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Elliott s model and thermoreAectivity: Application to the layered structure ZrSe3
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The Elliott model has found widespread use in the analysis of semiconductor absorption data. In
this work, its application has been extended to reflectivity and, in particular, to thermoreflectivity
data. The layered semiconducting compound ZrSe3 is a suitable material for such a study, since its
structure produces a negligible surface eA'ect, thus facilitating the analysis. Good-quality single
crystals were grown and the thermoreflectivity was measured between 40 K and room temperature.
Taking into account both the band and exciton contributions, an excellent fit was obtained allowing
a characterization of the excitons in ZrSe3. A large exciton binding energy was found (49 meV)
along with a large value of the coupling constant, illustrating the importance of the electron-phonon
interaction in this material.

INTRODUCTION

It has been established for several years that the Elliott
model, ' adapted for direct applications, gives an ex-
cellent description of an Mo critical point in the presence
of electron-hole interactions in the case of parabolic
bands. These interactions, as in the hydrogen atom, lead
to the appearance of discrete levels (i.e., bound states) in
the gap near the conduction-band minimum, and to an
increase in the absorption due to nonbound states in the
continuum region. However the agreement with experi-
ment has not always been easy. The observed behavior
often differs significantly from what one would expect.
Attempts to explain these deviations have shown the im-
portance of surface effects.

When the transition presents an excitonic character as
dealt with in the Elliott model, the most dramatic surface
effect is the formation of a so-called "dead layer. " The
high sensitivity of reAectivity spectra to an applied elec-
tric field in the case of GaAs (Ref. 6) and InP (Ref. 7), for
example, helped in understanding the origin of this effect.
Although it has been expressed differently in the past, we
believe that the dead layer is related to a surface recon-
struction resulting from incomplete bonds and leading to
the appearance of a surface potential whose value de-
pends on the Fermi energy which in turn is determined
by the density of deep traps and their activation energy.
This surface potential repels or dissociates the exciton up
to a certain distance. An interference phenomenon is
thus produced in the reAectivity spectrum near the tran-
sition energy due to the difference in the indices of refrac-
tion of the dead layer and the bulk. The application of an
electric field acts directly on the potential and therefore
on the thickness of the dead layer. As one moves away
from the transition energy, the indices of refraction be-
come identical and the interference disappears.

In the case of layered compounds, one expects surface
effects to be relatively weak for two main reasons. First,
it is easy to cleave these materials parallel to the layers

and to work with surfaces free of contamination from the
environment. More importantly, however, the covalent
bonds act within each layer, the cohesion of the layers de-
pending only on van der Waals forces. Therefore any
surface potential will be weak or nonexistent. Obviously
the samples must be of excellent quality to avoid other
types of perturbation.

The only layered compounds that have been subjected
to the Elliott model are GaSe (Ref. 9) and InSe (Ref. 10).
Absorption measurements were involved and a quantita-
tive fit was obtained for both the discrete and continuum
regions of the spectrum. This is an interesting result in
that not only the exciton binding energy and other pa-
rameters were determined, but the matter of the dimen-
sionality of the exciton was cleared up. It is now estab-
lished that the exciton is three dimensional in these two
compounds.

ZrSe3-type compounds are semiconductors and belong
to the family of layered materials. Their anisotropy,
however, is larger than that of GaSe and InSe. They
have been the subject of several publications describing
results of Raman and infrared spectroscopy" ' on one
hand, and visible spectroscopy' on the other. In the
former, different models for the representation of inter-
atomic forces have been proposed to account for the ex-
perimental data and to estimate the degree of interchain
coupling. In the latter, a characterization of different
electronic transitions has been made. It is now known
that the fundamental gap is indirect and that the direct
gap presents strong excitonic effects. The characteristics
of the exciton, however, are unknown.

Contributing to knowledge in this field is interesting
since a certain analogy exists between these compounds
and similar artificial structures such as superlattices.

