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Hole superconductivity in oxides: A two-band model
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The role of the Cu d 2 orbitals in the theory of hole superconductivity in oxides is considered.
X

We use a two-band model of the type introduced by Suhl et al. , describing a purely oxygen band
coupled to a copper-oxygen band. The pure 0 band is nearly full, and the Cu-0 band is nearly
half-filled in the parameter range of interest. It is found that many of the features of the single-band
hole-pairing description of the oxides survive the generalization to the two-band model. The new
feature of the present model is the existence of a second, smaller, superconducting gap associated
with the Cu-0 band. This can give rise to features in the tunneling characteristics that reproduce
certain experimental observations. The efFect of the second gap in the specific-heat behavior below
T, is also examined, and deviations from exponential behavior at intermediate temperatures are
found. It is also proposed that this model provides an explanation for the anomalous behavior
found in the Hall coeScient just below T, .

I. INTRODUCTION

Superconductivity in oxides has recently been de-
scribed as originating in pairing of oxygen hole carriers in
a single band arising from direct overlap of oxygen orbit-
als, presumably of pm character. ' The mechanism that
pairs oxygen holes, an enhanced hopping amplitude for a
hole when another hole is nearby, arises when direct hop-
ping of holes between 0 anions occurs. The purpose
of this paper is to incorporate into this description the
relevant degrees of freedom associated with Cu d &x —y
and 0 p orbitals. It is 1ikely that a band arising from
these orbitals crosses the Fermi level in the relevant dop-
ing range, so that inclusion of these charge carriers is
necessary for a complete description.

In the following we call the band arising from direct
overlap of oxygen prr orbitals the 0 band (or band 1) and
the band arising from Cu d 2 2

—0 p orbitals the Cu
band (or band 2). A schematic picture of these orbitals is
given, for example, in Ref. 3. In the undoped case
(LazCuO~ or YBa2Cu306 s) the system is an antiferromag-
netic insulator, corresponding to the 0 band being full
and the Cu band being half-full, with a Mott-Hubbard
gap arising from Coulomb interactions. We shall not at-
tempt here a description of how the gap closes as the sys-
tem is doped. Experiments show that antiferromagne-
tism disappears rapidly with doping, and we will assume
that the system becomes a Fermi liquid, with conduction
occurring through both bands, the effective bandwidths
being presumably renormalized by interaction e6'ects.
Figure 1 shows schematically the position of the Fermi
level in the undoped and slightly doped systems.

We adopt a semiphenomenological description. It is
our point of view that superconductivity in these systems
is driven by the strong attractive interaction in the 0
band. The simplest way to describe this situation is to
couple the two bands by a reduced interaction of the
form

~cu-o y +kk'(cktc —kid —k'idk't12

kk'

0

0 CU.

FIG. 1. (a) In the undoped system the oxygen band is corn-
pletely filled with electrons and the Cu band is half-filled with a
presumed Mott-Hubbard gap. (b) Upon removal of electrons
the Fermi level shifts to below the top of the 0 band, while in
the Cu band the gap disappears and the band is less than half-
filled. The hole picture adopted in this paper is obtained by
turning the figure upside down. Doping with holes would then
correspond to raising the Fermi level.

+dktd k&c k. &ck i) ~

where c and d operators correspond to 0 and Cu bands,
respectively. Such an interaction was introduced by Suhl
et al. to.describe superconductivity in a two-band sys-
tem. If the interactions in the 0 band cause the develop-
ment of an anomalous expectation value (cktc kt ),

43 424 1991 The American Physical Society



43 HOLE SUPERCONDUCTIVITY IN OXIDES: A TWO-BAND MODEL 425

eJ = Id r d r'P* (r)P* (r'), P (r')P (r) (2)

between p„and p„orbitals on an oxygen ion. The d
operators in Eq. (1) are a linear combination of Cu d 2x —y
and 0 p orbitals, and thus we may expect the interac-
tion equation (2) to give rise to a term of the form Eq. (1).
Many other interaction terms surely occur, which we as-
sume renormalize our basic parameters but do not quali-
tatively change the physics.

The model considered here has many features in com-
mon with the single-band model of Ref. 1, that appear to
reproduce various experimental observations in the ox-

such a term in Eq. (1) will "drive" the development of a
corresponding expectation value (d k&dk&) in the Cu
band. One may intuitively expect that the coupling of
the two subsystems will not strongly a6'ect the critical
temperature, and that the order parameter in the second
subsystem could be much smaller than in the first. As we
will see, such is the situation in our model.

