, thus a random distribution of the vari-
ous germanium isotopes is assumed in this work.

In addition to theoretical research, experimental re-
sults of isotopic effects have also been reported in the
past. Experimentally found asymmetric absorption line
shapes in organic crystals ' are in agreement with a
theory" which includes both structural disorder (iso-
topes) and weak electron-phonon coupling effects.
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TABLE I. Isotopic composition of isotopically enriched Ge and natural Ge used in this
experiment. '

Isotope

70
72
73
74
76

Mass
(a.u. )

69.9243
71.9217
72.9234
73.9219
75.9214

Atomic percent
Isotopically enriched Ge

95.9
3.8

Natural Ge

22. 1

28.0
7.86

34.7
7.1

'Reference 22.
Reference 34.

Optical-absorption and luminescense measurements on
' C and ' C diamonds' ' show that the indirect energy
gap is 13.6+0.2 meV higher for ' C than for ' C dia-
monds. The differences of the energy gap arise mainly
from the isotopic dependence of the electron-phonon
coupling and a smaller, but significant, contribution from
the dependence of the atomic spacing on the isotopic
composition.

In germanium, where the fractional differences in the
isotopic masses are considerably smaller than in dia-
mond, the variation of lattice parameters between crys-
tals of natural isotopic composition and a crystal of Ge
was measured recently. '

The earliest published measurements on isotopic effects
in germanium go back to 1958, when Geballe and Hull
compared the thermal conductivity of Ge with natural
germanium, ' confirming the theory of Klemens' and
Pommeranchuk. ' ' Much later, Ye et aI. used time-
resolved picosecond Raman spectroscopy ' to measure
the relaxation rate of a nonequilibrium population of
zone-center TO phonons in germanium. Comparing
their results with experimental data for the temperature
dependence of phonon linewidths of Raman spectra,
they attributed the difference between the relaxation time
and the phonon lifetime (inverse of linewidths) to isotopic
disorder in the germanium crystal.

In this paper we investigate more directly the effect of
isotopic disorder on vibrational Raman spectra in ger-
manium by comparing spectra of a crystal of natural iso-
topic composition with those of isotopically enriched

Ge (95.9%), taken under identical conditions with laser
excitation energies of EL =2.41 and 2.183 eV. The isoto-
pic composition of our isotopically enriched Ge crystal
is given in Table I, obtained by means of mass spectrosco-
py. Since the portion of the isotope Ge in the en-
riched sample is 95.9~o, we will refer to this crystal as the

Ge sample" in the following sections of this paper.
The phonon energies as well as their broadening are in-

vestigated theoretically (Sec. II), using the coherent-
potential approximation and low-order perturbation-
theory calculations, and experimentally (Sec. III). The
calculated shifts of the phonon energies, arising mainly
from the differences in the average isotopic mass and a
smaller contribution from self-energy corrections due to
isotopic disorder, agree well with the measured values
(Sec. IV). There is no broadening due to isotopic disorder

for phonons at the I point, as opposed to the L ahd 8'
point where isotopic broadening could be measured.

II. THEORY

In this section, two methods which we have employed
to evaluate phonon energy shifts and broadenings due to
isotopic disorder are described. The first is the coherent
potential approximation, and the second lowest-order
perturbation theory.

In tetrahedrally coordinated semiconductors the
second-order vibrational Raman spectrum for parallel in-
cident and scattered photon polarizations follows closely
the phonon overtone density of states. Therefore our first
approach is to evaluate the effects of isotopic disorder on
the overtone density of states by means of the coherent-
potential approximation (CPA), ' and compare the re-
sults of this calculation directly with the second-order
Raman spectra. By using the CPA, the usual approxima-
tions inherent in this method are made, mainly that only
the effects of differences in isotopic masses are taken into
account (not force-constant changes), and that the iso-
topes are randomly distributed on the lattice (not
clustered). We find that self-energy corrections due to
isotopic disorder for certain phonons may be quite large,
thus a multiple scattering formalism such as the CPA is
expected to provide a more accurate estimation of such
corrections than lowest-order perturbation theory.