Thermorefiectance (TR) is one of the modulation tech-
niques and is known as a powerful tool to localize and
identify critical points in the Brillouin zone. ' Except for
wavelength modulation, it is the only one which is scalar
in nature. It is easy to use but the interpretations have
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not always been sufficiently rigorous due in part to the
approaches used and to the technique inself. The object
of this paper is to determine to what degree one can
characterize the exciton by this technique, going beyond
what has been done in the past. Although the application
will be made to ZrSe3, a broader scope is envisioned. We
therefore wish to find exactly what the Elliott model pre-
dicts for the TR and to confront it with experimental re-
sults. We will begin by describing the approach used and
illustrate the different contributions. Then the experi-
mental results will be presented and discussed. Finally,
an interpretation of the results obtained as a function of
temperature as required by the analysis will be presented.

ELLIOTT'S MODEL AND THERMOREFLECTIVITY

Preliminary considerations (I.orentz model)

An alternative to the Elliott model which in certain
cases may constitute a good approximation is the Lorentz
model. The latter implies a simple transition centered at
an energy E0 with a broadening parameter I, and gives a
dielectric constant

4~aE0
e(E)=eb+

E0 —E

where a is the polarizability of the exciton and e& the

background dielectric constant. This approach found
widespread use in the literature following Batz who first
applied it in a thorough analysis of TR results. By taking
into account the effects of the dead layer, the reAectivity
data of GaAs (Refs. 5 and 6) and InP (Ref. 7) were also
successfully fitted in light of this model. Later the same
procedure was applied to the TR data of ZrS3 and ZrSe3
(Ref. 23) but for reasons mentioned above, we believe that
this procedure is not quite justified. In contrast, for
GaAs and InP, the interference due to the dead layer
completely dominates the spectrum and use of the Elliott
model would have had a minor but probably beneficial
effect, since the author mentioned that slight differences
still existed between theory and the fitted spectrum.

Nevertheless, this model is an approximation. It
neglects the excitonic levels beyond n =1 as well as the
absorption due to the band and to nonbound exciton
states. Therefore it can in no way characterize the exci-
ton. To obtain the binding energy, etc., one must resort
to a more sophisticated model.

Thermorefiectivity (Klliott's model)

As a starting point, let us choose the most practical
version of the model as formulated by various au-
thors. ' ' This version is directly applicable to absorp-
tion measurements with the absorption coefficient given
by

ZW R,'"
a(E)=

nE
r, /2+b(E E, ) „— r, /2 1

l (E E&) +(I &/—2), (E' E) +(I, /—2) I —exp[ 2mR, ' (E'—E) ' j—
J

where the lth excitonic level has an energy
E&=E —R, /l, R, represents the exciton binding ener-

gy, n the index of refraction, I the broadening parame-
ter, and E, the energy gap. 3 is a constant related to
the reduced eA'ective mass (p) and to the matrix element
~M

~
of the transition,

2~(2p)' e ~M
~

cpm 0

This formulation implies a matrix element independent of
energy, an arbitrary choice, which however avoids fur-
ther complications. An alternative would be to assume a
constant oscillator strength f„=2~M~ /moE, which it
turns out, leads to an inferior fit with experiment. The
parameter b appears in the literature to account for small
assymetries observed experimentally and takes on very
small values. ' In our case it was taken equal to zero
since no effect was detected for such values.

It should also be pointed out that our attempts to mea-
sure directly the absorption of 1-pm-thick samples were
unsuccessful. Although some chalcogenides can be
cleaved to still smaller thicknesses, in this case, it was not

In fitting the spectra, Eg must account for the energy of a
transition and I for its broadening. Thus 3 and R, are
in effect the only adjustable parameters. If a did not vary
appreciably, n could have been assumed constant and in-
cluded in A . Since this is not the case, we shall write an
analogous equation for the imaginary part of the dielec-
tric constant

e~(E)= f(E;A, R„I,Es) (3)

possible while maintaining good crystal quality. The
transmitted signal approached the noise level for o. values
estimated at 30000 cm ' before reaching the energy of
the structures observed in TR. In fact, as will be shown
below, the absorption coefficient reaches values of =10
cm ' near the transition energy and would have required
thicknesses of a few hundred angstroms. Since such
thicknesses are unattainable, our approach is justified.