Microscopically, an interaction of the form Eq. (1)
could arise from an intra-atomic exchange matrix ele-
ment

ides: doping dependence of T„pressure dependence of
T„gap isotropy, etc. New features of the present model
are related to the presence of a second gap associated
with the Cu band, which is smaller than the gap in the 0
band. This can give rise to structure in the tunneling
characteristics at low temperatures that resemble recent
experimental observations. ' In addition, the existence
of the second gap causes the gap in the tunneling charac-
teristic to "fill in" as the temperature is raised, faster
than in a single-band model, which may explain some ob-
servations. The specific heat at low temperatures
displays nonexponential behavior due to the presence of
the second gap, in qualitative agreement with some obser-
vations. Finally, it is proposed that this model contains
the explanation for the anomalous behavior of the Hall
coefficient just below T, observed: ' the Hall coefficient
is negative for small fields and becomes positive for larger
fields. We will show how this behavior arises in the
present model within a simple treatment.

II. FORMALISM

We consider a reduced Hamiltonian of the form

H = g (Ek~ p)ck~ck—~+ g (Eq~ —
Eo p)dk~dk~—+ g Vkk cl, tc kgc k. hack t

1 2 11

kcr ko. kk'

+ g Vkkdk&d k~d k ~d& &+ g Vkk (ck&c k&d I, , &dk t+dk&d k~c z ~ck &),22. ' 12

kk' kk'

hopping, respectively. As the simplest possible coupling
between both bands we use a structureless form

~kk —~i2 ~

12

The mean-field solution of this problem is a straightfor-
ward generalization of the case discussed by Suhl et al.
Two gaps are obtained, both of the form

6 (s)=h c F
i 1

as in the single-band case. ' The parameters c; and 5; are
determined by the four self-consistency conditions

1=&;[I&(i)+c,IO(i)] —W; [I2(i)+c,.I,(i)], (7a)

6; c, = b, , K; [Iz ( i ) +c, I& ( i )].
and assume for simplicity a Aat density of states in both
bands, of bandwidth D;. The energies c'k are measured
from the center of each band, and c,o is the shift in the Cu
band relative to the 0 band. We adopt the convention
that the operators describe holes in the bands, to be con-
sistent with our previous treatment of the single-band
model. Taking co=D I /2 the center of the Cu band coin-
cides with the bottom of the Q band, i.e., for p= D&/2—
at T=O the 0 band is just empty of holes and the Cu
band is half-full.

We will not be interested in a detailed description of
the interactions in the Cu band, as we believe they are not
essential to the superconductivity; in fact, in much of this
paper we will examine the situation Vkk —=0, i.e., assume22 =—

the interactions in the Cu band are negligible except for
renormalizing the other interactions in the problem.
Nevertheless, for generality here we take the interactions
in both bands to be of the form used in Ref. 1 for the
single-band model:

i I

Vk'k = U;+E, +
D;/2

—b, ; U, [I&(i)+c,IO(i)]

+6, V,, [I,(j)+c,I(j )], .

with the parameters U;, 8;, and E, arising from on-site
repulsion, nearest-neighbor repulsion and modulated

for i=1,2, with j Ai in Eq. (7b). The integrals I&(i) are
given by
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1 2—f (E;)
2E;

as in the single band case, with f the Fermi function,

D, D;&g(
g(E)= D; 2 2

0 otherwise . (10)

and co=0, co= co. We will use for the densities of states
The critical temperature is determined by the single

equation

2 2

g [1+UI (i) 2K I—, (i)+WI (i) (K;—W;U;)—[I (i)I (i)—I, (i) ]=V, g {I(i)+W;[I (i)I (i) I, (i—) ]] . (11)

Both Eqs. (7) and (11) reduce to the single-band equations
when V,z~O. Finally, the number of particles in each
band is given by

c—c.o
—Pn;=1 —f dog, (E) [1 2f(E;)] . — (12)

Thus, within our simplified model the two bands are
only coupled through the self-consistency condition equa-
tion (7). Once it is solved for the parameters b,;,c, , ob-
servables are simply obtained by summing over the corre-
sponding quantities for both bands. At a single critical
temperature determined by Eq. (11) both gaps go simul-
taneously to zero, as in the model of Suhl et al.

In the following section we discuss the behavior of this
model for some simple examples to illustrate the effect of
the second band on the results obtained for the single-
band model. In Sec. IV we discuss the behavior of the
Hall coeScient in this model and we conclude in Sec. V
with a discussion.

coupling the two bands is taken as V&z =0.2 eV. In Fig. 2
we plot T, as a function of the hole concentration in the
oxygen band (n, ). Also shown is the single-band result
obtained with the same parameters except that V]p=0.
The shape of the T, vs n

&
curve is similar in the two

cases. An overall enhancement of T, occurs in the two-
band model. We wish to emphasize, however, that this
increase in T, will presumably be o6'set by other inter-
band Coulomb interactions not included in our model.
The dominant source of T, remains the same as in the
single-band model: the modulated hopping term in the
oxygen band with coeScient K, . As we shall see, this be-
havior persists even when strongly repulsive interactions
are present in the copper band.

