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Power-law temperature dependence of the inelastic-scattering rate in disordered superconductors
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%'e present a theory of the quasiparticle inelastic lifetime r;, in disordered superconducting
films. We find that both the Coulomb and the electron-phonon contribution to r;, ' are enhanced

by disorder, and that for reasonably strong electron-phonon coupling the latter is dominant. In
contrast to clean superconductors, the scattering rate is larger than the recombination rate at all

temperatures. This leads to a power-law temperature dependence of i;„', in agreement with ex-
perimental observations. The theory quantitatively accounts for the magnitude, disorder depen-
dence, and temperature dependence of r;„measured in recent experiments.

There has been much interest in recent years in the
properties of disordered superconductors. Initially, in-
terest had been focused on the degradation of T, with in-
creasing disorder, ' but recently increasing eff'ort has been
put into trying to understand the effects of disorder on the
superconducting state at temperatures T & T, . An impor-
tant tool for investigating microscopic interactions in a
material, and how they are infIuenced by disorder, is the
quasiparticle (QP) inelastic lifetime z;„This is .especially
true in superconductors close to thermal equilibrium,
where the rate I;„=(2z;„) ' is directly measurable since
I;„~0 cuts oA' various singularities predicted by BCS
theory. One of these is the square-root singularity in the
superconducting density of states (DOS), which is directly
measured in a tunneling experiment. The main contribu-
tions to I;„are scattering and recombination processes
due to Coulomb and electron-phonon (e-ph) interactions.
In clean superconductors, the e-ph contribution is by far
the dominant one, and for temperatures T~0.1A, with h,

the gap, the recombination process is dominant over
scattering. As a result, the T dependence of I;„at readily
accessible temperatures is exponential. This has been
confirmed by experiment.

In a disordered superconductor, two major changes in
I;„are observed. First, the values of I;„are strongly
enhanced, and I;„ increases with increasing disorder.
Second, the T dependence of I;„ is much weaker than ex-
ponential, and can be fitted well by a power law. The
enhancement is usually qualitatively explained in analo-
gy to the well-known enhancement of the Coulomb

I

scattering rate in disordered normal metals. A theoreti-
cal examination of this suggestion showed that, while
there is indeed a strong disorder enhancement of the
Coulomb rate in analogy to the normal-metal case, the T
dependence is always exponential. This suggests that a
major contribution to the observed I;„is not of Coulombic
origin. However, a calculation of the e-ph contribution in
the presence of disorder ' yielded a result which decreases
with increasing disorder. This leaves us with the situation
that neither the disorder dependence nor the temperature
dependence of I;„observed in experiment can be ex-
plained by current theory.

It is the purpose of this paper to report the result of a
calculation which considers both the Coulomb and the
e-ph contribution to I;„,and which takes into account all
known mechanisms by which disorder inffuences I;„.
Specifically, we have included the effects of the correla-
tion gap contribution Y to the self-energy, which has been
shown to be of crucial importance in disordered supercon-
ductors, '" and all vertices have been renormalized both
by the usual diffusion pole-ladder diagrams ' and by the
Cooper propagator or crossed-ladder diagrams. '" Neither
the self-energy piece Y nor the Cooper-propagator renor-
malization have been considered before in the present con-
text, and a combination of them turns out to give the lead-
ing contribution to I;„in disordered superconductors.

We find that the scattering rates are larger than the
recombination rates for both the e-ph and the Coulomb
interaction. For a superconducting film of thickness tI, we
find for the sum of the scattering rates,
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Here the first and the second term correspond to the e-ph
and the Coulomb contribution, respectively, and we use
units such that ktt =re =1. coD is the Debye frequency,
and k is the usual e-ph coupling constant for a correspond-

ing material with no disorder. " Z' is the usual renormal-
ization constant of Eliashberg theory, and gn=vF/tran is
the Pippard coherence length. vF, cT, cL are the Fermi ve-
locity and the transverse and longitudinal speed of sound,
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respectively, and Ez denotes the Fermi energy. The func-
tions F and G are given by