Equation (I) may be rewritten in the form

a(E)= f(E;A,R„I,Eg )—.=1
n
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In the literature, one finds 1 or e( ~ ) instead of e„. The
value 1 is used whenever e2 is known for all frequencies.
e, is then also determined for all frequencies. If the study
only involves the far infrared, one must use e( ~ ) to take
into account all electronic transitions. Our case is an in-
termediate one since only part of the electronic transi-
tions are considered. ez is chosen such that the calculat-
ed value of n in the region of transparency corresponds to
the measured one in that region. There is, however, no
physical significance for the ez so obtained since it de-
pends on the interval of integration and. on the strength
of the considered transition with respect to the others. e,
and e2 being determined, one can calculate R which can
also be expressed in terms of n and k:

R = =R(E;A, R„l,E ) .(n —1) +k
(n+1) +k

In TR measurements, all parameters which depend on
temperature are modulated. Most authors assume that
R, is temperature independent. ' ' ' Since 3 is also
constant, only E and I are modulated, so that the varia-
tion in reAectivity is

AR= bE + AI
BE, g ar
BR dE BR dI
BE dT BI dT

for small hT. The measured quantity is actually b,R /R
and since dE /dT is negative and dI /dT positive, this
may be expressed in the following form, the relevance of
which will become apparent in what follows:

bR 1 M 1 BR dI /dT
R aE, R ar ~dE, /dT~

dEg AT.

(4)

Analysis

The objective is to use the Elliott model to predict an
optical spectrum and compare it with experimental re-
sults. In doing so, one encounters several problems
which are described by the following remarks.

(1) The model itself does not predict the behavior of all
the factors in Eq. (4) (e.g. , dI /dT and dEg /dT must be
determined experimentally).

(2) The data must be obtained as a function of tempera-
ture and the fitting procedure must be done in a self-
consistent manner. Even a fit at a given temperature re-
quires d I /dT and thus fits at neighboring temperatures.

since ez(E) is given by (ii'ic /E )na.
Then e, can be obtained through the Kramers-Kronig

relation

E'e2(E')
e, (E)=ez+ —I dE' .

o
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FIG. 1. Calculated absorption coeScient as a function of en-
ergy assuming I =0.025 eV, Eg =2.0 eV, R, =0.060 eV, and
e„=9.

(3) The amplitude of hR /R is not known, since hT is
not. Furthermore AT varies with temperature.

(4) One must be cautious in using tables describing the
behavior of optical parameters near critical points. For
example, the transition may or may not have an excitonic
character. Moreover a large value of R, /I leads to a
more complex structure. Other factors may come into
play, depending on the crystal and its quality.

In light of the above remarks, the following procedure
was adopted. TR spectra were obtained at various tem-
peratures between 30 and 300 K. An initial fit for
different values of the ratio (dI /dT)(dEg /dT) was per-
formed at each temperature to evaluate the range of vari-
ations of I and Eg This step was repeated to further
define these variations before proceeding with the final
step. The uncertainty in the amplitude of the signal due
to that in AT is problematic since replacing R by aR in
Eq. (4) will only bring about changes in the amplitude. It
can be shown that this problem can be resolved if one has
a value of the reAectivity or absorption near the transi-
tion at a single temperature and wavelength so that the fit
will reproduce it. For a clearer demonstration, we have
performed a fit of the reAectivity at low temperatures (30
K) where the spectrum presents a more detailed struc-
ture.

Once the amplitude has been accounted for, the
relevant quantity is the one in large parentheses in Eq.
(4). To illustrate the behavior, we chose parameter values
of the same order of magnitude as those eventually found
for ZrSe3. I =0.025 eV, E =2.0 eV, R, =0.060 eV,
e„=9. The length of the calculations did not allow a sys-
tematic study of the effect of varying these parameter
values.