In Fig. 2 we have omitted the part of the T, vs n&

curve near n& =O. At T=O as n&~0, the occupancy of
the copper band, nz, approaches unity. However, at
finite temperature, thermal smearing in principle allows
an occupancy in the copper band of less than one, which

III. RESULTS

For definiteness we will present results for only a few
parameter sets. Many of the trends as a function of dop-
ing, for example, are similar to those already studied in
the single-band case. Throughout this section we keep
the bandwidths of the two bands equal, D, =Dz =0.5 eV,
and for simplicity set 8', = 8 z =O. As shown in Ref. 1, a
nearest-neighbor repulsion 8'does not qualitatively alter
the results. In the next subsection we present results for
various quantities for a simplified case (noninteracting Cu
band), and in the following subsection we discuss how the
results depend on parameter values.

100—

A. A sample example

As a simple example to illustrate the properties of the
two-band model we assume no interactions in the elec-
tron band, i.e., Uz =K& =0. We choose U& =5 eV in the
0 band and K, =1.59 eV to give a maximum T, in the
desirable range, T, -94 K. (This corresponds to a hop-
ping interaction ht=K&/8=0. 20 eV. ) The interaction

0
0.0 0.2 0.4

FIG. 2. T, vs n& (hole concentration in the oxygen band) for
the two-band model (solid line) and the single-band model
{dashed line). We have used D& =D&=0.5 eV, K& =1.59 eV,
U& =5 eV, and U& =E& =0. In the two-band model, V» =0.2
eV.
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is physically incorrect, so we have restricted the curve in
Fig. 2 using the condition n2 + 1. As nz~ 1 (n i ~0) the
Mott-Hubbard gap will develop and give rise to an insu-
lating state; this development is beyond the scope of this
paper. For reference we show in Fig. 3 n& and n2 vs
chemical potential at T=0.

Below the superconducting transition temperature
gaps develop in the Cu and 0 bands [Eq. (6)]. The gap
function in the 0 band displays strong energy depen-
dence as found in the single-band model. ' As an exam-
ple, at the density where T, peaks in Fig. 2, n

&
=0.12, we

find 6& =36.9 meV, c& =-0.445. In contrast, the Cu gap
has no energy dependence due to the fact that we have
taken K@=0 [i.e., in Eq. (6) h2 ~0, cz~ao with hz cz
finite =4.67 meV in this case]. The quasiparticle gaps
are obtained by minimizing the energy dispersion relation
Eq. (9) as in the single-band case:

(13)

20—

15—

0.2 0.4 0.6
T T.

0.8 1.0

FIG. 4. The two gaps, 5»(T} and 502(T) vs T/T, for the
case described in Fig. 2, with n l =0.12. The parameters give a
zero temperature ratio Los(0)/602(0) =3.4. The inset shows the
normalized gaps in both cases. The temperature dependence is
identical and very similar to the usual BCS behavior.

In Fig. 4 we show results for the temperature dependence
of these two gaps. Both gaps appear BCS-like, in that
they display —Ql —T/T, dependences near T, and be-
come exponentially flat as T—+0. The gap ratio in the 0
band, 260&/k&T„ takes similar values as in the single-
band model: for the case shown in Fig. 4,
25oi/kii T, =3.92, somewhat greater than the BCS value.
The ratio of the two zero-temperature gaps in Fig. 4 is
Los /502 3.4. This ratio is very sensitive to V» and the
interactions in the bands, and, in fact, V»=0.2 was
chosen so as to give good qualitative agreement with the
observation of two gaps reported in tunneling measure-
ments recently. When repulsive interactions are includ-
ed in the Cu band, the Cu band gap is significantly
suppressed, as will be shown below.

The exponential dependence at low temperatures in the
specific heat will be governed by the smaller gap and
therefore will occur on a much reduced temperature scale

in our model. In Fig. 5 we plot the specific heat versus
temperature in both the superconducting and normal
states. Also plotted are the respective single-band results
obtained by setting V»=0 and removing the Cu band.
The single-band results display an exponentially
suppressed low temperature specific heat in the supercon-
ducting state over a temperature range which is some siz-
able fraction of T, ( —

—,
' ). The two-band results show a

very restricted range over which the specific heat is ex-
ponential, followed by an approximately linear regime
where the temperature is high enough that quasiparticles

0.4—

0.3—

I

)
I

0.2—

0.1—

0.0-=-
0.2 0.4 0.6

T/T.
0.8 1.0

0.0

FIG. 3. n
&

and n2 vs p at T=O for the case used in this pa-
per: Dl =D2 =0.5 eV with a shift co=D& /2 as described in the
text.

