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Optical conductivity in high-T, superconductors

E. J. Nicol, J. P. Carbotte, and T. Timusk
Physics Department, McMaster Uniuersity, Hamilton, Ontario, Canada L8S4Ml

(Received 9 July 1990)

The optical conductivity of a superconductor with arbitrary mean free path is calculated with use
of an imaginary-frequency formulation. We obtain good agreement with the results of a recent
real-axis formulation and, in most cases, with another imaginary-frequency formulation. Extending
the work to a simple version of a recently proposed phenomenological charge-transfer resonance
model for the CuO, it is found that in the clean limit the absorption will start at four times the gap
{Ao) while introducing impurities produces absorption starting at twice 60. In agreement with ex-
periment, strong coupling effects at higher energies need not be large in this model.

I. INTRODUCTION

Infrared measurements on superconductors can yield
important information on the excitation spectrum of the
system in the energy range of a few times the energy gap
bo, and are therefore very important. Because of this,
many experimental studies on the high-T, oxides have
now been published. These are too numerous to describe
here and the reader is referred to the recent review of
Timusk and Tanner for references and discussion. '

While there is, at present, a great deal of agreement
among the various researchers as to experimental results,
their interpretation remains controversial. ' While some
authors argue for the existence of a large gap
2ho/k~ T, —8, others reason that a gap cannot be seen
in the clean limit. At higher energies. the exact nature of
the mid-infrared absorption is also not yet known.

Recently, Lee, Rainer, and Zimmermann have given a
real-frequency formulation of the optical conductivity,
valid for any value of the mean free path. They have
studied, within such a formalism, several possible models
for the Eliashberg kernels which could possibly be applic-
able to the high-T, oxides. They give results for pure
phonon as well as combined phonon-plus-exciton models
with particular emphasis placed on the Holstein effect.
These processes reAect some of the details of the excita-
tion spectrum involved. Complementary calculations us-
ing an imaginary-frequency-axis (Matsubara) formulation
of the theory with final analytic continuation of the
current-current correlation function using Pade approxi-
mants have been performed by Bickers et al. These
conventional strong-coupling calculations predict large
changes in the infrared spectrum in the Holstein region
when the materials become superconducting. There is
general agreement among experimentalists that such
structures are not observed in the infrared conductivi-

3, 6

In this paper we present numerical results using the
imaginary-axis formulation for the current-current corre-
lation function. After verifying our work against known

results and pointing out a discrepancy with a recent cal-
culation, we generalize the work to include both charge-
and spin-Auctuation channels. To illustrate the effects
that are then possible, we use a simple version of a re-
cently proposed marginal Fermi-liquid model, "which
is based on a phenomenological charge-transfer reso-
nance model and may be applicable to the CuO. In this
model the coupling to charge and spin degrees of freedom
is described by the same excitation spectrum but with
different coupling strength. Such a model is formally de-
scribed by the same mathematical equations as for pho-
nons plus paramagnons' ' with the difFerence that now
the Eliashberg kernels are temperature dependent.

In Sec. II we summarize, without derivation, the neces-
sary formalism while in Sec. III, a comparison with re-
sults of other work is given. The phenomenological
charge-transfer resonance model is treated explicitly in
Sec. IV for arbitrary mean free path values. A short con-
clusion is found in Sec. V.

II. FORMALISM

The conductivity cr(co) is related to the real-frequency-
axis analytic continuation of the current-current correla-
tion function II(iv ) which is known, within a Matsu-
bara formalism, only at discrete boson frequencies
v =2mmT where m is an integer and T is the tempera-
ture. Specifically,

lo.(co)=—II(iv ~co+iO+) .
CO

Referring to Bickers et al. for details, II(iv ) is given in
terms of the plasma frequency m, the Matsubara gaps
5„,and renormalization factors S„by

COp
II(iv )= ~TQS„

4m
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ro„($„+rp„+ )+b,„(b„—b, +„)
&nI'n, m

co„+ (co„+ +re„)+6„+ (b,„+ —6„)
S„ R„+ I'„

b,„/R„, for (m =0)
1/R„, for (m = 2—n —1) .

for (m+0, 2n——1) (3a)

(3b)

(3c)

In Eq. (3), R„=Qrp„+ b,„and P„=ro„—co„+
+6„—5„+

The Matsubara gaps and renormalization functions are
given by' '

it is convenient to introduce instead g—:(X~—
A, )/

(A, +A, ) which describes the relative coupling to charge
and spin and to fix A. to get a critical temperature value
T, =100 K as illustrative of the oxides. This leaves g and
the upper cutoff co, as the only two parameters.