In the usual formulation of the CPA only scattering by
a single type of impurity is considered, but it is easily
generalized to treat scattering by any number of impuri-
ties. However, the CPA equations are more difficult to
solve the larger the number of impurities, thus we have
simplified the problem by considering only scattering by
the three highest concentration isotopes Ge, Ge, and

Ge. The effects of the other isotopes are small due to
their low concentration.

We treat scattering in the CPA with respect to the vir-
tual crystal (VC), defined to be a perfect diamond-
structure crystal with each site occupied by an atom of
atomic mass equal to the concentration-weighted average
isotopic mass. In the VC, the phonon frequencies are
given by co ., where q is the wave vector and j the branch
index. Scattering is treated by considering an effective
medium characterized by the dimensionless "self-energy"
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Y(co) with respect to the VC, where we employ the nota-
tion of Ref. 24. In this medium, the CPA condition for
zero average scattering at a single site takes the form

x; [Mvc~co [1—E(co)]—M, co j =0,
;=~ 1 —[Mvc~co [1—Y.(co)]—M;co [GM(0, 0;co )

(2.1)

where the concentration of the three isotopes x &, x2, and
x 3 sum to 1; M, , Mz, and M3 are their respective masses;

+]~]++2~2 ++3~3 ~

is the site Green's function in the effective medium [solv-
ing Dyson's equation to lowest order in Y(co) ]:

GM(0, 0;co )= 1 1

NMvcA qj co [1 s(co)] coq~)

(2.2)

where N is six times the number of unit cells in the VC.
Equations (2.1) and (2.2) must be solved self-consistently
for the complex self-energy E(co). The one-phonon densi-
ty of states is then given by

and the overtone density of states is obtained by doubling
the frequency.

The CPA equations were solved numerically as follows.
The phonon frequencies in the VC were obtained using
Weber's bond-charge model parametrization with the
mass Mvc~ on every site. The summation in (2.2) was
performed over 505 q points in an irreducible —,', wedge of
the Brillouin zone, and all six phonon branches. The
evaluation of (2.2) was facilitated by shifting co well
above the real axis, in which case the summation con-
verges rapidly, and then analytically continuing back to
real frequencies. Self-consistency was achieved by
evaluating (2.2) for an initial guess for the self-energy, us-
ing this to solve (2.1) for a new self-energy and repeating
until the values of the self-energy have converged. Equa-
tion (2. 1) is then cubic in the self-energy; care must be
taken to iterate the correct root.

In Fig. 1, a comparison is made between the bond-
charge model overtone density of states of Ge and natu-
ral Ge, the latter obtained with CPA corrections. It
shows that the dominant eA'ects of isotopic disorder take
place on the high-frequency optical phonons. With
respect to the wide peak bounded by the 2TO(W) and
2TO(L) phonons of Ge, this peak in natural Ge is
broadened [full width at half maximum (FWHM)] by 6.0
cm '. These results are compared with experimental
second-order Raman spectra in Sec. IV.

Figure 2 displays the calculated CPA self-energy of
(2.3) natural Ge with respect to the virtual crystal. The effects
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FIG. 1. Calculated overtone phonon density of states of Ge
compared with natural Ge. The natural Ge curve takes into ac-
count multiple-scattering corrections within the coherent-
potential approximation. The density of states has been
smoothed to eliminate some numerical noise, however the plot
gives accurate shifts and broadenings.

FIG. 2. Complex self-energy c. of natural Ge with respect to
virtual-crystal Ge, calculated in the coherent-potential approxi-
mation to take into account the e6'ects of isotopic disorder. The
shifted frequency is approximately given by ~cpA QpvcA/

V 1 —ReZ(covcA), and the FWHM broadening by
cocp~ImE( cocp~ ), where covcA is the phonon frequency in the

virtual crystal.
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of isotopic disorder result in the frequency being shifted
tticpA ~vcA/Q 1 ReE( tctcpA ) Iwhich may be ap-

proximated by McpA cl)vcA/Q 1 —ReE(covcA)] and a
FWHM broadening of cocpAImE(tttcpA).