FICJ. 5. Electronic specific heat vs reduced temperature for
(1) the two-band model parameters of Fig. 2 in the supercon-
ducting (solid line) and normal (short-dashed line) states and for
(2) the single-band model (same parameters, but V» =0) in the
superconducting (long-dashed line) and normal (dashed-dotted
line) states. Note that the two-band case gives rise to exponen-
tial behavior in the superconducting state only at very low tem-
perature, on the scale of the smaller gap.
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I I are easily excited across the smaller gap.
In this two-band model the size of the normalized

specific heat jump b, C ( T, ~
[C——, ( T, )

—C~( T, ) ] /C~( T, )

is considerably reduced from that obtained within weak
coupling BCS theory I b, C ( T, ) = 1.43]. This is a conse-
quence of the fact that if the Cu-band gap is very small
then the Cu band appears to be normal for all practical
purposes at T„so that Cs2( T, ) —C~2( T, ). Since
Cs =Csi+ Cs2 and similarly for the normal state, and in
this case the band widths are equal (D, =D z), then
b, C(T, ) —

—,'(1.43) in the limit 602 (&b,o& The normalized

jump for the two-band case shown in Fig. 5 is
b, C ( T, ) =0.90.

The presence of a smaller gap in the two-band model
will also a6'ect the shape and temperature dependence of
the current-voltage characteristic obtained through tun-
neling measurements. In Fig. 6(a) we display dI/dV
(normalized to the normal state value) vs V for the two-
band case, for various temperatures, and the single band
result (V,z=0) in Fig. 6(b). The asymmetry found in the
single-band case' remains in the peaks due to the larger
gap; the smaller gap does not display an asymmetry be-
cause of the fact that we have taken the hopping interac-
tion Kz=O in the Cu band. Figure 6(a) bears a good
qualitative resemblance to the data presented in Ref. 6,
although the asymmetry observed there is of opposite
sign to that predicted in our model (in our case, the larger
peak occurs when holes are injected into the sample). In
the two-band case structure due to the smaller gap occurs
and leads to a significantly faster filling in of the "gap"
with temperature compared to the single-band case, as
seen in Fig. 6(c), where we plot the zero bias conduc-
tance, o(0):dI/dV( V=0) —vs temperature for both the
two-band and single-band cases.

0.0 —20 0
v (~ov)

I I

20
B. Dependence on parameters

1.0

0.8—

0.6—
o.(O)

0.4—

0.0 0.2 0.4 0.6 O.B 1.0
T/T,

FIG. 6. (a) Plot of dI!dV vs V for the two-band model (pa-
rameters in Fig. 2 caption ) at T/T, =0.1, 0.25, 0.50, and 0.70.
Note the two-gap structure resembling the tunneling data of
Ref. 6. (b) Same plot for the single-band case, for the same re-

duced temperatures, shown for comparison. (c) Plot of the zero
bias conductance, o.(0)—:dI/dV( V =0) vs reduced temperature
for the two cases shown in (a) (solid line) and (b) (dashed line).
Note the much more rapid "61ling in of the gap" with tempera-
ture in the two-band case as compared to the single-band model.

In this subsection we discuss how the results shown
above are modified for other parameter values. It is gen-
erally found that the interactions in the second (Cu) band
have little effect on T, over most of the parameter range,
while coupling Vi2 can strongly enhance T, . (In fact, an
extreme case of this behavior was discussed by Suhl
et a/. , where superconductivity was driven purely by V&2,

with no attractive interactions in either band. )

On the other hand, the interactions in the Cu band
have a strong effect on the size of the gap in that band.
As a typical example, to contrast with the results in the
previous subsection, we choose the interactions in the 0
and Cu bands equal: K, =%2=1.63 eV, U, =U2=5 eV,
and V&2 =0.5 eV. The magnitude of K was again chosen
to give a maximum T, somewhat above 90 K.

Figure 7 shows T, versus n, for this case. Again it fol-
lows the qualitative behavior seen in the single-band
model, with some enhancement occurring due to V&z. To
illustrate the dependence of T, with respect to the in-

teractions in the Cu band we show in Fig. 8(a) the depen-
dence on the on-site repulsion U2 for two values of K2.
It is noteworthy that K2 slightly enhances T, despite the
fact that the Cu band is less than half-full (with elec-
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0
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FIG. 7. T, vs n& for the two-band model (solid line) and
single-band model (dashed line) for the case when Cu and 0 in-
teraction parameters are equal. We have used D, =D2 =0.5 eV,
K& =K~=1.63 eV, and U, = U2=5.0 eV, with V»=0.5 eV in
the two-band case and V» =0 in the single-band case. The con-
clusion is the same as in Fig. 2. The extra band does not quali-
tatively change the single-band result.