The calculated absorption coefficient (Fig. 1) is typical
of the measured coefBcients for different types of com-
pounds. ' ' This is not the case for the reAectivity (Fig.
2) for which a comparison is more difficult. The most
studied compounds (III-V and II-VI semiconductors) as
mentioned above are sensitive to surface effects. For this
reason, the Elliott model has generally been restricted to
the analysis of absorption measurements. On the other
hand, no thorough study has been undertaken for layered
compounds.
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FIG. 2. Calculated reAectivity as a function of energy assum-

ing the parameters of Fig. 1.
FIG. 4. The wavelength modulation (A) and

thermoreAectivity (B) as a function of energy assuming the pa-
rameters of Fig. 1.

Figure 3 shows the three main contributions to the TR: APPLICATION TO ZrSe3

1 BR 1 BR 1 BR

RBE, ' RBr „„., „' RBr „,„,

For clarity, the exciton and band contributions are shown
separately even though identical values were chosen for
the two broadening parameters. It is worth noting that
the contributions involving I are not at all negligible as
suggested by a number of publications. In addition, they
are multiplied by the ratio (dl /dT)/(dE /dT) which
may be larger than unity. (In ZrSe3 it is = 1.3.)

Finally, the TR is illustrated in Fig. 4 and compared to
wavelength modulation. Significant differences in shape
are observed along with a small shift of the minimum of
the structure. These differences are all due to the I con-
tributions. In fact, calculations lead to practically identi-
cal results for BR/BE and —BR /BE . This is not obvi-
ous from Eq. (1) as it is from the original formulation of
the Elliott model.

Experimental techniques

The single crystals were obtained by the well-known
vapor-transport technique. The case of ZrSe3 reported
here is part of a more general project involving HfSe3 and
Hf Zr, „Se3 alloys. Adding a small amount of water to
the iodine-transport agent led to an improvement in the
size and quality of the crystals. Such a procedure has
never been reported in the literature. It appears that wa-
ter acts directly on the kinetics of the crystal growth
slowing down significantly the reaction process with sub-
sequent improvements.

The best crystals were selected and only those with ex-
cellent freshly cleaved surfaces were studied. Their
thickness was typically 10—20 pm. The TR measure-
ments were performed on a standard setup similar to the
one mentioned in Refs. 23 and 26. The same setup was
used for the reAectivity measurements. The latter are
more demanding and required among other things im-
provements in the pumping system since residual gases
can condense on the sample thereby modifying the
reAectivity. In the case of TR measurements, the ratio
AR /R is much less sensitive to this phenomenon.

Results
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FIG. 3. The three main contributions to the
thermorefIectivity as a function of energy assuming the parame-
ters of Fig. 1. A, —BR /BE; B, BR /BI, ; C, BR /BI, .

The TR spectrum of ZrSe3 between 1.4 and 3.6 eV con-
tains four well-defined structures for E~~b axis (Fig. 5).
Apart from the increased broadening at higher energies,
they are quite similar, and considering their intensities
are all probably due to direct transitions. None of these
structures are observed with Elb axis as shown by the
lower curve which has already been published. Instead,
a few diffuse meaningless structures appear due to the in-
ferior quality of the samples and experimental setup
available at that time. Thus only spectra corresponding
to Ellb will be presented below. All our attempts to
detect an indirect gap failed although such a transition is
easily observable in ZrS3, for example. This does not ex-
clude the possible existence of such a gap in ZrSe3.
ReAectivity and even modulated reAectivity measure-



43 ELLIOTT'S MODEL AND THERMOREFLECTIVITY: 4831

0.6—

0.4--

0.2--

0.0
a —0.2

~—0,4
CL

3 -0.6
—0 8--
—1.Q -i

—1.2

E lib 0 7--

,0 0.6--
O

4
Q

0 5--

1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6
Energy (eV)

FIG. 5. The thermoreflectivity of ZrSe3 as a function of ener-

gy at 30 K for two polarizations. The lower curve was centered
about zero before being translated vertically for clarity.
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FIG. 7. The measured and calculated reflectivity of ZrSe3 as-
suming the parameters obtained in Fig. 6.

ments may be completely insensitive to relatively small
variations in absorption.