F(d) 4o sinhx+ sinx (il )
d coshx —cosx '

G(d) = 4o 4
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with x=(d/g)(3/2n)'~, where g=(go/kp)'~ p
' is the

dirty-limit coherence length. Finally, p =p/pM, where p is
the extrapolated residual resistivity, and p~ is the Mott
number. In a jellium model, p~ =3n /e kp, with kp the
Fermi wave number. p is the disorder parameter of our
theory. It enters in Eq. (1) both explicitly, and through
the coherence length g. We note, however, that in general
h, , kp, cL, cy, and mD will depend on disorder as well.
These quantities appear as parameters in our calculation.
They have to be determined by a separate theory, or by
experiment.

Let us brieAy explain the origin and the physical mean-
ing of the various terms in Eq. (1). A complete account of
the theory will be given elsewhere. ' The QP decay rate is
given by the imaginary part of the self-energy. Tradition-
ally, the energy- and frequency-dependent self-energy
Z(c, co) is separated' into the anomalous self-energy W
and the normal self-energy S. The latter is further
decomposed into parts which are odd and even, respective-
ly, in frequency, S(c,co) =roz(k, co)+ Y(c,ai). In a clean
superconductor the even part, Y, is a constant which sim-
ply renormalizes the Fermi energy and can be neglected.
In the presence of disorder Y develops a nonanalytic ener-

gy dependence at the Fermi level and must be kept. "'
For a QP at the gap edge the decay rate is

r;„=~z "/z' —w"/z' —Y"(~+ Y')/~z'.

Here we denote real parts by Z'=ReZ, etc. , and imagi-
nary parts by Z"—= ImZ, etc. We have also gone on shell,
Z"—=Z"(h, h), etc. and we have used W'/Z' =d, . In a nor-
mal metal, Y' gives rise to the correlation gap in the
DOS. ' In a superconductor, Y' provides an efficient
mechanism for the degradation of T,. '' Here we also
have to deal with the imaginary part Y". In a normal
metal, both Y" and coz" contribute to the standard re-
sult ' (though normally in a normal metal Z is not
decomposed into coz and Y). In a superconductor, Y" has
not been considered before.

In order to calculate the three self-energy pieces Z, Y,
and 8' we use the model and the general method
developed in Ref. 11. The only difference is that here we
use the dynamically screened Coulomb interaction which
was calculated in Ref. 18, while Ref. 11 used a static in-
teraction. Apart from this generalization, we consider the
various self-energy parts as derived there. Reference 11
then proceeded to calculate the real part of the self-energy
in order to determine the transition temperature. Here we
also calculate the respective imaginary parts which deter-
mine I;„.

Both the Coulomb and the e-ph interaction contribute
to the self-energies. From simple energy-conservation
considerations it is obvious that all Coulomb contributions
as well as the e-ph recombination rate must have an ex-
ponential temperature dependence proportional to e
or e ~ . In contrast, QP scattering by phonon absorp-
tion will have a power-law T dependence. Nevertheless, it
is not clear a priori that the exponential dependence will

not dominate at realistic temperatures, as the example of
clean superconductors shows.

We start with the Coulomb contributions. mZ" and 8"'
have been considered in Ref. 9, so we concentrate on Y. If
we supplement Ref. 11 by a dynamical Coulomb interac-
tion, we obtain

Y,
"= g Ch V,"(q, ro) dco'G" (k, co') 8'(6 —co —ro') [n (co) f(ro') + 1][R,"—(q, h —c) —R,"(q,A+ c)] .
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Here V, denotes the Coulomb propagator, ' and G is the
normal Gorkov Green's function. For G we use a BCS
Green's function, i.e., we neglect the eA'ects of Y on the
right-hand side of Eq. (3) and of all similar expressions.
It can be shown' that the inclusion of Y" in G in a self-
consistent fashion does not lead to qualitative changes. n
and f are Bose and Fermi distribution functions, respec-
tively, and R, is the Coulomb vertex function. The de-
tailed form of the latter depends on how the Coulomb ver-
tex is renormalized. We have considered renormalizations
by both diffusion ladder diagrams [diffusion-propagator
renorinalization (DPR)] and Cooper-propagator renor-
malization (CPR) as explained in Ref. 11. Both renor-
malization procedures yield a result which is much small-
er than the Coulomb contributions to coZ" and 8"' which
were considered in Ref. 9. If we repeat the calculation of
Ref. 9 for a film of finite thickness, we thus obtain the
leading Coulomb contribution, viz. the second term in Eq.
(ia).