0
0.0

20—

15--
~.,(o)
(mev)
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I I I I I I I I I

2.0 4.0
U, (ev)

(b)

6.0

trons). In Fig. 8(b) we plot the gaps in each band as a
function of U2. In a small range close to U2=0 the in-
teraction U2 can suppress T, and hp, by about a factor of
2; on the other hand this is easily compensated for by a
small change in X& or U&. For larger values of U2, T,
and Ap] are insensitive to changes in the Cu band interac-
tions. In contrast U2 drives Apz rapidly to zero, as seen
in Fig. 8(b). It is possible that other interactions not in-
cluded in the model or inclusion of correlation effects
beyond BCS theory in the Cu band could alter this result.

In Fig. 9 we show the gaps versus temperature for the
case shown in Fig. 7 (equal interactions in 0 and Cu
bands) and chemical potential such that T, is maximum
(n, =0.12, n2=1.12). The zero-temperature gap in the
Cu band is very small here: bp, /hpz=95, due to the
effect of U2. The temperature dependence of the Cu
band gap is also significantly altered, as shown in the in-
set in Fig. 9. In the presence of a sizable U2 it is found
that the gap in the Cu band remains small even for large
V, 2 (for example, VIz =2 decreases the ratio to
b.oI/ho2= 18 only).

Next we show the behavior of specific heat and tunnel-
ing characteristics in the presence of the very small gap.
As seen in Fig. 10, the specific heat appears to be linear
now at low temperatures over a significant temperature
range, and the specific heat jump is further reduced, to
b, C(T, )=0.77. The tunneling characteristics in Fig. 11
display the existence of the second gap only for very low
temperatures (T 0.~05T, ); for higher temperatures the
small gap has been filled in and the larger gap structure
appears to be superposed on a normal state background.
Such a "zero bias anomaly" is reported in various tunnel-
ing studies of high-T, superconductors. However, we
believe the case discussed in the previous subsection with
a larger second gap is likely to be more appropriate to de-

0
0.0 2.0

n.,(o)
I I I I I

4.0
U, (ev)

6.0

scribe the situation in the high-T, oxides.
To conclude, we emphasize that in these calculations

the bandwidths of the Cu and 0 bands have been kept
fixed when varying the hole concentration, which is why
T, is found to be nonzero over a substantially larger hole
concentration range than seen experimentally. As dis-
cussed in Ref. 1, the effective bandwidth in the 0 band
should increase linearly with hole concentration due to
the effect of K& on the effective single particle hopping,
and one may expect similarly an increase in the effective
bandwidth of the Cu band as one moves away from the
strongly correlated half-filled band case. In the single-
band case it was found that inclusion of this effect
reduces the range of hole concentration where T, is
nonzero by about a factor of 2, leaving the shape of the
T, versus X curve qualitatively unchanged. An identical
behavior is found in the two-band model discussed here
due to bandwidth renormalization of the 0 band (band-
width renormalization of the Cu band has a minor effect).

FIG. 8. (a) T, vs U2 for fixed parameters: D& =D2=0.5 eV,
K& =1.63 eV, and U& =5.0 eV. The curves represent solutions
with K, =0 (solid line) and K2 =0.8 eV (dashed line). Note that
for sizable U, 2 eV T, is insensitive to both U2 and K2. (b)
The gaps Ao& and 602 for both K2 =0 (solid line) and K2 =0.8 eV
(dashed line) as a function of U2. Both gaps are insensitive to
the choice of K2 for U2 ~2 eV. Note that as U, increases hp&

becomes constant whereas 60~ is driven monotonically to zero.
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20—

15—
~.,(T)
(rnev)

10— di/dV—

0
0.2 0.4 0.6

T T.
0.8 1.0

FIG. 9. Plot of two gaps vs reduced temperature for the
two-band model with parameters given in the caption of Fig. 7.
The ratio Ap](0)/App(0) =95 is much higher than in Fig. 4 due
to the repulsive interactions present in the Cu band. The inset
shows the peculiar temperature dependence of the small Cu
band gap (dashed line).

00 i & I i i & I & & & I~ r

—20 0 20
v (m~v)

FIG. 11. Plot of dI/d V vs V for the parameters of Fig. 7 for
T/T, =0.02, 0.10, 0.25, 0.50, and 0.70. Note that the small gap
is immediately filled in with increasing temperature, giving rise
to a "background conductivity. "

IV. HALL COEFFICIENT

abc0
ab 2

~ab

~.b,
= —e'~'y J" dE g,'„,(E)

(14a)

(14b)

A. Normal state

Expressions for the low-field Hall coefficient in a multi-
band model are given, for example, in Allen et al. '

Within our two-band model for a magnetic field applied
perpendicular to the ab plane, they reduce to

where

and

g,' (E)=—g1

k

D, sink„5(s —
Ek; )

(14c)

(15a)