Apart from the indirect gap, the behavior observed in
Fig. 5 is typical of all available TR spectra of transition-
metal trichalcogenides. The relative and absolute posi-
tions of the transitions may of course differ. In what fol-
lows we will focus our attention on the main transition
which may be seen more closely in Fig. 6. This transition
has been associated with the lowest direct gap of ZrSe3
(Refs. 16 and 27) and its pronounced excitonic character
makes it appropriate for a confrontation with the Elliott
model. Its general shape is the same as that reported by
other authors for this and similar compounds. ' In
fact, one may even generalize this result for all semicon-
ducting compounds of the transition-metal trichal-
cogenides family. A closer look at the structure for
different samples, however, indicates differences in the
amplitude ratio of the positive and negative peaks. These
differences are related to the crystal quality. The struc-
ture of Fig. 6 corresponds to our best crystal and has the
highest ratio ever reported.

The observed spectrum behaves exactly as that predict-
ed by the model (Fig. 4). For that matter, Fig. 6 shows a
fit along with the corresponding parameter values. The

quality of the fit is quite good despite the rigidity of the
model. In cases where a dead layer is considered, the
thickness allows a significant variation of behavior while
the other parameters remain constant. Here only the ra-
tio R, /I" can directly affect the shape of the structure.

According to Eq. (4), the value chosen for
(dI /dT)/(dEs/dT) allows one to adjust the amplitude
ratio of the positive and negative peaks but this value
must be consistent with the fits done at different tempera-
tures as shown in Fig. 8. Here also, the experimental re-
sults follow closely the model whereas only I and Eg
have been readjusted. One can also see how the shape is
affected as R, /I decreases. Finally, to verify the validity
of the parameter values following the amplitude problem
in the TR, Fig. 7 shows the measured reAectivity and the
one calculated with the parameters obtained from the TR
fit of Fig. 6. The experimental spectrum was normalized
using the measured index of refraction in the transparen-
cy region. The theoretical spectrum was adjusted
through eR which allows one to raise or lower the curve
so that it coincides with the experimental one. The excel-
lent agreement shows the coherence of the treatment. As
noted above, it is only necessary to reproduce the value of
the absorption or reAectivity at one point in the immedi-
ate vicinity of the transition.
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FIG. 6. The measured and calculated thermoreflectivity of
ZrSe3 as a function of energy near the fundamental gap at 30 K
with E~~b.

DISCUSSION

TR spectra

The values obtained for the parameters differ appreci-
ably from the ones usually encountered. ' ' ' ' The
large anisotropy in ZrSe3 is undoubtedly responsible for
the differences. The tendency towards larger values of R,
and I has already been pointed out for the less anisotrop-
ic materials of GaSe (Ref. 9) and InSe. ' The exact role
of this anisotropy in the increase of R, is still obscure.
Regarding I, it is known that the nature of the material
favors a large electron-phonon interaction. It will be
shown that a model based only on this type of interaction
leads to the observed values and their variation with tem-
perature.
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sarily larger and may not be used since it leads to an a0
value that is even smaller. e(oo) probably constitutes a
good compromise giving an exciton Bohr radius of the
same order of magnitude as the unit cell. (The crystal is
rnonoclinic with a =3.4109 A, b =3.7489 A, c =9.444 A,
P =97.48', and there are eight atoms in the unit cell. )

It is clear that we are close to the limit of conditions
describing a Wannier exciton which raises the question of
the validity of our approach. Indeed, the formalism
describing the Wannier exciton is based upon the
effective-mass approximation and assumes parabolic con-
duction and valence bands. This is certainly not true
over the whole Brillouin zone. If the exciton has a large
radius, the uncertainty principle implies that only a small
region of k space is sufhcient to construct the wave func-
tions. The approximation is therefore justified. On the
other hand, if the radius is small, as in our case, one
would expect that terms of order greater than two be-
come significant in the development of energy versus k.
However, the excellent agreement between theory and ex-
periment tends to show that the model is still valid at
least up to this limit. The reason may be the following:
With the chosen value of the dielectric constant, one ob-
tains a reduced effective mass of the order of 2.8m0, cor-
responding to extremely Oat bands. These bands may
then be considered parabolic over a larger fraction of the
Brillouin zone.