b,„=~Tg A, (m n)—
m +co +6

+mt+
+co„+5„

(4)

III. NUMERICAL RESULTS AND
COMPARISON TO PREVIOUS WORK

and

~mro„= co„+irTg X+(m n)—
+~m+ ~m

COn
+mt+

Q-2 +g2

The model used by Bickers et al. for a F(co) is that of
a single truncated Lorentzian with peak position at coo

and width I o and truncated at I „i.e.,

a F(co) ~
(co —cop) +I p

(8a)

where co„=(2n+1)irT with n =0, +1,+2, . . . , and
crt+ =—1/(2r) with r the residual scattering rate. In Eqs.
(4) and (5) we have neglected the Coulomb pseudopoten-
tial and A, (n —m ) is given in terms of the
electron —exchange-boson spectral density a F (co) for any
boson exchange process of interest, i.e., phonons,
plasmons, charge Auctuations, etc. , by

=A, (n —m) = dIo . (6)
2pia F(co)

p Q) +(Q) Qj )

In the marginal Fermi-liquid model, " an essential
feature is the coupling to both charge and spin Auctua-
tions as described by Kuroda and Varma. " In this case
the charge degrees of freedom, which are pair creating,
couple to the superconducting electrons through a di-
mensionless coupling A, while coupling to spin is de-
scribed by A. . The modifications of Eqs. (4) and (5) are
made by replacing )I, (m —n) by (A, —A, )F(m —n) and

+ P 0
(m n) by (—A, +A. )F(m n) whe—re in a simple ap-

proximation

1 ~ 2' tanh(co/2T)F m n=——2dco .
CO +(I'0 CP„)

Here cu, is an upper cutoff on the excitation spectrum.
Also, as a superconducting gap (h, p) develops in the su-
perconducting electron system, a lower cutoff of 260 is to
be applied as the lower limit in the integral. This is to be
determined self-consistently. Note that, the parameters
of the theory are A, , A, , and m, . In presenting the results

a F(co)=0, la) —copl) I', . (8b)

The parameters are coo= 50 meV, I 0= 5 meV, and
I,=3I o= 15 meV. In Fig. 1 we show our results for the
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FIG. 1. The ratio of the real part of the conductivity in the
superconducting state to that of the normal state as a function
of frequency in units of twice the energy gap Ao. Four impurity
concentrations are considered, as defined in the text. Except for
the pure limit case, the results are in excellent agreement with
those of Bickers et al. (Ref. 5) obtained for the same phonon
model and using the same Matsubara formulation of the con-
ductivity.
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ratio of the real part of the conductivity in the supercon-
ducting state divided by the normal state [o,s (co ) /
o. ,z(co)]. The same four impurity concentrations,
1+=0.0 (dotted curve), 0.796 meV (dashed curve), 7.96
meV (dashed-dotted curve), and 79.6 meV (solid curve) as
considered by Bickers et al. are illustrated. These re-
sults are in excellent agreement with those of Bickers
et al. except for the dotted curve. In our case, the curve
begins to rise at a value of twice the gap plus the first ex-
citation energy in the phonon spectrum. This must be so
physically, since we are in the clean limit. Bickers et al.
show only a pronounced dip at this energy and then ab-
sorption down to 2ho which cannot be correct and is
probably an artifact of their analytic continuation tech-
nique' using Fade approximants. Except for the prob-
lem just mentioned, the excellent agreement for the other
values of t+ speaks to the correctness of the numerical
techniques in both works.

It is of importance to compare the results obtained for
the conductivity cr(co) using the imaginary-axis formula-
tion represented in Eqs. (1)—(5) with results of direct
real-axis calculations. Such a formulation, for arbitrary
impurity content vrt =1/(2v), has been considered re-
cently by Lee, Rainer, and Zimmermann. It involves
formulas for cr(co) that are mathematically very diff'erent
from Eqs. (1)—(3) of the present paper and makes use of
the real-frequency-axis version of the Eliashberg' equa-
tions instead of (4) and (5). These are much more compli-
cated to solve numerically but no analytic continuation'
is needed to obtain o(co) so that Pade approximants can
be avoided entirely. In Fig. 2 we compare results ob-
tained in this work (solid line) with the real-axis results of

Lee, Rainer, and Zirnmermann (dashed line). The near
exact agreement is impressive and gives us confidence to
proceed and consider a marginal Fermi liquid in the next
section. Note that the case considered in Fig. 2 is model
C of Lee et al. In this model a 5 function model is used
for the spectral density a F(co) with average phonon en-

ergy at 50 me V, the mass enhancement parameter
A, =O. 8, the plasma frequency is 820 meV, and the inverse
scattering time is 1.05 meV with a T, value of 50 K and a
corresponding gap to critical temperature ratio,
2b,o/k~ T„of3.9.