D,g' (c.) =—g sinkXXj'

2
D;

cosk 5(E—
Ez, ) (15b)

0.3

C(T)/k,

are weighted densities of states. %'e have assumed the
scattering time ~ is constant in both bands, and as before,"i" is the band index. Using parabolic expansions of the
band energies near the bottom and top of the bands and
then interpolating gives rise to the following effective
weighted densities of states within the "constant density
of states model:"

0.1 D,g' (E)= 1— (16a)

0.0
0.2 0.4 0.6 0.8 1.0

2

2 D/2 4
E,

D, /2

2

(16b)

FIG. 10. Plot of specific heat vs reduced temperature for (1)
the two-band model (with parameters in the caption of Fig. 7) in
the superconducting (solid line and normal (short-dashed line)
states and (2) the single-band model (with same parameters but
V» =0) in the superconducting (long-dashed) and normal states.
Note that the temperature dependence of the two-band specific
heat in the superconducting state is almost linear down to T=O.

where as before, within each band energy is measured
with respect to the middle of that band. At T=O we use

p+ co
n; =2+ (17)

D;/2
for the number of occupied holes in each band so that the
Hall coeKcient becomes
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2 [(1—
n i )n &(2—

n& ) —(D&/D
& )(nz —1)n2(2 —n2)]

e [n, (2 —n, )+ (D2/D, )n2(2 —n2 ) ]
(18)

Since D2/D, =pz/p„where p,. is the mobility for each
band, expression (18) reduces to the usual two-band result
in the parabolic limit, i.e., n

&

—+0 and n2 —+2.
Using equal densities of states for both bands, then

from Eq. (17) or Fig. 2 it is apparent that for a given
chemical potential, nz =1+n „so that for small n, R,b is
positive whereas beyond n& =0.5R,b becomes negative.
This change of sign coincides roughly with the depression
to zero of T, seen in Fig. 2, in agreement with experi-
ment. " In Fig. 12 we plot R,b as a function of the total
occupancy. At zero temperature there is a decrease in
the Hall coefficient near n„,=1, in disagreement with ob-
servations. This occurs because we have not taken into
account the opening of a Mott-Hubbard gap. Otherwise,
the single-band model for conducting holes would apply
yielding a diverging positive Hall coefficient, as seen in
experiment. '"

B. Superconducting state

The Hall coefficient near T, exhibits peculiar behavior
in the oxides, as recently pointed out by several au-
thors. ' Here we use a simple argument to derive the
qualitative behavior of the Hall coefficient in our model
in the superconducting state, in the spirit of the "local
model" of Bardeen and Stephen. ' A related analysis has
been given by Ho' in a model with electrons and holes.

Within the Bardeen-Stephen model the contribution to

the Hall voltage in the mixed state arises from the "nor-
mal electrons" inside the vortex cores. The Hall angle 0
(the angle between the electric field direction and the
direction of the transport current) is the same as in the
normal state for a one-component system in this model.
Now the ratio of normal electrons (inside the core) to to-
tal number of electrons can be taken to be

"n
(19)

(20)

with g the (Ginzburg-Landau) coherence length. Since
the coherence length is related to the superconducting
gap 6 by

'RvF
(21)

with B the magnetic induction and H, 2 the upper critical
field. This relation follows from the facts that the density
of vortex lines is given by 8 /Po, with Po the flux quantum
(since each vortex line carries one quantum of flux) and
that H, z is the field at which di6'erent vortex cores start
to overlap. As a function of applied magnetic field
H, B=O for H~H„and B-H for H)&H„. For our
purposes, since H„((H,2 in these materials we will
neglect the distinction between B and H. The upper criti-
cal field is given by

0.3

0.2—
HR,b

0.1

0.0

—0.1
1.0 2.0

(v~= Fermi velocity), we expect from Eq. (19) that the
number of normal electrons is inversely proportional to
the square of the gap parameter.

Within our two-band model electrons and holes have
widely difFerent gaps. Quite generally, as discussed in the
previous section, we expect holes to have a substantially
larger gap parameter than the electrons. Thus, for small
magnetic fields, the electrons will become "normal" more
readily than the holes and the Hall coefficient will tend to
be negative, switching to positive values (as in the normal
state) at larger fields as the holes also become normal.
Such is the behavior seen experimentally.