The e-ph contributions to the self-energy can be written
in a very similar form. For coz" and W" we find' that
DPR gives the leading contribution, and for thick films,
d»g, we recover the result of Ref. 10. The e-ph contri-
bution to Y" can be written

Y,"zh =fChf dv[n(v)+f(6+ v)]G"(c,A+ v)

&& [a F (5+c,v) —a F (5 —c, v)]. (4)

Here a F (c, v) is the generalized Eliashberg function
defined in Ref. 11. Its detailed form depends again on
whether DPR or CPR is used to renormalize the e-ph ver-
tex. In this case we find' that CPR yields a strong disor-
der enhancement of Y", in contrast to the other self-
energy pieces. By doing the integrals one obtains the
power-law temperature dependence in the first term in Eq.
(la). The exponent is —,

' for three-dimensional (3D) sys-
tems and 2 for 2D systems. In a film of finite thickness d,
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where an= 1/p is the residual conductivity, and a and b
are constants. The metal-insulator transition occurs at
p42=9 mAcm. This gives the following relation be-
tween p and p4 q.

p =(p4 p/p~)(1 —
p4 p/9 mn cm)

For pM we choose 1.85 mQ cm, which is reasonable for a
material with such a low electron concentration. With
these values the theory yields the solid lines shown in Fig.
1. We see that the theory accounts well for the magnitude
and the temperature dependence of the observed rate. We
note that a T dependence of T would give a slightly
better fit to the data. However, one has to keep in mind
that Eq. (1) is strictly valid only to lowest order in T/h.
Higher-order corrections cannot be obtained without in-
formation about the phonon spectrum. For this reason,
the low-temperature data for sample 1 should be given
more weight in comparing theory and experiment. In this
low-T region, our theory actually gives a better fit than a
T law.

With respect to the disorder dependence of I;„,Ref. 6 is
not quite conclusive because only two samples were con-
sidered and because of the likely disorder dependence of
EF. The latter problem should be absent in the experi-
ment of Ref. 5 on quench-condensed Sn films. These were
thin films, d & g, and R& was controlled by varying the
film thickness only, so EF is expected to be constant. Also,
5 was observed to depend very weakly on R&. The ob-
served linear dependence of I;„on R& is in agreement with
our result. The prefactor (at fixed T) depends again on
many parameters which are not well known. If we use
values for clean bulk Sn for all parameters (including
FF), the theoretical rate is smaller than the experimental
one by a factor of 10. We note, however, that a deviation
of, e.g. , cL/cT from its clean value by a factor of 1.78
would account for this discrepancy.

Reference 4 investigated thick (d & g) granular Al
films with resistivities up to 10 pram. This corresponds
to values of p as large as 200, and the samples are very
close to the metal-insulator transition. The mechanism
for the breakdown of superconductivity in this region is
currently not understood, and our theory is not expected
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FIG. 1. Triangles and circles are experimental data for sam-
ples 1 and 2, respectively, of Ref. 6. The solid lines represent the
theory, Eq. (1). Parameters have been chosen as explained in
the text.

a combination of T and T appears. The function
F(d) describes the crossover from 3D to 2D behavior.
The disorder dependence of Y,"~h is p for D =2, 3.
In the decay rate, Eq. (2), Y" is multiplied by (6+Y').
This is the term in large parenthesis in the first term in
Eq. (la), and Y' has been taken from Ref. 11 (the
Coulomb contribution to Y' has been calculated in a per-
fect screening approximation). Combining our results, we
obtain Eq. (la).