IV. RESULTS FOR MARGINAL FERMI-LIQUID MODEL

In all the results to be presented in this section, the
critical temperature is fixed at 100 K. The two remaining
parameters are the upper cutoff on the fluctuation spec-
trum co, [Eq. (7)] and the relative admixture of the cou-
pling to charge and spin (g). First, we present a series of
results for the clean limit (t+ =0) with g =0.6 as a func-
tion of cutoff co, . These are presented in Fig. 3 where we
have plotted the ratio of the real part of the conductivity
in the superconducting state to that of the normal state
cr, v (~)/o»(co) as a function of frequency normalized to
twice the zero temperature energy gap ho. Note that all
the curves start at co/2b, o=2, i.e., at 4b, o, except for the
BCS dirty-limit case' which, of course, starts at 25o and
is included only for comparison (solid curve starting at
26o). It is important to realize that the gap is to be cal-
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FIG. 2. A comparison of the real part of the conductivity in

the superconducting state o.&z(co) in units of (0 cm) ' as a func-
tion of frequency ~ in meV. The solid curve was obtained in
this paper using the imaginary-frequency-axis formulation for
the conductivity, namely, Eqs. (1)—(5). The dashed curve shown
for comparison is the result of Lee et al. (Ref. 4) for their model
C, defined in the text, which they obtained from a real-
frequency-axis formulation. The agreement between the two
methods is very good.

FIG. 3. The ratio of superconducting to normal state value of
the real part of the conductivity o &(~) as a function of frequen-
cy cu in units of twice the zero temperature energy gap Ao. The
solid curve starting at 2bo is the BCS dirty limit and is shown
for comparison. The curves all start at 46O and apply to the
clean limit (t+ =0.0). The solid curve is for a cutoff co, of 3000
meV while the others ending with the dashed-triple-dotted
curve are for ~, = 1500 meV, 600 meV, 400 meV, and 200 meV,
respectively. Only the last (dashed-triple-dotted) curve, which
corresponds to a gap ratio of 25O/k& T, =8.2, shows significant
deviations from BCS in the Holstein region.
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culated self-consistently. For a given value of Ao the
spectrum in Eq. (7) becomes gapped and this effect is in-
cluded by replacing the lower limit for the integral on ~
in (7) by 25O rather than zero. After each run, the lower
cutofF is readjusted until the value of Ao no longer
changes. The set of curves in Fig. 3 corresponds to a
cutoff of 3000 meV (solid curve), 1000 meV (dashed-
double-dotted curve), 600 meV (dashed-dotted curve),
400 meV (dashed curve), and 200 meV (dashed-triple-
dotted curve), 2bo/ks T, values of 4.3, 4.7, 5.1, 5.7, and
8.2, respectively, and k of 0.3, 0.6, 0.9, 1.5, and 6.4.