The first-order Raman spectrum contains the contribu-
tions of 0 (I ) phonons at frequency A'cop, „„i—310 cm
The calculated frequency shift of this line in natural Ge
with respect to its position in Ge has two contributions,
the first due to isotopic disorder on VC Ge and the
second due to the mass difference between the VC Ge and

Ge, the former being obtained from the CPA. We cal-
culate a downward shift of

where

~ & I,optical~H„„, ~I, optical&
~

i MvcA=
—,
' gx, (A'co„, „„,)

1 VCA
(2.5b)

Here the sum runs over the various isotopes. The form of
H„,« follows from the assumption that the local
phonon-energy change due to the replacement of a site
mass MvcA with a nearly equal mass M, is

~~~CPA+ ~&~maSS

=&~pop„cat I [1/Q 1 —ReE(cur, p„„t)—1]

( QMVCA /M7Q 1 ) I

&Attt:fi tt/k /M&' fink /MvcA

A~VCA( (Mi MVCA ) / VCA ]

=1.5 cm ' —5. 8 crn '= —4. 3 cm

but no reliable values can be reached for the broadening
due to numerical noise. As the density of states ap-
proaches zero at I, the imaginary part of the self-energy
also approaches zero; thus the broadening is expected to
be small.

To obtain a more accurate estimate of the broadening
of the O(l ) line, a perturbative method is employed.
Since the self-energy is small near I, lowest-order pertur-
bation theory should give an accurate estimate. The basis
of the method is the self-consistent Born approximation

where k is an effective spring constant. The optical-
phonon density of states p near I was obtained from re-
cent calculations of the phonon-dispersion relation-
ships; we employed p(A'tet) = 559(ficor, „„i—fico)' states
per unit cell per eV, where the phonon energies are in eV.

We have evaluated (2.5) using I h=0.495 cm ' (as ob-
tained in Sec. III), and summing (2.5b) over the five
highest concentration isotopes. This calculation gives
I, =0.0085 cm ', much less than I h. Thus the O(l )

linewidth is not expected to be significantly broader in
natural Ge than in Ge.

I, (co)=3' g & l, opticallH. „„lqj& I' III. EXPERIMENT

X5Ifico —fico +il „h+il; „(co)] (2.4)
A Experimental details

~imp(~I optical)

=3ir~ & l, optical~H„„, ~I, optical & ~

XRetoI —il „„—il; „(co„,„„,)], (2.5a)

for the half width at half maximum broadening I; due
to isotopic disorder of the threefold-degenerate O(I )

phonons at frequency co, where I h represents the
broadening due to spontaneous anharmonic decay of the
optical phonon. The contribution of I h to the broaden-
ing was neglected in the CPA calculations above. Equa-
tion (1.4) must be solved self-consistently for I; . Relat-
ed calculations without the self-consistency requirement
are performed in Refs. 2 and 20; these other methods,
however, will give no broadening to a phonon at I (or
only broadening due to 1 h) due to the vanishing of the
phonon density of states. Equation (2.4) may be approxi-
mated by

The germanium sample of natural isotopic composi-
tions was cut in the (111) orientation from a high-purity
nearly intrinsic single crystal. The starting material for
the isotopically enriched Ge crystal, used in this experi-
ment, was coarse polycrystalline Ge powder with a
25% GeO content. The Ge was enriched to 96% Ge,
with the remaining 4% being Ge, and the powder was
cast into a solid polycrystalline Ge slug, 6 mm in diame-
ter. Using the vertical Bridgman technique with a pro-
grammed temperature ramp, a single crystal was grown
in a carbon smoke coated split graphite crucible with a
long, thin seeding section. The growth ambient was H2.

The chemomechanically polished surface of both the
Ge and the isotopically natural crystal was cleaned with

dietyl-ether and acetone prior to measurements being
taken. Raman spectra were recorded in a backscattering
geometry with parallel incident and scattered polariza-
tion at liquid-nitrogen temperature using the discrete
lines of Ar+- and Kr+-ion lasers at wavelengths of 514.5
and 586.2 nm, respectively. A series of measurements of
phonon spectra was performed with varying slit widths
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FIG. 3. First-order Raman spectra of isotopically enriched Ge (95.9%) and natural germanium. No difference in the broadening