Let us summarize. We have found that for disordered
superconductors (i) for reasonable e-ph coupling strength
the e-ph contribution to I;„ is larger than the Coulomb
contribution [this can be seen by putting numbers in Eq.
(I)], (ii) the scattering rate is larger than the recombina-
tion rate at all temperatures below T„and (iii) the contri-
bution of Y' is dominant over the combined contributions
of mZ" and 8"'. The second feature is in sharp contrast to
the case of clean superconductors. Together with the first
one it gives rise to a power-law T dependence of the QP
decay rate. The disorder dependence of the rate, p for
D =2,3, is due to a strong disorder enhancement of Y. At
first sight the diAusion enhancement of Y seems to violate
the well-known insensitivity of the e-ph coupling to
diA'usive electron dynamics, ' which is due to screening
and shows, e.g. , in Pippard's results for the sound attenua-
tion. ' However, this insensitivity holds only for the usual
ladder renormalization of the e-ph vertex. The Cooper-
propagator renormalization mentioned earlier does lead to
a strong enhancement. This has remarkable consequences
for the sound attenuation, and the enhancement of Y" is
a manifestation of the same physics in the electronic self-
energy. The enhancement is also present in Y', which is
important for the theory of T, degradation put forward in
Ref. 11. For technical reasons, the Cooper-propagator
mechanism is ineff'ective in the imaginary parts of 8' and
Z. ' We conclude that the disorder enhancement of the
e-ph vertex which leads to an enhancement of the sound
attenuation also is responsible for a large quasiparticle
scattering rate. As a result, I";„in a superconducting film
is proportional to RcjT ~ (with R&=p/d the sheet resis-
tance) in 2D and to p ~ T ~ in 3D.

We now compare our result, Eqs. (1), with experimen-
tal data. For the temperature dependence of I;„,the only
data available to date are those of Ref. 6 on amorphous
InO„ films. These are relatively thick films, so from Eq.
(la) we expect a power-law T dependence with an ex-
ponent somewhat less than 4.5 in the temperature range of
the experiment. The figure shows a comparison between
Eq. (1) and the experiment. For the fit we have used
values of 6 as given by the experimentalists. For the Fer-
mi energy we have assumed EF =91 and 63 meV for sam-
ples 1 and 2, respectively, which is close to the value es-
timated in Ref. 6. We note that in this experiment the
disorder was controlled by the amount of oxide, so one ex-
pects EF to decrease with increasing p. For X and coD we
have used values for clean bulk In, viz. X =0.8 and
coo =108 K. cT in a-InO is not known either, and we
have used again the value for clean bulk In, cT =710 m/s.
Finally, we need the dimensionless residual resistivity p.
Reference 6 gives p4 2, the resistivity at 4.2 K. We assume
a T-dependence of the conductivity o (T) =on+ aT, .
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to apply there. From a theory for I;„ in normal metals '

we expect Eq. (1) to hold for p510, and I;„ to saturate
for larger p. The latter behavior is indeed observed in
Ref. 4, and the two data points at relatively small p are
consistent with the p l behavior given by Eq. (1). We
note, however, that Ref. 4 observed a substantial rate at a
temperature of only 60 mK. The magnitude of this rate
cannot be understood with the present theory. The only
possible explanation we can think of is nonequilibrium
eff'ects, though there is no experimental evidence for this.

In conclusion, we have presented a theoretical expres-
sion for the dominant contribution to the quasiparticle de-
cay rate I;„ in disordered superconducting films of arbi-
trary thickness. We have found that the leading contribu-
tion is given by the electron-phonon scattering rate. This
leads to a power-law temperature dependence of I;„. A
comparison with recent experiments shows very good
agreement with respect to temperature dependence and
disorder dependence of I;„. Agreement with respect to the

absolute value of I;„ is reasonable except for the experi-
ment of Ref. 4. The reason for the latter discrepancy is
unknown.
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