The observation from the figure, that, in all cases, the
absorption in the clean limit starts at 4ho is consistent
with the idea that absorption can only occur at 26O, the
energy required to break a Cooper pair plus the lowest
excitation energy for charge or spin Auctuations which
also occur at 26O in our model. This is reAected in the
lower cutoff which we have applied self-consistently to
the Auctuation spectrum. Note also that, even for an
upper cutoff of 400 meV, a A, =1.54 with corresponding
value of 2b, o/kii T, =5.7, the structure is small compared
with its strength in a typical conventional strong-
coupling system such as Pb. The reason for this is that
our effective spectral density vr 'tanh(co/2T) is spread
out over a large range of frequencies up to ~, . Also the
relatively large value of 2ho/k&T, which accompanies
this spectrum is due, in part, to the application of a lower
cutoff' in (7) at co=26.o. This entirely cuts out low-lying
charge and spin fIuctuations with the effect that 2ho is
larger relative to T, than would be expected otherwise.
The final curve (dashed-triple-dotted) in Fig. 3 is included
only to show that Holstein processes can indeed become
more visible when m, is made to be very low. In this
case, m, =200 meV and the curve behaves much more
like a conventional strong-coupling system. %'e em-
phasize however that, when m, is not too small, the phe-
nomenological charge-transfer resonance model of Refs.
(7)—(11) can yield a large 2b, /ko+T, without large Hol-
stein structure. Kamaras et al. and Schlesinger et al.
have noted that this is an essential feature of the data in
Y-Ba-Cu-0 which cannot be explained within the con-
ventional formalism. As this, along with the fact that the
absorption starts at 45O in the clean limit, is one of our
important results we emphasize it further in Fig. 4. In
this figure we show the real part of o (co) in the supercon-
ducting state normalized to the normal state,
eris(co)/o iv(co), for the case 2bo/ks T, =8.5, A, =5.27,
g =0.5, and co, =400 meV (dashed line). It shows little
structure at higher frequencies and does not deviate
much in this energy range from the BCS dirty limit (solid
curve). The second case, for which 26o/kii T, =4. 5,
A, =1.25, g =0.8, and ro„=200 meV (dashed-dotted
curve), shows even less deviation from the solid curve in
the Holstein region although the gap ratio and k are not
very different from the values for Pb which shows large
deviations. This agrees with the experimental data. ' To
end we note that for both curves shown in Fig. 4 the
structure around ~/26„=5 is due to our upper cutoff of
the excitation spectrum and could presumably be
smoothed out if a gradual cutofF had been used.
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FIG. 4. The ratio of the real part of the conductivity in the
superconducting state to its value in the normal state as a func-
tion of frequency in units of twice the zero temperature energy
gap Ao. The solid curve is for comparison and applies to the
dirty BCS limit. The dashed curve is for 26olk&T, =8.5,
k =5.27, and co, =400 meV with g =0.5, while the dot-dashed
curve is for 26O/kz T, =4.5, A, =1.25, and co, =200 meV with

g =0.8. These curves start at 46O, since they apply to the clean
limit, and show relatively small structure in the Holstein region
when compared with a conventional strong-coupling supercon-
ductor.

In Figs. 5(a) and 5(b) we study the effect of ordinary
impurities Ifinite value of t+ in Eqs. (4) and (5)] on the ra-
tio cr, s(co)/o, tv(co). The four impurity concentrations
used are t+ =0. 1 meV (dashed curve), t+ =1.0 meV
(dashed-dotted curve), t+ = 10.0 meV (dashed-double-
dotted curve), and t+ =100.0 meV( dashed-triple-dotted
curve). The results are also compared with the pure case
(solid curve). The most striking feature of these results is
that as soon as impurities are introduced the absorption
starts at 26o rather than the 4ho found to occur in the
pure case. The momentum can now be transferred to the
impurity system. Some remnant of the 4ho threshold
does, however, remain even in the t+ =10.0 meV curve
which represents a large amount of impurities but is still
far from the dirty limit.

It is of interest to consider the absolute value of the
conductivity o, (co) in the frequency range above the ab-
sorption edge. To do this the plasma frequency is adjust-
ed to correspond to a value of the dc conductivity of
20000 (0 cm) ' at 100 K in the normal state which is a
typical value for the experimental samples. Since
o i&(co=-0) goes like T in the marginal Fermi liquid, this
corresponds to a dc conductivity at 10 K of 200000
(Acm) '. The normal state conductivity o»(a&), as a
function of frequency co, is shown in Figs. 6(a) and 6(b)
(dashed curve) for two illustrative model sets of parame-
ters, namely, 2~o/ka T, =4.5, A, =1.25, g =0.8, and
cu, =200 meV [Fig. 6(a)] and 26O/kii T, =5.1, A, =0.9,
g =0.6, and co, =600 meV [Fig. 6(b)]. In the first case,
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FIG. 5. The ratio of the real part of the conductivity in the
superconducting state to its value in the normal state as a func-
tion of frequency in units of twice the zero temperature energy
gap Ap. For the pure case (solid curve) the absorption starts at
4hp while when impurities are added the onset occurs at 2hp in-
stead. Curves (a} are for the charge fluctuation model with
26p/kz T, =4.5 while curves (b) apply to the case
2hp/k& T, =8.5 with other parameters defined in Fig. 4 and in
the text.

the width at half maximum comes out to be 1.27k& T and
in the second it is 1.0k~T which falls well within the
range of experimental values. Also shown for compar-
ison are the corresponding values for o, (co) in the super-
conducting state represented by the solid lines. We see
that in the region around 2000 cm ' the conductivity in
one case is slightly above 1000 (Qcm) ' and, in the oth-
er, somewhat less than 500 (Qcm) '. These values are
smaller, but of the same order of magnitude, as measured
experimentally. Parameters could be varied to obtain
better agreement with experiment if one wished. We do
not think this to be appropriate at this time and in any
case this is not our primary aim here. We believe that be-
fore a de6nitive comparison with experiment can be made
it is important to calculate the complete temperature
dependence of the conductivity in the superconducting