can be observed within the experimental uncertainty. Shift and broadening of the spectra are discussed in the text. Data were taken

at 80 K in tenth order of a 2.12-m Sopra double monochromator with an excitation energy of EL =2.41 eV (Ar laser with etalon).

on a 0.75-m SPEX double monochromator using conven-
tional photon-counting techniques (PM). In order to ob-
tain high-accuracy data with less instrumental broaden-
ing, the first-order spectra were recorded again, this time
using a 2.12-m Sopra double monochromator (single-pass
configuration). An etalon was placed in the cavity of the
Ar -ion laser, and the spectra were recorded in the tenth+

di6'raction order of the grating. The resulting laser

linewidth of 0.134 cm ' (FWHM), measured with the
same slit apertures as the Raman experiment, indicates
an uncertainty of about 0.03 cm ' for the broadening.

The second-order phonon spectra were taken with a
DILOR-XY triple monochromator in subtractive mode
and a multichannel detection system (charge-coupled-
device camera, cooled to 160 K) because of the high
response of this instrument. To enhance the instrumental
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FIG. 4. Second-order acoustic overtone and combination Ra-
man spectrum of isotopically enriched Ge (upper curve) com-
pared to natural germanium (lower curve). The observed peak
positions are listed in Table II. Data were taken at 80 K with a
laser excitation energy of EL =2.183 eV.

FIG. 5. Second-order optical Raman spectrum of isotopically
enriched ' Ge (upper curve) and natural germanium (lower
curve). The observed peak positions are listed in Table II and

the arrows indicate the linewidths discussed in the text. Data
were taken at 80 K with a laser excitation energy of EL =2.183
eV.
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TABLE II. Observed peaks in the second-order Raman spectra of isotopically enriched Ge and
natural Ge (from Figs. 4 and 5), with frequency shifts compared to coherent-potential-approximation
(CPA) calculations.

Identification

Phonon energies (cm ')
in 7oae in natural Ge
Expt. Expt. CPA

Relative shift
of phonon energy (%)

Expt. CPA

2TA(X)
2TA(W-K, L-W)

O(I )

TO(X) +TA(X)
2LA(K-L)

2TO(X)
2TO( W)
2TO(L)
20(I )

'Reference 31.

165.1

235.9
309.4
361.1
389.8
554.8
562.8
586.7
618.8

162.5
231.2
304.5
354.6
382.3
546.0
553.6
577.5
609.0

161.8
231.5
304.8
354.0
382.1

542.5
553.9
575.2
609.6

1.6
2.0
1.6
1.7
1.9
1.6
1.7
1.6
1.6

2.0
2.0
1.4
1.9
2.0
2.2
1.6
2.0
1.4

resolution but maintain the high sensitivity, this system
was run again in triple additive mode.

B. Experimental results

The spectra of the first-order optical phonons (Fig. 3)
display a phonon-energy shift by 4.9 cm ' from 304.5
cm ' for natural Ge to 309 4 cm ' for Ge. The
broadening of the peaks is identical for Ge and natural
Ge (FWHM of 1.008 cm '), within the uncertainty of the
measurement (0.03 cm ').

Even though the spectrometer allows extremely accu-
rate measurements, the finite resolution of the system has
to be taken into account. This instrumental function of a
nonideal spectrometer can be approximated by a Gauss-
ian. The convolution of a Gaussian with a Lorentzian
curve is a Voigt profile, which is indistinguishable from
a Lorentzian for signal-to-noise ratios smaller than 100.
We therefore fitted the experimental peaks with a
Lorentzian function, and the FWHM we obtained was as-
sumed to be equal to the FWHM one would find by
fitting the experimental peaks with a Voigt profile.
After the fitting we corrected for the finite resolution of
the spectrometer by using Posener's table and obtained
a linewidth of 0.99+0.03 cm ' for both the natural Ge
and Ge at 80 K. For the width of the response function
of the spectrometer, the above-mentioned laser linewidth
of 0.134 cm ' (FWHM) was taken. Additional measure-
ments with a 0.75-m SPEX double monochromator for
slit widths varying from 300 to 35 pm yield an average
deconvoluted phonon linewidth of 0.97+0.1 cm ' at 80
K for both Ge and natural germanium.

Energies and broadenings for phonons away from the
zone center (q&0) were obtained from acoustic and opti-
cal two-phonon spectra (Figs. 4 and 5). As opposed to
the phonons at the I point in the first-order spectra, the