Another aspect concerns the dimensionality. The
model is three dimensional whereas the material is
strongly anisotropic and quasi-two-dimensional. In fact,
the anisotropy did have some effect, giving a large bind-
ing energy, a large reduced effective mass, and a small
lifetime. Just how this compensates to maintain the
three-dimensional nature requires further study. Never-
theless, with such physical properties, the excitons in
ZrSe3 are not suitable for the exploration of the dimen-
sionality of the crystal. A two-dimensional model implies
different positions and relative intensities of the exciton
excited states and leads to an inferior fit with experiment.
A characterization of the effective masses parallel and
perpendicular to the c axis would also help clarify the sit-
uation.
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FIG. 9. The measured and calculated values of Eg and I as a
function of temperature.

4E = B(fiQ—)'~ N

with

B = +iri Q /2m*

CONCLUSION

where AQ is the phonon energy, g a dimensionless
electron-phonon coupling constant, rn the effective mass
of the carriers, Q an effective Brillouin zone radius, and N
the phonon occupation number. The phonon-emission
and -absorption processes are given by

r, '=(2/iri)g (N+1)&AQ(e —iris'),

r, '=(2/fi)g N&fiA(E+AQ),

where c is the kinetic energy associated with the k exten-
sion of excitonic wave functions. The curves of Fig. 9 de-
scribe the simultaneous fits obtained for E and I with
the following values: AO, =24.9 meV, g=1.4, v=28. 4
meV, 8=12.2 meV' . Again the excellent agreement
between theory and experiment confirms the dominance
of the electron-phonon interaction. This is also illustrat-
ed by the high value of the coupling constant g in com-
parison with that for InSe and GaSe (g =0.5).

Electron-photon interaction

The study of the TR as a function of temperature, as
required by the analysis, allowed us to determine the cor-
responding variations of E and I . These are shown in
Fig. 8. Let us recall that these constitute the only adjust-
able parameters as expected since 3 and R, are con-
stants characteristic of the material.

Several mechanisms are generally involved in the
energy-gap variation with temperature. In CxaSe and
InSe it is well established that the electron-phonon in-
teraction dominates. ' ' ' This is not surprising since
this interaction is favored in layered structures. The
effect should be even more pronounced in ZrSe3 which
has a lower crystal symmetry and a larger anisotropy.

In the case of a short-range three-dimensional interac-
tion involving an optical phonon, the contribution to the
self-energy is '

In the past, the Elliott model has essentially been con-
fronted with absorption data. However such measure-
ments are not always possible. We have extended its ap-
plication to reAectivity and TR. In the latter case, a de-
tailed analysis of the different contributions and the prob-
lems of interpretation were presented. In the general
case, one must take into account surface effects. Howev-
er, for layered compounds, the surface potential is weak
and these effects are negligible. The excellent agreement
obtained for ZrSe3 confirms as expected the direct link
between the surface potential and the dead layer both ab-
sent in ZrSe3.

We have thus determined the characteristics of the
main exciton in ZrSe3 and cleared the way for the study
of similar compounds. The analysis raised important
questions regarding the dimensionality and the limits of
validity of the model. It appears to remain applicable
even when the exciton Bohr radius is of the same order of
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magnitude as the unit-cell dimensions, at least in this
type of compound. We point out that localization effects
may arise due to the dimensionality. The nature of the
material which favors a strong electron-phonon interac-

tion and the smallness of the exciton Bohr radius may
also induce self-trapping effects. Finally, such large exci-
ton binding energies are of interest in heterostructures
because of the obvious devices possibilities.
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