FIG. 6. The normal state (dashed curve) and superconduct-
ing state (solid curve) conductivity at 10 K for two sets of model
parameters. The top frame is for 2hp/k~T, =4.5, A,~=1.25,
g =0.8, and co, =200 meV. The lower frame is for
26p/k~ T, =5.1, A,~=0.9, g =0.6, and ~, =600 meV. The plas-
ma frequency has been chosen in both cases to obtain a value of
0., (co=0)=20000 (0 cm)

state from T, down to low T. In this way we could trace
the opening up of the gap. Such a study would, however,
require real-frequency-axis programs because Pade ap-
proximants are not reliable at high T near T, . Neverthe-
less, we can make two statements about experiments.
The amount of absorption calculated in the mid-infrared
region for the marginal Fermi-liquid model is of the same
magnitude but smaller than the amount observed and
therefore leaves some room for extra absorption process-
es not accounted for in the model. If this is the case, it
might be very hard to see a clear gap in such experiments
particularly if one is in the clean limit. Undoubtedly
some residual resistivity needs to be added according to
sample quality but the amount is not unambiguously
known at this point. A very nice feature of the theory is
that the dc conductivity scales like 1/T with coefficients
in front of this variation dependent on the single remain-
ing parameter of the model for a given cutoff.
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V. CONCI, USIONS

We have calculated the superconducting and low tem-
perature normal state finite frequency conductivity using
an imaginary-axis formulation of the current-current
correlation function with Fade approximants to perform
the necessary final analytic continuation to get tr(co) for
real frequencies ~. Comparison with recent results ob-
tained with the same technique reveals a discrepancy in
the pure limit but good agreement for finite mean free
paths. Also, in the one case tried, our results are in excel-
lent agreement with those obtained by Lee et al. using a
real-frequency-axis formulation of the problem. This al-
ternate technique is very difFerent mathematically and
numerically from the one adopted in this work. The ex-
cellent agreement gives striking evidence for the validity
of both numerical techniques.

In the prominently studied phenomenological charge-
transfer resonance model summarized by Varma, there
is coupling to charge as well as spin degrees of freedom.
In the simplest versions of the theory, the excitation spec-
trum for both charge and spin fluctuations are the same
but have difFerent coupling strength to the superconduct-
ing electrons. An important feature of the theory is that
this spectrum extends over a large energy range up to cu,

which could be as large as a few thousand meV. Also, as
the gap in the quasiparticle excitations opens up, the Auc-
tuation spectrum is to be cut off below 2ho. We have
studied the behavior of cr(co) for a model with the above
features and found several important results. First, in the
pure limit, absorption can start only at 4AO which is the
energy required to form a quasiparticle pair plus the
lowest energy in the fluctuation spectrum. When impuri-
ties are added, momentum can go into the impurity sys-
tern, and the absorption starts at 260. For low impurity
concentrations a remnant of the 4AO threshold remains
prominent but eventually disappears when t+ is large
enough. Compared with a conventional electron-phonon
model, the charge-transfer resonance model can produce

relatively large values for the gap to critical temperature
ratio with small associated Holstein structure as required
in the experimental data. ' The reason for this is two-
fold. First, the corresponding electron-boson spectral
density is spread out over a large frequency range when
the value of the cutoff in the fiuctuation spectrum (co, ) is
large. Second, the Auctuations become gapped at low fre-
quencies quenching both spin and charge degrees of free-
dom in this region. This has the net effect of increasing
Ao over the value that would be expected if no low energy
cutoff was applied.

Finally, when the absolute value of the conductivity is
fixed to the measured normal state value at co=0 [20000
(0cm) ' typically], with the width at half maximum of
o»(co) of the observed order, 1.0—1.5k~ T, its weight in
the mid-infrared region is of the same order of magnitude
as is observed although, in all the cases considered, it is
smaller. This leaves room for some additional absorption
process in this region which would add to the direct elec-
tronic contribution calculated in this paper. While we
have not attempted a close comparison with experiment,
the model does reproduce many of the observed features.

In the future we plan to implement a real-frequency-
axis formulation of the conductivity. This will allow us
to calculate cr, (co) at any temperature and in particular
study how the gap opens up as a function of temperature
in the range T, to 0 K. We will then attempt a more de-
tailed comparison with the experimental data.

It has been brought to our attention that Littlewood
and Var ma have recently performed similar calcula-
tions.
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