2TO( 8 )- and 2TO(L)-phonon peaks are broader in natu-
ral Ge than in Ge.

The experimental line shape of the 2TO(L) phonons
(Fig. 5) of natural Ge can be reproduced by convoluting
this line in Ge with a Gaussian of 6 5+0 5 cm
(FWHM). The phonons of the 8' point are not clearly
resolved, but the structure consisting of both I.- and 8-
point phonons shows for the natural germanium an addi-
tional broadening of about 10 cm ' with respect to Ge.
These spectra display an intermediate resonant state for
2TO(L) for laser excitation energy near EI =2.183 eV.
The acoustic two-phonon spectra (Fig. 4) are too weak
for a precise analysis of the linewidths.

As with the first-order spectra, the overtone and com-
bination spectra (Figs. 4 and 5) display shifts of the " Ge
phonons to higher energies with respect to natural Ge.
The observed two-phonon peaks, of both the isotopically
enriched Ge and natural Ge, and their relative shifts are
listed in Table II.

IV. DISCUSSIDN AND SUMMARY

A direct comparison between Raman spectra and over-
tone density of states cannot be done with great precision
because the Raman scattering efficiency is the combina-
tion and overtone phonon density of states weighted by
electron-pho non and electron-photon matrix elements
and energy denominators. For tetrahedrally coordinat-
ed semiconductors those matrix elements in the second-
order spectra involving phonon overtones dominate the
scattering efficiency and, away from resonance, vary
weakly with Raman frequency shift; thus second-order
spectra are a good measure of the overtone density of
states. It must be kept in mind, however, that resonant
intermediate states will in general distort the shape of Ra-
man spectra away from that of the density of states.

Considering the first-order Raman spectra, the O(I )

peak shifts downward by 4.9+0.1 cm ' going from Ge
to natural Ge, in good agreement with the calculated
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value of 4.3+0.4 cm '. The observed broadening of this
peak is the same in natural Ge and Ge (0.99+0.03 cm
at 80 K), as is predicted by second-order perturbation
theory.

Turning to the second-order spectra, Table II summa-
rizes the observed shifts of peak positions. Agreement
with the calculated shifts, also in Table II, is good. The
experimental signal-to-noise ratio is too weak to obtain
accurate broadenings in i.ae acoustic-phonon region of
the spectrum, and the calculations indicate that the
broadenings are negligible here. A comparison between
theoretical and experimental broadenings for the optical-
phonon peaks is less accurate since the Raman spectra
are dominated by intermediate-state resonances involving
2TO(L) phonons. The observed FWHM broadening of
the wide 2TO(W) and 2TO(L) structure in natural Ge is
about 10.0 cm ' greater than in Ge and about 4.2 cm
at 80% full maximum. The calculated overtone density
of states for this structure in natural Ge has a FWHM
broadening of 6.0 cm ' greater than in Ge. Convolut-
ing the experimental 2TO(L) peak in Ge with a Gauss-
ian to give the natural Ge peak reveals an additional
FWHM broadening of 6.5+0.5 cm ' due to disorder;
whereas Fig. 2 indicates that the calculated disorder-
induced FWHM broadening of this peak is about 8.3+0.9
cm

Thus, upon comparing natural Ge and Ge, we find
general agreement between the calculated and measured

linewidths and line shifts. We conclude that the observed
effects are accounted for by the effects of isotopic disor-
der in natural Ge.

After completing this paper we became aware of recent
measurements of the edge photoluminescence, absorp-
tion, and first-order Raman scattering in Ge compared
to natural Ge. This work complements our measure-
ments of the first- and second-order Raman spectra of
7OG

Rote added in proof. Recent investigation revealed an
asymmetry of the first-order Raman spectra for Ge as
well as for natural Ge. The linewidth of pure Ge was
found to be larger than that of natural Ge by about 3.7~o,
which can be explained with the mass dependence of the
anharmonic decay time of optical phonons. This will be
discussed in detail in a subsequent publication.
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