To make these remarks more quantitative we use a
simplified expression for the (low field) Hall angle, assum-
ing equal mobility in both bands:

FIG. 12. Normal state Hall coefficient vs total occupation
n, , for T=O (solid line), T=100 K (short-dashed), T=200 K
(long-dashed), and T=300 K (dot-dashed). At T=O the Hall
coefficient goes to zero at n, , =1.0 (n& =0, n, =1) due to the
presence of the Cu band. A gap in the Cu band would give rise
to diverging Hall coefficient (single-band result). The Hall
coefficient is positive at low concentration and changes sign at
n„, =2 (nl =0.5), where T, goes to zero (see Figs. 2 or 7), in
agreement with experiment. We have used D l =D2 =0.5 eV.

n i (T,H) n2 (T,H)—
tanL9= CH

ni (T,H)+n„' (T,H)

with C a constant (independent of T and H),

n (T,H) = . n H ~H, 2(i)
H

H,'2 ( T)

=n,' H )H, 2(i),

(22)

(23)



432 J. E. HIRSCH AND F. MARSIGLIO 43

and the values of n chosen to reproduce the behavior of
the zero-temperature Hall coe%cient in the normal state
given by Eq. (18), i.e.,

n;~ (1 n—, )ni(2 —n, )

(nz —1)nz(2 —n2)
(24)

The upper critical fields are chosen to satisfy

K,'2(T) 50,(T)

H, 2 ( T) &p2( T)
(25)

following Eqs. (20) and (21), with b,o,. given in Eq. (13).
As an illustrative example we choose

and

H,' (0) =10
H, 2(0)

jef
jef

' =2,
Pl 2

(26a)

(26b)

H,'~(0) =100 T, (27)

which is in the range of various estimates for H, 2, and
0

corresponds to a coherence length g= 18 A.

4.0
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—2.0

—4.0 t I. I I I I I I I I I

2.0 4.0
H T

6.0

FIG. 13. Plot of Hali resistivity, p,b vs magnetic field H, for
various temperatures indicated. In the superconducting state
the Hall resistivity is first negative and then changes sign, in
good qualitative agreement with experiments (Refs. 8 and 9).
The numbers next to the curves give the temperature in E.
T, =94.1 K.

which are close to our "simple example" in Sec. III.
There, at the peak in the T, versus n& curve, T, =94.1 K,
n, =0.12, and nd=1. 12 so that n; =0.20, nz =0.12.
Furthermore, [Aoi(0)/boz(0)] = 11.6. The temperature
dependence of b,o, (T) is taken from Fig. 4 and the ratio
boi( T)/502( T) is assumed to be temperature independent
which is an excellent approximation in this parameter
range (see inset in Fig. 4). Finally, to set the scale of
magnetic fields we take

neff
HO( T)= ~H,'2 ( T),&eff c2

1

(28a)

and the minimum in the Hall resistivity is attained at

H(T)—
min

eff

H,'2(T)
2n )

(28b)

so that we would predict H;„=0.62H0. This is only in
rough agreement with experimental observations. We
note, however, that there is significant scatter in the
different results reported ' and, in fact, H;„ is some-
times above and sometimes below this value. There could
also be systematic corrections to Eq. (28) from finite-field
corrections to the low-field Hall coei5cient expression
used. Finally, we note that both Ho and H;„are pro-
portional to H,'z( T) so that they should be approximately
linear in (T, —T), except for the deviations due to the
curvature of H, 2(T) observed experimentally. This is
also approximately consistent with the results reported
for the Hall resistivity.

V. DISCUSSIQN

We have used a two-band model to describe certain as-
pects of superconductivity in the high-T, oxides. The
principal motivation for this work was to incorporate the
relevant Copper degrees of freedom into the single-band
oxygen-hole description of Ref. 1. Since these degrees of
freedom give rise to the antiferromagnetism of the insu-
lating phase the question naturally arises as to what role
they play in the superconducting regime: they cannot be
totally decoupled, as one would not expect Cu local mo-
ments to survive in the superconducting state.

Experiments, as well as numerical simulations of mod-
el Hamiltonians' indicate that antiferromagnetism disap-
pears very rapidly as the systems are doped. Hence we
have assumed here that away from the insulating state
the Cu band is described by a Fermi liquid, which is not
inconsistent with either experiments or simulations. The
question then arises as to how the carriers in the Cu band

Figure 13 shows the results for the Hall resistivity

p, b
=tanOp„

versus applied magnetic field H for a set of temperatures
close to T, for this case. We assume the longitudinal
resistivity p„ to be proportional to H/H, '2(T). ' The
vertical scale is left arbitrary due to the uncertainties in-
volved in our calculation. Our results do not reproduce
the regime of zero Hall resistivity observed at low fields,
which is presumably related to pinning effects. Neverthe-
less, the overall behavior does resemble the experimental
observations, including the scale of magnetic fields and
temperatures involved. A change in either ratio Eq. (26a)
or Eq. (26b) results in a change in the scale of K in Fig.
13.

The scale of the curves displayed in Fig. 13 is set by the
larger upper critical field H, 2( T). Within our approxima-
tion the magnetic field where the Hall constant changes
sign is given by
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take part in the superconducting state, under the assump-
tion that there is no pairing interaction in that band. We
have used the interaction term introduced by Suhl et al.
as the simplest way to deal with this situation.

We wish to emphasize here that our treatment has not
taken into account the possible effects of impurity
scattering. For example, as reviewed by Gladstone
et al. ,

' in the "dirty limit" (mean free path less than
coherence length) multiband eff'ects are expected to be
unimportant in superconductors. In good quality high-
T, samples, because of the very short coherence length,
one expects to be in the opposite "clean limit, " where
multiband eff'ects can be important. Nevertheless, impur-
ity scattering could somewhat alter the behavior of ther-
modynamic properties discussed in Sec. III, particularly
since we expect impurity scattering to be especially
relevant in the model discussed here due to the energy
dependence of the gap. ' ' Thus, in comparing experi-
mental results with the theory discussed here it is impor-
tant that high purity samples be used. We plan to discuss
the effect of impurity scattering in this theory in future
work.

The first conclusion of the present study is that, in fact,
the Cu degrees of freedom can be incorporated into the
problem in a way that leaves the major features of the
single-band model of Ref. 1 unchanged. The energy
dependence of the gap in the 0 band, the gap to T, ratio,
and the dependence of T, on 0 hole concentration as we11
as on interaction parameters in the 0 band (and hence on
pressure, for example), are left essentially unchanged in
the present model. The magnitude of T, is not strongly
affected by the interband interaction and the interactions
in the Cu band. Furthermore, although we have only
presented results for the simplest situations it is clear that
the features found in Ref. 1 on incorporating an aniso-
tropic band structure, nearest-neighbor Coulomb repul-
sion, and band-renormalization effects carry over directly
to the two-band model.

The second conclusion is that the presence of the
second band gives rise to a second energy gap, smaller
than the first, associated with the Cu band, that is driven
by the attractive interaction in the 0 band. The size of
this gap is very sensitive to both the interactions in the
Cu band and the interband coupling and is not simply re-
lated to the magnitude of T, . In fact, it can be much
smaller than T„ leading to a modification of various
properties of the system in the superconducting state due
to the fact that low-lying quasiparticle excitations in that
band exist. Here we have examined the behavior of
specific heat and tunneling characteristics and shown that
the second gap gives rise to observable effects which are
in qualitative agreement with some observations. There
are a variety of other observables that will be modified by
the presence of a second gap, which will be discussed
elsewhere.

There have been, in fact, discussions in the literature

about the possible existence of two gaps in the oxide su-
perconductors. ' ' However, these have been associated
with structural features of these materials, either with
chains and planes in the YBa2Cu307 structure' or with
different gaps for in-plane and perpendicular-to-plane
directions. It should be emphasized that in our model
the two gaps are intrinsic, independent of structural
features, and are expected to be isotropic, ' i.e., constant
over the Fermi surface. High resolution photoemission
experiments should eventually be able to decide between
the different pictures: our model specifically predicts no
significant k- dependence to the gap structures observed.

Finally we come to what may well turn out to be the
prime evidence in the high-T, puzzle, the behavior of the
Hall coefficient near the critical temperature. The
change in sign in the Hall coefficient from negative to
positive as the magnetic field is increased ' ' or the tem-
perature is increased' near T, has been observed in a
variety of samples and interpreted using widely diff'erent
assumptions: vortex motion in direction opposite to the
transport current, rapid variation of quasiparticle nor-
mal properties in the region around superconductivity on-
set, ' and effects associated with grain boundaries, ' or
with different orientation of grains in polycrystalline sam-
ples. Our model suggests a simpler and more fundamen-
tal explanation: if pairing of hole carriers drives the su-
perconductivity and the existing electron carriers are
merely carried along, as described by the present model,
it will naturally be easier to break up the electron carrier
pairs through a magnetic field or temperature, leading to
a negative Hall coefficient that reverts to its normal-state
positive value as the hole-carrier pairs also break up at
higher temperatures or fields. The simple analysis of Sec.
IV yielded qualitative agreement with observations, and a
more detailed analysis should allow for quantitative com-
parison. In particular, a prediction of our model is that
both Ho and H;„[Eq. (28)] should decrease faster than
the upper critical field as the hole concentration is in-
creased, due to the change in n 2 In P [Eq. (24)]. It is not
clear whether the alternative explanations offered ' '
would predict similar behavior, and the existing experi-
mental results do not address this issue.

It is pointed out in Ref. 8 and emphasized by Hagen
et al. that this sign reversal of the Hall coefficient is also
observed in low-temperature elemental superconductors
such as Nb and V. For this reason Hagen et al. sought
to explain the effect in a way that would apply both to the
high-T, materials as well as to "conventional" supercon-
ductors. We note that the ideas put forth in Ref. 20 simi-
larly imply a unified explanation of the phenomenon
along the lines discussed in this paper.
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